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Abstract A mathematical model for the transmission dynamics of silicosis in a mining environ-
ment is designed and its qualitative analysis is given. The model takes into account the severity
of silica dust exposure in a mining environment. The whole analysis is done in both fractional dif-
ferentiation and classical integer calculus. In the former case, the Haar wavelet numerical scheme is

used to solve the model and perform graphical representations. In the integer calculus case, it is
shown that the disease free and endemic equilibria are globally asymptotically stable in the absence
as well as in the presence of silica dust particles in the air, respectively. The epidemiological impli-
cations of these results are discussed. Numerical simulations are presented to support the theoretical
analysis. In fractional differentiation, we show graphically via the Haar wavelet scheme the conver-
gence to the disease free-equilibrium and the global stability of the endemic equilibrium, results suc-
cessfully confirmed analytically via the classical integer analysis.
© 2020 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

The immense industrial boom of the 19th century has triggered
a massive exploitation in the mining sector, resulting in serious
environmental pollution and occupational health problems.
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The fact is that some mining companies consistently failed to
employ proper measures to protect workers against excessive
dust inhalation and the concomitant risks of silicosis, cancer
and tuberculosis [14]. For instance, towards the end of the
1990’s only 8 of 48 South African gold mines had estimated
crystalline silica concentrations below the widely used
reference limit of 0.1 mg/m? [14]. Workers are exposed to silica
dust in sectors such as mining and related milling operations,
construction, agricultural and ceramic industries. Furthermore,
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jewellery making also produces silica dust due to cutting,
grinding and polishing [20,22].

Silicosis is a lung disease caused by inhalation and deposi-
tion of silica particles, resulting in a pulmonary response which
can progress to tuberculosis or lung cancer [31,29]. It is char-
acterized by a progressive deterioration of the metabolism of
pulmonary macrophage, which leads to the death of cells
and tissues. Symptoms of silicosis include exertional dyspnea
or difficulty in breathing (shortness of breath), cough (often
persistent and sometimes severe), fatigue, fever, chest pain, loss
of appetite, night sweats and weight loss (Anorexia) [27]. Sili-
cosis has no cure and prevention is the best way to avoid the
disease [0,7]. Most of silicosis-related deaths seem to occur in
areas associated with mining industries [23]. Furthermore,
between 1968 and 2002, silicosis contributed to the death of
approximately 74 million people in the U.S. [32]. There are
three levels of silicosis depending on the degree and duration
of cumulative exposure to the crystalline silica particles. The
acute form occurs generally within a few weeks to 2 years of
substantial exposure to a high concentration of silica dust,
the accelerated form is caused by a medium exposure between
2 to 10 years and the symptoms of the chronic form appear
more than 10 years after the first exposure to low concentra-
tion of silica dust [22]. An evaluation study on mine workers
has shown that the incidence of pulmonary tuberculosis for
those suffering from silicosis was 3 to 39 times higher than
for those without silicosis [22]. The incidence rate was propor-
tional to the severity of the silicosis or the level of exposure to
silica dust [22,27,21,10].

In another side, differential models with derivative of frac-
tional order and their applications have been intensively anal-
ysed in many works [1-3,15,19,24]. Even though a certain
number of analyzes have been performed in the context of
modeling the spread of epidemic diseases, the large majority
of them were limited to models with integer order derivative.
In last decades, it has been proved that number of nature phe-
nomena portrayed by different fields in sciences, engineering
and technology can be successfully and accurately described
by the systems using concepts of fractional calculus. For
instance, in some works, a method like Adomian decomposi-
tion has been exploited to obtain solutions of a system of non-
linear fractional differential equations. Similar technique was
extended in [1], where the classical Darcy law was generalized
using a complementary decomposition method, namely Frobe-
nius method. In the paper [15], fractional calculus in epidemi-
ology has been applied to describe the dynamics related to the
outbreak of dengue fever. We are going to perform similar
investigation in this paper with the application of fractional
operators to a model symbolizing the transmission dynamics
of silicosis in a mining environment. A comparison with the
standard method will also be provided. However, we can
add that from a mathematical modelling point of view, not
enough has been done to understand the dynamics of the dis-
ease although some mathematical models have been described
to study the risk of airborne infectious diseases, which do not
capture the features of a disease like silicosis due to exhaled
and inhaled air [8,12]. To the authors’ best knowledge, the pro-
posed mathematical model is the first model to study the trans-
mission dynamics of silicosis in a mining environment. It is
instructive to use a mathematical model to gain some insights
into the transmission dynamics and impact of silicosis in a
community, especially in a resource-poor setting, where there

is no precautionary or prevention measures are taken to avoid
or minimise silica dust inhalation.

The rest of the paper is organized as follows. In Section 2,
the model formulation is given. The qualitative analysis of the
model is provided in Section 3. Numerical simulations to sup-
port the theoretical analysis of the model are presented in Sec-
tion 4, which is followed by concluding remarks in Section 5.

2. Model formulation

To formulate the silicosis mathematical model, we make the
following assumptions. The total population (mining commu-
nity) at time ¢ is denoted by H(¢). It consists of five mutually-
exclusive compartments or classes: susceptible S(z), highly
exposed E|(), medium exposed E,(7), low exposed E3(f) indi-
viduals to silica dust and infected individuals with clinical
symptoms of silicosis /(¢), so that

H(t) = S(1) + E\ (1) + Ex (1) + E5(2) + 1(2).

The flow diagram of the dynamics of the silicosis in the mining
community is illustrated in Fig. 1.

We assume further that silica is found throughout the
earth’s crust in almost every mineral deposit and it is harmless
until disturbed in a way that creates dust. The dynamics of sil-
ica dust (which is the infecting agent) at time ¢, denoted by
C(1), is mathematically given by

C=M-—aC - S/liy,(C), (2.1)

i=1

where M > 0 is the constant production of silica dust in the
air-shed generated by the mining activities in the area, a is
the rate at which the silica dust is lost during mining, 1 is a
conversion coefficient and the term

7(C) = ﬁi%c = B:qC, (2.2)

for i = 1,2, 3, represents the force of infection for silica dust
inhalation, in which £, f, and f; are the effective contact
rates of susceptible individuals with high, medium and low sil-
ica exposed classes, respectively. The parameter ¢ in (2.2) is the
probability of the inhaled silica not cleared by mucous or
coughing. Here, C denotes the rate of change of silica dust con-
centration in the mining environment. In the absence of any
mining activities, we assume that there is no silica in the air
and M will be zero. This helps us to get a silica free environ-
ment (no silicosis).

The susceptible population, (S(¢)), is increased by the
recruitment of people into the mining community at a rate
A. The population is decreased by infection with silicosis at
a rate 7, and natural death rate p, which is assumed to be occur
in all human compartments. Hence, the rate of change of the
susceptible individuals is given by

3
S=A4-5) 3(C)—uS.
i=1

The exposed compartments, (E;(¢)), are generated by the infec-
tion of susceptible individuals with silicosis at the rate y;, and
are reduced by natural death rate u and progression to the
infected compartment at the rate o;,i = 1,2,3. It is assumed
that o;! <5 years, 5 years < o' <10 years and o;! > 10
years, so that
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E = S9,(C) — (i + WE i=1,2,3.

Similarly, the compartment of silicosis infected individuals
(I(2)) is increased by the progression of silicosis exposed indi-
viduals at rates o; and is decreased by natural and silicosis
induced death rates p and 9, respectively. Thus,

i= Zoc,,

Putting the above equations together, the model equations for
the transmission dynamics of silicosis in a mining community
is given by the following system of non-linear differential
equations:

0+ wl

S= A-S8> 3(C)—us,

i=1

E= Sy(C) -

i Za, :

(O(I+H)EI i:172737

(2.3)
(0+ul

3
C= M—aC-Siy 7(C)

By using (2.2), the system (2.3) reads as
S= A—pqCS—pus,

Ei= BqCS— (i +p)Ei=1,2,3,i= Z(x, ,

i=1

(3+m)I,C=M—aC— 1pqCS,
(2.4)

where f§ = Zf:lﬁ,-. Since we are dealing with human popula-
tions and silica dust concentration, all the variables and
parameters are non-negative. The description of the parame-
ters and their values are presented in Table 1.

The system (2.4) is appended with the following non nega-
tive initial conditions:

Flow diagram of the model.

Table 1 Variables and parameters with units for the SEI
model (2.4).

Symbols Descriptions Units
A Conversion coefficient 0.51
B Effective contact rate 0.5, 0.35, 0.22

between susceptible and
silica dust

o Progression rate (exposed to  0.12,0.15,0.3/indiv - year
infective)

u Natural death rate of 0.117 year™!
individuals

7; Forces of infection due to year™!

silica dust inhalation

M Constant dust produced mg-m~3

0 Disease induced death rate 0.39 year~!
of individuals

A Recruitment of susceptible 20/indiv.year
individuals
Silica dust concentration mg-m~>

q Probability of the inhaled 0.65
silica not cleared by
coughing

a Silica dust deposition rate 0.7

2.5
i=1,23. 23)

3. Generalized dynamics of silicosis in a mining: Fractional
approach

In order broaden the view on the effects of Silicosis, we gener-
alize the model (2.4) by applying the Caputo fractional deriva-
tive which is defined as follows [4,11,18,17,25,28]:
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3.1. The Caputo fractional derivative

Let —oco < a < t, b > aand the real function v : (a,b)—R be
a locally integrable function. The Caputo fractional derivative
in its classical version is defined for the order v, a time ¢ > 0, as
C v 1*\‘ d

Div(t)=1 Ev(l), 0<v< L (3.1)
Using this derivative to solve differential equations necessitates
the definition of its antiderivative. Then, the fractional integral
of order v associated to the Caputo fractional derivative is
given by

= ﬁ /IV(‘C)(Z — 1) dr. (3.2)

This leads to the generalized system modelling the dynamics of
silicosis in a mining and reading as

D'S= A — BvCS — uS,
“DIE; = ﬂ-vCS — (o + WE; i=1,2,3,

33
‘DI = Zoc, = (5 + W, (3.3)
D;C= —aC — JpvCS.

We assume that for this model, the following initial conditions
hold:

S(ty) = S°, Ei(to) = EV, I(1y) = I,

34
C(ty) =C° for t, >0 and (34)

i=1,2,3.

To continue the analysis, a numerical approach, namely Haar
wavelet numerical scheme is going to be used to address the
solvability of the system (5.1)—(3.4). In the next section, the
major concepts of the Haar wavelet technique are recalled.

4. Haar wavelets numerical scheme

In the literature [5,13,16,26], the Haar wavelet is defined to be
the following function

1, if 1€ (0, 1/2);

F()y=< -1, if re(1/2, 1); (4.1)
0, elsewhere.

The function is obviously defined (—oo, +00). Note that every
a€{0,1,2,3,---} can explicitly be expressed as a =2"+¢
with 7 =0,1,2,---and e = 0,1,2,---,2" — 1. Taking ¢ € [0, 1)
and for every a € {0,1,2,3,---} the following family can be
defined:

2F2t—e), for a=1,2,---;
fin =4 28E (42)
1, for a=0.

This means that {f, ()}~ defines a complete orthonormal sys-
tem in the space L*[0, 1). Similarly for the function u € CJ[0, 1),
the series > .~ (u, f Mo, 18 uniformly convergent to another
function u where (u,f,) fo t)dt. Consequently the
function u take the form:

)= im(z)

Jia(0)

with 8, = (u,.
take the form

"). Alternatively, the approximated solution can

wheree € {2": r=0,1,2,---}.
Now, let k € N, we define the function
=f(t—j+1) j=12,---;k and a=0,1,2,---
(4.3)
as the translation of the Haar function on [0, k), with £, defined
by (4.2). Note that f, and f; , satisfy the same topological prop-
)by (=12, k) also
defines a complete orthonormal system in L?[0,1), the space

of square-integrable functions.
Moreover, we define the haar orthonormal basis functions

Bru = (ufyu) = / " w0 (1)

erties. Then, the family {f; (¢

which are used to expand the solution u € L2[0,k) into the
series

k oo
= Zzﬁj‘af]‘la([)' (4.4)

Practically, the solution is approximated as follows

u(t) = () = S5 Bufialt) (45)

Jj=1 a=0

where e {2": r=0,1,2,--
take the compact form

u(t) & te(t) = " Grest - (4.6)

Here Terxl represents the transpose vector of

-}. Lastly, note that (4.5) can

Bro fio
B froo
Bro fro
Gt =l g |0 BT
Bro fio

5. Mathematical solvability for the generalized dynamics of
silicosis in a mining

In this section, we solved numerically the generalized system of
dynamics of silicosis in a mining via the Haart wavelets
method. Recall that the model in its generalized form reads as
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D!S = A — BvCS — S,
CD'E, = ﬂ-vCS (o + WE i=1,2,3,

5.1
‘DII= Zoc,, (6 + i, (1)

€D'C = M — aC — JpvCS.

We assume that for this model, the following initial conditions
hold:

S(l()) = SO, E,'(l()) = E?’ 1([()) = 10,

5.2
C(ty) =C° for t, >0 and (5-2)

i=1,23.

To use the numerical scheme described above [19,24], let us put
the system (5.1) and (5.2) into the compact form. Hence we
define the vectors

S()
u(t) = IE(it()t) and
C(1)
S(to) S
_ _ Ei(to) o E,‘
g(S, Ei, I,C) = u(ty) = (1) =17
C(Zo) 6
and we also define the matrix
Ml(u(t), f)
M(u(0).0) =M(S(). E(0).10). €00 = | Vo
M4(“(I)7 t)
M, (S(2), Ei(1),1(1), C(1), 1)
_ MZ(S(I)in(t)vl(t)vC(t)vt)
B MS(S(I)in(t)vl(t)vC(t)vt)
M4(S(t)7 Ei(t)v I(t)v C(t)7 t)

where
M (u(), 1) = A — BC(0)S(1) — nS(a),
Ma(u(0),1) = ByC(0S(1) — (o4 + W E1) i =1,2.3,

Zoc, — (04 wI(1),

Ma(u(1), 1) =
Hence, (5.1) becomes

Dh() = M(u(r), 1

M — aC(1) — ApvC(2)S(7)

equivalent to,

D;S(1) = My (u(1), 1)

DJE(t) = Ma(u(1), 1)

DI(1) = M;(u(t), t) (5.3)
D;C(t) = Mu(u(t), 1),

still with assumption that the following initial conditions hold:
5(0) = S(S), E(0) = E(E), i=1,2,3., 1(0) = 1(I),
C(0) = C(C).

Using the iteration in the compact form (4.6), the Haar wave-
lets scheme is used to approximate the silicosis model (5.3).
Hence, we obtain

D;S(1) = My(u(t), 1) = D}Se(t) = TGy Frexs

DJE(1) = May(u(1), 1) = D} (Ee(t)="G},, Frorr» i=1,2,3,
DI(1) = Ms(u(1), 1) = D}L(1) = "G}y o

D;C(1) = My(u(t), 1) = D} Co(t) = TG Frens

(5.4)
The application of (3.2) on both sides of system (5.4) gives
S(1) = 8 D}Se(1) = "Gl Blowe i
E(t) = E; = DIEo(0)="G} o B Bponrs 1= 1,2,3,
(1) = T DIL(1) = TG}y Bl B
C(1) = C = DJC(1) = TGl o Bl e

(5.5)

equivalent to

S(t) ~ S(’([) = TGII(FXIB;;eXkc%kexl + §

Ei(1) % Eie(1)="G}\ By s + v 1=1,2,3,
1) 2 (1) = "Gl Bt B + 1

C([) = Cf(t) = TGiexlB;;vxkv%kexl + C.

Here Bj,,,, is called the haar wavelets matrix of fractional
order [5,13]. The use of Galerkin numerical scheme of the col-
location points to solve the model (5.1) and (5.2), leads to the

substitution of (5.4) and (5.6) into (5.1). We therefore obtain
the residual errors caused by such a technique and reading as

(5.6)

0,0, v, @, @t
_ Tl [~ 1 v c T2 v =3 T3 v
=TG1 Bror = Mi ("Gl Bloxke Broxts " Groxt Bioxke Brexts | Groxt Bioxke Srex1» 1)

0,0, 0%, @, ot t

T2 e Tl v 2 T2 v T3 v <

= Glex1 Brex *MZ( Grex1 Breske Brexts ' Grext Bresike Skexts GkuxlBkuxkulyAvxl’l)
050", @, @, @t t

_ T3 < Tl v ¢ T2 v T3 v ~
= TG ot = M3 ("Gt Bt Brext " Gt Broxie Siext " Ghext Broxke St 1)

0,0, o, @, ot t

2 v ° T3 v o
- GI(>< ’E(x] _M4( Gl{(XlBA(XAA ’?hxl GkvxlBkuxkuE/wxl‘ GkvxIB/karl}/wat)

(5.7)

with

1 1 1 1
o' = BLO?“'7ﬁl.e—l’“'7ﬁk.0’.“7ﬁk.p—l
2 2 2 2
@ =g, lBle 1 Bros s Breo
3 3 3 3 3
w :BLO?“"ﬁl.e—l’."7ﬁk.0’“'7ﬁk,e—l
4 4 4 4
@ :ﬁl‘07'”7ﬁle 1 Bros s Breo

where ¢ are defined as the components of "G, .
Now we assume that

0, (v', o, o’ v 1,) =0

0, (w',\ @ v’ v 1,) =

O05(v'\ o @' v 1,) =
)=

@4(w o, o, ot tia
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with
2a —1 . .
tjvu: e +/717 j:17277k7 (1:172,"',6
that are a ke number of collocation points. We then have
1 1 1 1
[))1,07 ) [flyg—l’ e 7ﬁ/¢107 e 7ﬁk1g—l
2 2 2 2
ﬁl,()’ T ﬂLe—l’ T vﬁk.m T aﬁk.e—l
3 3 3 3
ﬁmu I} ﬁl.p—l? e 7[31@07 e 7ﬁk7971~
4 4 4 4
ﬁ],ov e 7ﬁl,e—l7 T 7ﬂk<07 e 7/3/@34'

which are system of 4ke equations with 4ke unknowns. We
obtain these unknowns by a substitution into (5.6) that yields
the approximated solution to the silicosis model and given by
Se(1)

E.(1)

L(1)

C.(1)

u(t) ~

The convergence of this method is given by the following
results [5,13,16,26]:

Proposition 5.1. Consider 0< < 1,S e H'([0,k), E; € H'[0,k)
i=1,2,3,1¢ H'0,k) and ~ C<c H'[0,k). If  for
ec{2": r=0,1,2,---}, the expression with Caputo operator
Dju,(t) approximates Dju(t) using the Haar wavelet scheme,
hence the quantity

ID}u(t) = Dju(0)]l, < n(n(v)™", (5:8)

represents the exact upper bound caused by the use of such an
21—y and n € R*.

13- (3-3.2-2)
e \/%+%

6. Numerical representations of the generalized form

approximation. Here n(v) =

Now that the error committed by using Haar wavelets scheme
in our context has been successfully analyzed and shown to be
insubstantial, we can provide numerical simulations using the
scheme presented above and the same parameter values shown
in Table 1. It appears here that the fractional model displays
some expected and accurate results. In fact in Fig. 2, plotted
in fractional case for the derivative order v = 0.8, we observed
by testing different initial conditions, that the solution trajecto-
ries of the system (5.1) converge to a single point believed, as
we will show here below, to be the disease-free equilibrium
(or silica-free environment). Similar observation is done
Fig. 2 where the solution trajectories of the system (5.1) con-
verge to a another single point believed to be the endemic equi-
librium point (found in the next section). In the next section we
will fix the derivative order v at one to recover the standard
classical calculus and perform some analysis on the model in
order to compare the results (Fig. 3).

7. Analytical studies

In this section, we study the existence, uniqueness, bounded-
ness and positivity of the solutions of (2.4). First, we show
the local existence of solutions and then we confirm the global

200

150

100} v=0.8

50¢

Number of susceptible people

0 20 40 60

Time (years)

h
=

B
o

L
=

v=0.8

Number of Infected people

20 20 60

Time (years)

Fig. 2 Numerical simulations, for the fractional order v = 0.8,
showing the solution trajectories of the system (5.1) converging to
a single point believed, as shown in Fig. 4, to be the disease-free
equilibrium (or silica-free environment). Here we take M = 0 and
(a) S= ﬁ , (b) number of infected individuals with silicosis (0).

existence. For this purpose, we rewrite the right hand side of
system (2.4) as f(¢,u(r)) = f(u(z)), where

u(t) = (1), u (), u3(2), ua (1), us (1), us (1))

(S(2), E1(2), Ex(1), E5(1),1(1), C(1)).

Then the Cauchy problem (2.4) and (2.5) is equivalent to
{L’t(t) =flu(?)), 1€ [to,+00),u;(t) € R

u?(19) = ¥, whereu? > 0.

(7.1)

For the existence and uniqueness of solution of (7.1), let us
recall the following theorem from [9].

Theorem 7.1. If f is continuous in (t,u) in a neighbourhood of
(lo, uo) and Lipschitz continuous in u, then there exists a unique
solution of (7.1) defined in a neighbourhood of ty. In this study,
we would like to show the existence and uniqueness of a
nonnegative global solution.

7.1. Existence of a local solution

First of all, we prove the local existence in a neighbourhood of
initial time ¢,.

https://doi.org/10.1016/j.aej.2020.04.044
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v=0.8

Number of Infectives

0 20 40 60

Time (years)

50 ‘
40
v=0.8
30
20
10
0

0 20 40 60

“* Time (years)

Number of Infected people

Fig. 3  Numerical simulations, for the fractional order v = 0.8,
showing the solution trajectories of the system (5.1) converging to
a single point believed, as shown in Fig. 5, to be the endemic
equilibrium, and foreseing its global stability. Here we take (a)
M = 0.00001, so that I = 0.0397, (b) M = 90, so that I ~22.

Theorem 7.2. For the system (7.1),

(i) there exists a local solution in neighbourhood of ty on a
closed interval in [ty, +00),
(i) the solution is non negative on its domain of definition,
(iii) if the solution exists, it is unique.

Proof. (i) For any given x, let N(x) denote a neighbourhood of
x. Since all the parameters in Table 1 are nonnegative for all
t € [ty,+00), and the components of the vector fields f are
readily polynomials, we infer that fis continuous on R®. Fur-
thermore, since u?,i: 1,2,---6, are non-negative, it follows
from a continuity argument that «?,i =1,2,---6, are all non-
negative on small neighbourhood N(u?),i=1,2,---6. Define

N() = N() x N(i) x N() x N(ul) x N() x N(l).,

that is, /'€ €(N(u°), R). Since all spaces are finite dimensional
Banach spaces, using the Cauchy-Peano theorem, there exists
(not yet unique) a local solution of system (7.1) on a small
enough neighbourhood (interval containing #y) N(#y) of #,. In
case if N(#) is not a closed interval, we can reduce it to obtain

a closed one. For instance, if N(#y) = [fo, 1;), then we choose 7;
such that 7y < 7y < tyand [19, 7] is a closed neighbourhood. We
can denote it similarly by N(¢). Its compactness will be used in
the proof of part (iii).

(i) Now we establish the positivity of the solution on the
small neighbourhood N(#y) of #.

Consider the first equation in (7.1) or equivalently, the first
equation in (2.4):

(1) = A = (037 (us(1)) = pun (),

> - <Z“/i(u6(1)) - ﬂ) (1),

i=1

which implies that

u (1) = u exp </Ol [ZV:’(“6(S)) - H} ds).

i=1

Therefore, u;(¢) = 0 at all times ¢ > 0.
Similarly, from the fourth equation in (7.1), we have

tie (1) = M — aug(1) — (Z)AZ%(%(I)L

> - <a - ul(z)iZy,) ug(1),

so that

ug(t) = udexp (/0[ [—a - ul(s)/li:y,-] ds).

Hence, us = 0 at all times ¢ > 0.

Next, we consider the second equation in (7.1). From the
positivity of u; and ug, it implies that
= *(OC,-+,U)M;(I), for i= 172737
> ¥ exp (o — p)t.

1

Thus uy,u, and u; are also non-negative for all r > 0.

Similarly, we can prove that us > 0 for time ¢ > 0.
Therefore, the local solutions of (7.1) defined on N(zy) are
nonnegative as claimed in (ii).

(iii) The uniqueness of solutions follows readily from the
fact that the components of the vector field f'in the right hand
side of (7.1) are polynomials (thus Lipschitz functions on the
neighbourhood N(#)) and form the application of the Cauchy-
Lipschitz theorem. [J.

7.2. Existence of global solutions

Before showing that the local solutions in Theorem 7.2 are glo-
bal solutions (i.e. defined on [#y, +00)), we establish the follow-
ing lemma about the boundedness of the solutions.

Lemma 7.3. Whenever the solution of (7.1) exists, it is bounded.

Proof. We estimate the derivative of the first unknown func-
tion u,(¢) using the result of Theorem 7.2 above. Notice that
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the solution is non negative on the corresponding domain
(since uy, up, u; and us are positive and the remaining compo-
nents are non negative). Moreover, on N(#,), we have,

(1) = A — Paug(Duy (1) — puy (1) < A — puy (1). (7.2)

By the Gronwall inequality, from Eq. (7.2), we obtain

A A
() <=+ (u(l) ——)e““,
1 1

lim supu (1) <

t—+00

=

Since

HI(1) = A = (1) — dus(1) < A - uH (1),

and

U6(t) = M — aue(t) — 2Pqug(H)u; (1) < M — aue(1),

we have similarly (after applying the Gronwall inequality
twice):

. A
lim sup H(7) < —,
{—+00 n
and
. M
lim sup ue(t) < —.
t—+00 a
From the above bounds, if we set

Hy = H(ty) = +u5 +ul +ul +u, then the solutions of
(7.1) are bounded in the following manner:

0<H(t)= iu,-(z) < max {H07§};
i=1

0 < ug(t) < max {ud, 2} O

(7.3)

Remark 7.4. Due to (7.3), it is straightforward that Q a subset
of RS satisfies

=N

5
Q= {(u17u2,u3,u4,u5) €R] : H(t) = Zu,- < }

p
x{u(, € R, :u(r) < (—"f}7

and is positively invariant with respect to the flow of system

(7.1).

By using the above results, we prove the following theorem.

Theorem 7.5. The silicosis model (7.1) has a bounded and
unique non negative solution on [ty,+00), where 1y is the initial
time.

Proof. Since the solutions are bounded according to Lemma
7.3, Theorem 7.5 is a straightforward consequence of the finite
time blow-up theorem of differential equations. Indeed, by
setting

a= sup{tE t belongs to the defined domain of the solution},

we notice that a > 7, . We already proved the existence of a
unique solution locally in a neighbourhood N(#). From the
part where the solution exists, it stays non negative and
bounded. Taking any ¢' € N(ty) with ' > t,, using the same
argument from Theorem 7.2, we can prove that the function

fis also Lipschitz in a neighbourhood N(#!) of ¢!, so the solu-

tion can be extended on N(¢!).

Now to prove the theorem at a = +oo, we use proof by
contradiction. Hence, assume that a < +oo, and assume
further that the solution can be extended to [7p,a) but not
yet to [fo, al. If a is finite then we define u(a) = lim u(¢). Due to
the continuity of #(7) and the function f{u(z)), we have

(@) = lim (1) = lim f(u(t)) =A@ u(a)).

t—a t—a

Thus, the solution can be extended to a. Hence, the solution
exists up to a and therefore, @ belongs to the defined domain
of the solution of (7.1). Note that from Lemma 7.3, in finite
time every component of the solution is bounded by a constant
positive number. Hence, at the point @, the values of function
u; are non negative and satisfy the conditions as in the proof of
Theorem 7.2. Because of this, we can continue to apply Theo-
rem 7.2 to extend the solution over a small neighbourhood
N(a). Denoting the radius of this neighbourhood by ¢ > 0,
the solution is also defined at @+ /2 > a. This contradicts
with the fact that a is the supremum of all the ¢ in the domain
of the solution. Hence, we have shown that @ = +oc. By virtue
of Theorem 7.2, we infer that system (7.1) has a unique non
negative global solution on [fy, +00). O

7.3. Asymptotic behaviour of solutions

In this subsection, for convenience, we work with the system
(2.4) rather than (7.1).

7.3.1. Simple solutions: equilibria

The equilibriums points of system (2.4) are solutions of
A — pgCS — uS =0,
piqCS — (o0 + WE; =0,

3
Zoc;E,- —(O0+wl =0,
=1

M —aC—JpgCS =0.

i=1,2,3
(7.4)

From the last equation of (7.4), we get

M
(a+1BgS)
On the other hand, from the dynamics of silicosis, if there is no
silica production in the community, then it means that there
are no silicosis patients in the community and clearly M = 0.
Hence, if u is the disease-free (silica-free) equilibrium point,
then from (7.4), we obtain

A
Uy = (E,o,o,mo,o). (7.5)

Similarly, when mining workers are in state of mining produc-
tion, the constant rate of silica dust production M is positive
and the expected equilibrium point for system (2.4) must sat-
isfy M > 0. Denoting this equilibrium by
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u = (S*7Ei71*7 C*)

and calling it the positive (or silicosis persistent) equilibrium
point, after further simplification in (7.4), we get quadratic
equation in S”:

2Bau(S*) + (BgM + pa — Aifq)S" — Aa =0, (7.6)
and
_ puCs* s __
E:-( = ZT’ i=1 s 27 3
D D1 77
r - ;z+lr5 ’ ( )
C* = MaJrZ}qu‘ .

Thus, u* is obtained by solving for the positive root S* of (7.6)
and substitute it into (7.7) to get the remaining components.
We denote the discriminant of the quadratic Eq. (7.6) by

A= (fgM + pa — /12[)’1])2 +42Bquda > 0,
and solving (7.6) gives

(A2Bq — PgM — pa) + VA
2)Bqu '

Clearly, S* > 0. Thus, the two simple solutions u, and u* of
(2.4) are determined. In the next subsections, we are going to
show that whenever any of these equilibrium points exists,
the other solutions of the system converge globally to that
point.

St =

(7.8)

7.3.2. Global asymptotic stability of the disease-free equilibrium

Theorem 7.6. For M = 0, the unique disease-free equilibrium uy
of (2.4) is locally asymptotically stable.

Proof. The Jacobian matrix of (2.4) evaluated at the disease-
free equilibrium u, is

—u 0 0 0 0 ~pg4
0 —pu—o 0 0 0 Bia4
o 0 0 —p— o 0 0 /32‘1%
0 0 0 ) Bsg?
0 o o0 o3 —p—9 0
0 0 0 0 0 —a-—ipgt

The eigenvalues of J, are —op —pu,—p, —oy — pu,—30 — 1,
—p—oa,— 1 (au+qAp2) and all are negative. Thus uo is
locally asymptotically stable. O

Theorem 7.7. For M = 0, the system (2.4) has a unique disease-
free equilibrium uy which is globally asymptotically stable.

Proof. To prove the global asymptotic stability we make use
of Lyapunov-LaSalle’s Principle [30] by defining the following
function:

3
Lo(u) = Lo(S, E;, 1,C) = 2y Ei+ I+ C,

=1
where u = (S, E;, I, C) and Ly(u) > 0 for uy # u € Q. Hence, L,
is a positive definite on Q. The Lie derivative of L, , denoted by

Ly, in the direction of the vector field given by the right-hand
side of (2.4) is

3
Ly=— i) Ei+ i(u+0)I+aC| <O0.

=1
Thus, L, is a negative definite. Moreover, Ly = 0 if only if
E;=1=C=0,i=1,2,3. Hence, the largest invariant subset
My contained in & = {(S,E;,1,C): Ly =0} is obtained by
setting E; =I=C =0 in the equation S=A— fgCS — uS
and  gives  S(t) =A/u+ [Soy-aple™.  Thus, as
t — 00, 8(t) = A/u, and .4, = {uy}. By LaSalle’s Invariance
Principle, we conclude that wu, is globally asymptotically
stable. O

7.3.3. Global asymptotic stability of the positive equilibrium

Theorem 7.8. For M = 0, the unique positive equilibrium u* of
(2.4) is locally asymptotically stable.

Proof. The Jacobian matrix of (2.4) evaluated at the positive
equilibrium point u* is

—pgC* — u 0 0 0 0 —pBgqS”
BrgC —o — U 0 0 0 BraS*
g BrgC 0 —0 — p 0 0 BrqS*
! ByqC* 0 0 T 0 B1qS"
0 o o o —d—pn 0
—BqC* 0 0 0 0 —a — 2BqS”
It is easy to see that the eigenvalues of J, are:

—oy —pu<0,—0p —u<0,—0—u<0,—p—o3 <0 and those
of the following 2 x 2 matrix have negative real parts:

—BaC* —
Jz:( BaC" —u

—BgS” )
Y e '

—a — AfqS”.

Because, the trace of J, is negative and its determinant
ula+ 2BqS™) + afqC” is positive. Thus u* is locally asymptot-
ically stable. I

Theorem 7.9. Whenever the constant production rate of silica
dust M is positive, the unique positive equilibrium point u* of sys-
tem (2.4) is globally asymptotically stable.

Proof. To establish the global asymptotic stability of u*, since
I does not appear in the remaining equations of the model, we
can decouple the dynamics of I from the system and propose
the following Volterra type Lyapunov functional:

V= S—S*—lni +23:E—E”“—ln£
- s =1 t i E;

+- {C— c —1n£}. | (7.9)

We note that V'is defined, continuous in Q and positive definite
with respect to u = u* in Q. Furthermore, the global minimum
V' =0 occurs at the endemic equilibrium »*. We compute the
derivative of V' along the trajectories of the system (2.4)
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<.
I

-9+ (1- 8+ (1-G)e

_ %)(AfﬁqCSfHSHZ[(I’

+1(1=S)(M — aC — 2B4CS)

) (BigCS — (3 -+ WE)|

(7.10)
Taking into account the endemic steady state of the model
where A = BqC*S™ + uS"*, BiqC'S" = (; + WE =0,
M = aC" + 2fqC"S", it follows that

(1-%5)S= A—BgCS —pS—5 A+ BgCS* + puS*
= A1 =%) = (PgC+p)(S S
= (BgC*S +uS) (1 =) + S (BgC + p)(1 — £)
= uS(1-%) +uS"(1-&) +pgC S (1 - %) + pgCS* (1 - 2)
= uS(2-5 -5+ pgC' S (1 -5) + pgCs* (1 — )

= %)+ Y Bacs (1-5).
(7.11)

= uS'2-%-3) +ZﬂqC*

-
-
opn
s
Eq.
Il
Mw

(B4CS — (o + WE, Z% (B4CS — (% + )Ey)

1

Il
M,;

(BaCs - pac's £) - Zﬁqcs (~SSE+ZI?4C*
(7.12)

i=

(1-9)C= (aC' +ipgC'S")(1 = <) — (aC + ApgCS)(1 - <)
aC (1-$) —aC(1-%) + 4B¢C*S* (1 =) — ApgCS(1 - %)
aC* (2 —S — &)+ 1BgC*S* (1 = <) — ABgCS(1 - <)

(7.13)

Substituting (7.11)—(7.13) into (7.10) leads to

3
V= ,uS*(2—%—S—S,)+Zﬁ,qC*S*(1

3
)43 pacs (1-9)
i=1

3
+3(BACS~BAC'S +faC"S ~faC" S ) +Zﬁ qC's (1-55)
s
C

+4C(2-C—E) +haC S (1-C) —BaCS(1-C)
or
3
V= us(2-5-3) +Zﬁqc* 5 (1-5) +Z/}qCS* +ZI31{CS (1-%5)
+ Zﬂqcs ( f%)+ZI3qC S‘(lf ) +4C (2-$-8) (7.14)
+ Zﬂqc s Zﬁqcs
Further rearrangements lead to
3 *
V= us*@—f—;—%w(2—%‘—%>+zﬁch*s*(4—%—%—%—&)
i=1
+Zﬁ e +Z[f qCs* (1-5) Zﬁ qCs(1
(7.15)

" s o ” ', I o 3 - SE]
R Y (4—%—%—%—%5)
i=1

@ﬁ,qcs[( ~ @) 51— (1-8)]

= Pc i (7.16)

where m = min (1, > () Applying the arithmetic-geometric
inequality to (7.16), we obtain V' < 0 for all u € Qand V=0
ifonlyifu = u*. Hence .#/ = {u € Q: V =0} = {u*} is the lar-
gest invariant subset. From LaSalle’s Invariance Principle [30],
u* is globally asymptotically stable. [J

8. Numerical simulation

In this section, we present numerical simulations in order to
support the theoretical results proved in the previous sections.
In Fig. 4, by using different initial conditions, we observed that
the solution profiles of the system (2.4) converge to the disease-
free equilibrium (or silica-free environment). This result

200
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0 20 40 60

Time (years)

)
S

[y
S

Number of Infected people

20 40 60

Time (years)

Fig. 4 Global stability of the disease-free equilibrium point
when M =0 and (a) S=42, (b) number of infected individuals
with silicosis (0).
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Fig. 5 Global stability of the endemic equilibrium point when
(a) M = 0.00001, so that I* = 0.0397, (b) M = 90, so that I ~ 22.

implies that the disease-free equilibrium is globally asymptoti-
cally stable whenever the mining area is free from silica con-
centration (i.e. M =0) as proved in Theorem 7.7. In the
presence of silica production (i.e., M > 0), a unique endemic
equilibrium exists and it is globally asymptotically stable (see
Fig. 5). To show the effect of silica dust in the environment,
we use a small value of M = 0.00001 in Fig. 5 (a) and it illus-
trate the global asymptotic stability of I = 0.0397. Using the
same initial conditions with M large in Fig. 5 (b), the endemic
equilibrium, is also depicted to be globally asymptotically
stable, with I* ~ 22. The relation between the production of
silica in the mining and the number of new silicosis infected
individuals is illustrated in Fig. 6. From the same figure, we
can observe that the silicosis dynamics doesn’t change signifi-
cantly once the environment reached into silica saturated rate.
To perform all the simulations, we used the parameter values
given in Table 1.

9. Conclusion

As a starting point in modelling silicosis infection, we have
provided a simple ordinary differential equations model for
the dynamics of the silicosis disease in a mining community
is designed and subsequently analysed. The whole analysis

Silica dust (mg.m'3)

Fig. 6 The effect of silica dust on the new cases of Silicosis.

has been done in both fractional differentiation and classical
integer calculus. In the former case, the Haar wavelet numeri-
cal scheme has been used to solve the model and perform
graphical representations. In the classical integer calculus, it
is shown that the disease-free equilibrium point exists in the
absence of silica dust in the environment and is globally
asymptotically stable. The biological implication of this result
is that the disease doesn’t invade the community irrespective of
the initial size population in the community. Furthermore, it
has been proven that whenever workers are exposed to crys-
talline silica particles, the endemic equilibrium exists and is
globally asymptotically stable. Most of those results concur
with those found in fractional differentiation where the global
stability of the endemic equilibrium were shown graphically
via the Haar wavelet scheme.

The given model is relatively simple and it captures some
basic features of the silicosis exposure dynamics. However, if
it enters in an environment where Tuberculosis (TB) is epi-
demic, co-infection will happen and the problem becomes
too complicated. For such a case, we need to propose a
more general model which incorporates some additional
realities of the silicosis transmission dynamics. Future direc-
tions for our work include fitting the model to estimate the
parameters and proposing a non-standard finite difference
scheme that replicates the properties of the continuous
model.

Moreover, since silicosis disease can cause Tuberculosis
which is an aerosol transmitted disease, it will be very interest-
ing to couple an advection-diffusion model (e.g. atmospheric
dispersion modelling framework) for the dynamics of silica
dust with a reaction model for Tuberculosis. In this new setting
of partial differential equations, one could investigate the exis-
tence of travelling waves solutions. This more complicated
project is under investigation by the authors as a second step
on this adventure.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have
appeared to influence the work reported in this paper.

https://doi.org/10.1016/j.aej.2020.04.044

Please cite this article in press as: H.M. Tenkam et al., Classical and fractional analysis of the effects of Silicosis in a Mining Community, Alexandria Eng. J. (2020),



https://doi.org/10.1016/j.aej.2020.04.044

12

H.M. Tenkam et al.

References

[1] A. Atangana, Goufo E. Doungmo, On the mathematical
analysis of Ebola hemorrhagic fever: deathly infection disease
in West African countries, BioMed Res. Int. (2014), https://doi.
org/10.1155/2014/261383. Article ID 261383.

[2] A. Atangana, E.F. Doungmo Goufo, Computational analysis of
the model describing HIV infection of CD4+T cells, BioMed
Res. Int. (2014) 7 doi: 10.1155/2014/618404. Article ID 618404.

[3] A. Atangana, A. Akgul, Can transfer function and Bode
diagram be obtained from Sumudu transform, Alexandria
Eng. J. (2020) (in press).

[4] A. Atangana, A. Akgul, M.O. Kolade, Analysis of fractal
fractional differential equations, Alexandria Eng. J. (2020) [in
press].

[5] E. Babolian, A. Shahsavaran, Numerical solution of nonlinear
fredholm integral equations of the second kind using Haar
wavelets, J. Comput. Appl. Math. 225 (2009) 87-95.

[6] K.M. Bang, J.M. Mazurek, Silicosis mortality, prevention, and
control United States, 1968-2002, Morbidity and Mortality
Weekly Report 54 (16) (2005) 401-405.

[71 K.M. Bang, J.M. Mazurek, J.M. Wood, G.E. White, S.A.
Hendricks, A. Weston, Silicosis mortality trends and new
exposures to respirable crystalline silica? United States, 2001
2010, Morbidity and Mortality Weekly Report 64 (2015) 117—
120.

[8] S. Basu, A. Galvani, The transmission and control of XDR TB
in South Africa: an operation research and mathematical
modelling approach, Epidemiol. Infect. 136 (2008) 1585-1598.

[9] R.L. Burden, J.D. Faires, Numerical Analysis, Brooks/Cole
Cengage Learning, 2011.

[10] G. Calvert, F. Rice, J. Boiano, J. Sheehy, W. Sanderson,
Occupational silica exposure and risk of various diseases: an
analysis using death certificates from 27 states of the United
States, Occup. Environ. Med. 60 (2003) 122-129.

[11] M. Caputo, Linear models of dissipation whose Q is almost
frequency independent-II, Geophys. J. Int. 13 (1967) 529-539,
Reprinted in: Fract. Calc. Appl. Anal. 11, No 1, 3—14 (2008).

[12] M. Chacha, M. Nicola, W. Robin, Modelling the risk of
airborne infectious disease using exhaled air, J. Theor. Biol. 372
(2015) 100-106.

[13] Y. Chen, M. Yi, C. Yu, Error analysis for numerical solution of
fractional differential equation by Haar wavelets method, J.
Comput. Sci. 3 (2012) 367-373.

[14] Department of Labour of the Republic of South Africa, National
Programme for the Elimination of Silicosis. http://www.
labour.gov.za/DOL/downloads/documents/useful-documents/
occupational-health-and-safety/Useful %20Document % %20-%
200HS%20-%20National %20Programme % 20for%20the% 20
Elimination%200f%20Silicosis.pdf, 10/11/2016.

[15] K. Diethelm, A fractional calculus basedmodel for the
simulation of an outbreak of dengue fever, Nonlinear Dyn. 71
(4) (2013) 613-619.

[16] E.F. Doungmo Goufo, Solvability of chaotic fractional systems
with 3D four-scroll attractors, Chaos, Solitons Fract. 104 (2017)
443-451, https://doi.org/10.1016/j.chaos.2017.08.038.

[17] E.F. Doungmo Goufo, Chaotic processes using the two-
parameter derivative with non-singular and non-local kernel:
Basic theory and applications, Chaos: Interdiscipl. J. Nonlinear
Sci. 26 (2016) 084305.

[18] E.F. Doungmo Goufo, A. Atangana, Analytical and numerical
schemes for a derivative with filtering property and no singular
kernel with applications to diffusion, Eur. Phys. J. Plus 131
(2016) 269.

[19] E.F. Doungmo Goufo, R. Maritz, J. Munganga, Some
properties of Kermack-McKendrick epidemic model with
fractional derivative and nonlinear incidence, Adv. Differ. Eq.
2014 (2014) 278, https://doi.org/10.1186/1687-1847-2014-278.

[20] L. Elizabeth et al, Risk factors for pulmonary mycobacterial
disease in South Africa gold miners, Am. J. Respir. Crit. Care
Med. 159 (1999) 94-99.

[21] A. Farasi, M. Jabbarias, Silico-tuberculosis and associated risk
factors in central province of Iran, Pan Afr. Med. J.
doi:10.11604/pam;j.2015.20.333.4993.

[22] C.E. Galvo Barboza, D.H. Winter, M. Seiscento, Santos U.
Paula, M.T. Filho, Tuberculosis and Silicosis: epidemiology,
diagnosis and chemoprophylaxis, J. Bras. Pneumol. 34 (11)
(2008) 961-968.

[23] D.D. Glenn, Current issues surrounding silica, Professional
Safety 53 (2) (2008) 37-46.

[24] E.F.D. Goufo, A. Atangana, Modulating chaotic oscillations in
autocatalytic reaction networks using atangana—baleanu
operator, Fractional Derivatives with Mittag-Leffler Kernel
(Springer) 135-158 (2019).

[25] E.F.D. Goufo, M. Mbehou, M.M.K. Pene, A peculiar
application of Atangana—Baleanu fractional derivative in
neuroscience: Chaotic burst dynamics, Chaos, Solitons Fract.
115 (2018) 170-176.

[26] U. Lepik, H. Hein, Haar Wavelets: With Applications, Springer
Science & Business Media, 2014.

[27] E. Hnizdo, J. Murray, Risk of pulmonary tuberculosis relative
to silicosis and exposure to silica dusts in South Africa gold
miners, Occup. Environ. Med. 55 (1998) 496-502.

[28] M.O. Kolade, A. Atangana, A. Akgul, Modelling and analysis
of fractal-fractional partial differential equations: application to
reaction-diffusion model, Alexandria Eng. J. (2020) [in press].

[29] A K. Klein, J.P. Christopher, Evaluation of crystalline silica as a
threshold carcinogen, Scand. J. Work Environ. Health. 21
(1995) 95-98.

[30] J.L. Lasalle, The Stability of Dynamical Systems, SIAM,
Philadelphia, PA, 1976.

[31] M. Numinen, Mathematical modelling of risk assessment for
health effect of silica exposure, Worksafe Autralia, National
Institute Report, 1996.

[32] C.R. Thomas, T.R. Kelley, A Brief Review of silicosis in the
United states, Environ. Health Insights 4 (2010) 21-26.

https://doi.org/10.1016/j.aej.2020.04.044

Please cite this article in press as: H.M. Tenkam et al., Classical and fractional analysis of the effects of Silicosis in a Mining Community, Alexandria Eng. J. (2020),



https://doi.org/10.1155/2014/261383
https://doi.org/10.1155/2014/261383
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0015
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0015
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0015
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0020
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0020
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0020
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0025
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0025
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0025
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0030
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0030
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0030
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0035
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0035
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0035
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0035
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0035
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0040
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0040
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0040
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0045
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0045
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0045
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0050
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0050
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0050
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0050
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0060
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0060
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0060
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0065
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0065
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0065
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0075
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0075
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0075
https://doi.org/10.1016/j.chaos.2017.08.038
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0085
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0085
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0085
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0085
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0090
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0090
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0090
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0090
https://doi.org/10.1186/1687-1847-2014-278
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0100
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0100
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0100
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0110
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0110
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0110
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0110
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0115
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0115
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0120
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0120
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0120
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0120
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0125
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0125
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0125
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0125
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0135
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0135
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0135
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0140
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0140
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0140
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0145
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0145
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0145
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0150
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0150
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0150
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0160
http://refhub.elsevier.com/S1110-0168(20)30188-5/h0160
https://doi.org/10.1016/j.aej.2020.04.044

	Classical and fractional analysis of the effects of Silicosis in a Mining Community
	1 Introduction
	2 Model formulation
	3 Generalized dynamics of silicosis in a mining: Fractional approach
	3.1 The Caputo fractional derivative

	4 Haar wavelets numerical scheme
	5 Mathematical solvability for the generalized dynamics of silicosis in a mining
	6 Numerical representations of the generalized form
	7 Analytical studies
	7.1 Existence of a local solution
	7.2 Existence of global solutions
	7.3 Asymptotic behaviour of solutions
	7.3.1 Simple solutions: equilibria
	7.3.2 Global asymptotic stability of the disease-free equilibrium
	7.3.3 Global asymptotic stability of the positive equilibrium


	8 Numerical simulation
	9 Conclusion
	Declaration of Competing Interest
	References


