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The transport of charged particles in turbulent magnetic fields is a topic of great interest in as-
trophysics, since our ability to successfully use cosmic rays as astronomic messengers depends
on our understanding of the transport processes. One of the primary effects is the scattering of
particles on magnetic irregularities leading in the first instance to a change in the pitch angle µ of
the particle. Further transport parameters e.g. diffusion coefficients or the mean free path can then
be inferred from ∆µ . We introduce new numerical methods to evaluate the pitch angle diffusion
coefficient Dµµ and the perpendicular diffusion coefficient D⊥ that work well in both weak and
strong turbulence scenarios and compare with analytic results from Quasi Linear Theory.
We present results obtained by applying these methods to test-particle data from simulation of
heliospheric conditions with our spectral MHD code Gismo. The results are then compared to
test-particle simulations of the novel Perlin-noise-type pseudo-turbulence to show its viability for
large-scale particle transport simulations.
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1. Introduction

The motion of charged particles in electromagnetic fields beyond the trivial case of gyra-
tion/drift in homogeneous static fields is governed by resonant wave-particle-interactions that result
in particles being scattered on electromagnetic irregularities. In guiding center coordinates this pro-
cess can be described reasonably well as a change of the particle’s pitch angle µ and, assuming an
underlying diffusive nature of the process, characterized with the pitch angle diffusion coefficient

Dµµ = lim
t→∞

(∆µ)2

2∆t
.

This coefficient can be derived analytically by applying Quasi Linear Theory (QLT), that was first
suggested by [1] and is primarily based on the assumption of unperturbed particle orbits, which is
only valid for weak turbulence (δB/B� 1). In this paper we present new methods to determine the
coefficient in strong and weak turbulence scenarios and apply them to numerical simulation data,
underlining its importance for observable quantities and the mean free path of a charged particle in
a plasma.

2. Particle transport

The time development of a particle distribution or phase space density fT of particle species T
under the influence of the Lorentz force is described by the relativistic Vlasov equation

∂ fT

∂ t
+

~p
mγ
· ∂ fT

∂~x
+

q
c

(
c~E(~x, t)+~v×~B(~x, t)

)
· ∂ fT

∂~p
= ST (~x,~p, t) (2.1)

with a source term ST on the RHS.
Using the fact that a charged particle in a magnetic field performs a gyration with the frequency
Ω = ZeB

γmc the equation can be transformed into guiding centre coordinates (X ,Y,Z, p,µ,φ) with µ

the cosine of the pitch-angle between the particle momentum vector and the magnetic field and
φ in the plane perpendicular to the magnetic field. Taking the ensemble average under QLT’s
assumptions of unperturbed particle orbits yields the Fokker-Planck equation for FT = 〈 fT 〉:

∂FT

∂ t
+ vµ

∂FT

∂Z
−Ω

∂FT

∂φ
= ST (Xσ , t)+

1
p2

∂

∂Xσ

p2 ∂FT

∂ X̂σ

∫ t

0
ds〈gXσ

gX̂σ
(X̂σ ,s)〉︸ ︷︷ ︸

DXσ X̂σ

 . (2.2)

The time integral over the generalized forces gXσ
= Ẋσ in the last term on the RHS results in the

Fokker-Planck coefficients DXσ X̂σ
(for a complete derivation see [2]).

Due to the diffusive nature of the term the Fokker-Planck coefficients take the role of diffusion
coefficients and describe the scattering of particles in 6-dimensional phase space. Our primary
interest lies with the pitch angle diffusion coefficient Dµµ that describes the pitch angle scattering
of the particle with the velocity v‖ and gyro-frequency Ω in resonant interactions with a wave with
frequency ω and wavenumber k‖ that fulfill the condition

k‖ v‖−ω +nΩ = 0, n ∈Z. (2.3)
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The order of the interaction n corresponds to contributions from different wave components. The
Cherenkov resonance with n = 0 is generated by pseudo Alfvén waves through the mirror force
induced by magnetic compressions. The parallel component of shear Alfvén waves will fulfill Eq.
2.3 for n = ±1. Interactions with |n| > 1 can only be generated by oblique Alfvén waves. The
perpendicular components of the wave would then modify the scattering process by non-vanishing
Bessel functions.

3. Methods

The presented analysis is based on numerical results of spectral incompressible Magneto-
Hydro-Dynamic (MHD) simulations with Gismo [3, 4] and Particle-in-Cell (PiC) simulations with
Acronym [5]. Using a test particle approach yields particle trajectories~x(t) from which the phase
space density f (~x,~p) and time-dependent pitch angle µ(t) can be determined.
In the following sections we first recap the common QLT approach to derive the diffusion coeffi-
cient Dµµ for comparison with our new methods that are presented afterwards.

3.1 MI Running diffusion coefficient

A simple approach for calculating the pitch angle scattering coefficient is the definition

Dµµ = lim
t→∞

(∆µ)2

2∆t
t�t0≈ (∆µ)2

2∆t
, (3.1)

where ∆ t = t− t0 is assumed to be large, i.e. the time evolution t has to be sufficient to develop
resonant interactions. This approach is motivated by a description of diffusion, where a particle
changes its pitch angle by scattering in a randomized process. If the scattering is in resonance with
a wave mode, ∆µ is significantly increased. This method predicts a δ–function shape in the limit of
infinite time development. However, in finite intervals of ∆t the resonances are always broadened.
Another problem is the dependency on the strength of the scattering process. In the case of high
δB/B0 ratios and thus high scattering frequencies, the pitch angle is not connected to its initial state
anymore and the scattering coefficient becomes unstructured [6].

3.2 MIIa Diffusion equation fitting method

A completely different approach is the calculation via the diffusion equation. The basic con-
cept is the assumption that the pitch angle diffusion is the predominant process. Eq. 2.2 then
becomes

∂ fT

∂ t
− ∂

∂ µ
Dµµ

∂ fT

∂ µ
= 0. (3.2)

This allows us to calculate the diffusion coefficient from the static particle distribution in µ-space
at two distinct timestamps by solving the diffusion equation

∂ fT (µ, t)
∂ t

=

(
d

dµ
Dµµ(µ)

)
· ∂ fT (µ, t)

∂ µ
+Dµµ(µ) ·

∂ 2 fT (µ, t)
∂ µ2 (3.3)

3



P
o
S
(
I
C
R
C
2
0
1
5
)
2
0
8

Diffusion Coefficients in Turbulent Plasmas Alex Ivascenko

numerically for Dµµ(µ).
Since the simulations provide us with discrete distributions, the derivatives are discretized accord-
ingly in the usual way, yielding an equation for every µn =−1+n ·∆µ (with Dn

µµ = Dµµ(µ
n)):

∂t f =
Dn+1

µµ −Dn−1
µµ

2 ·∆µ
∂µ f +Dn

µµ∂µµ f . (3.4)

This corresponds to a matrix equation with a tridiagonal matrix which can be solved with conven-
tional algorithms: 

∂µµ f 0 ∂µ f 0

2∆µ
0 0

− ∂µ f 1

2∆µ
∂µµ f 1 . . . 0

0
. . . . . . ∂µ f n−1

2∆µ

0 0 − ∂µ f n

2∆µ
∂µµ f n

 ·


D0
µµ

D1
µµ

...
Dn

µµ

=


∂t f 0

∂t f 1

...
∂t f n

 (3.5)

A problem of this method is the imperfect sampling of the phase space with the test particle ap-
proach, which results in a rather noisy distribution function and even noisier derivatives. This can
be handled by averaging over several simulation runs, applying smoothing algorithms or fitting the
data with analytical functions.
While the ensemble averaging is the correct way to increase the signal-to-noise ratio, it would
mean a huge computational effort to obtain more simulation data and can’t be applied at all to
real measurements. We found that fitting the distribution function with a generic polynomial that
reproduces the main features and sampling the analytical derivatives yields the best results. Alter-
natively, smoothing the data with a Gaussian kernel with appropriately chosen width also leads to
satisfactory results.

3.3 MIIb Diffusion equation integration method

Another way to deal with the noisy derivatives is to integrate the diffusion equation numeri-
cally over µ ∫

µ

−1

∂ fT (µ, t)
∂ t

dµ = Dµµ(µ)
∂ fT (µ, t)

∂ µ
=− jµ(µ), (3.6)

thus gaining the effective pitch angle current jµ that yields the diffusion coefficient when divided by
∂µ fT . The advantage of this method is that the time derivative of fT is smoothed by the integration
and we only need the first derivative in µ , which can also be approximated by a polynomial if
necessary.

4. Simulation setup

The MHD simulation setup was chosen to resemble the conditions in the solar corona at a dis-
tance of three solar radii. The anisotropic turbulence is driven continuously by injecting energy at
low wave numbers. The magnetic background field B0 = 0.174 G and particle density of 105 cm−3

result in an Alfvén speed of vA = 1.2 · 108 cm s−1 [7]. The outer length scale of the simulated
system is Lscale = 3.4 ·108cm.
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The turbulence driving is performed by allocating an amplitude with a phase to the fields within
the Fourier space. The amplitude follows a power-law of |~k|−2.5 and is initialized using a normal
distribution. The phase was randomly chosen between zero and 2π . These settings are divergence-
free and Hermitian symmetric. After this initialization the values were scaled to the desired sce-
nario, which in our case is a δB/B0 ratio of roughly 10−2. Note that both species, pseudo- and
shear Alfvén waves, are excited by this type of turbulence driving. In this inertial range energy
is injected every 0.03s (10 MHD–steps), which leads to a saturated turbulence – an equilibrium
between dissipation and injection.
At this stage 106 proton-like test particles were injected, initialized with random positions ~x and
φ . For the initial distribution in µ a half-parabola was chosen, since the methods MII require a
non-vanishing µ-derivative. The proton speed was set to a value of 1.21 ·1010 cm · s−1, which was
chosen to fulfill the resonance condition (Eq. 2.3).

5. Results
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Figure 1: Time evolution of the pitch angle scattering coefficient Dµµ calculated by MI. A clear resonant
structure develops between 10 and 30 gyration periods. The maxima can be connected to the Cherenkov
resonance.

First we present the pitch angle diffusion coefficient Dµµ obtained with the classical running
coefficient method MI. In Fig. 1 the development of a resonant structure is clearly visible as the
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simulation progresses from 1 to 30 gyration periods. It’s important to note that this development
is not a physical property of the turbulence, but merely a stochastic effect of the increasing portion
of the homogeneously distributed particles interacting resonantly with the wave modes running
through the simulation box. This should not be confused with the development of the turbulence
itself which is completed before test particles are injected into the simulation.
Another thing to note here is the apparent splitting of the maxima at 30 gyration periods. This is
caused by the tilt of the sharp resonance peak in ∆µ when plotted over the initial µ0. Calculating
(∆µ)2 folds the negative half-peak up resulting in the apparent double-peak structure. The correct
choice of the starting pitch angle µ0 has been discussed in [8] and while this can improve the
appearance of the plot, it does not change its fundamental meaning.

-0.05

 0

 0.05

 0.1

 0.15

-1 -0.8 -0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8  1

D
µ

µ
 [
s

-1
]

µ0

MIIa polynomial fit
MIIb integration

Figure 2: Comparison of MIIa and MIIb for the background turbulence simulation clearly showing the
Cherenkov resonance. The shown curves correspond to a simulation time of 10 gyration periods.

In Fig. 2 we present Dµµ obtained with our new methods MIIa and MIIb from the same sim-
ulation setup. The results of the direct integration MIIb match the solution of the matrix equation
MIIa almost perfectly and the width and height of the Cherenkov resonance peak compare very
well to MI in Fig. 1. Since these methods work with the pitch angle distribution fT (µ) rather than
with the pitch angle change ∆µ , the maximum does not split, thus the results from MIIa and MIIb
can be used directly without any interpretive help.
A problem of these methods is the requirement towards the distribution function fT (µ), namely the
non-vanishing µ-derivative. While this is relatively easy to fulfill in test particle simulations with a
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half-parabola distribution, it leads to further problems with particle statistics, the results of which
can be seen near µ0 = −1 in Fig. 2 where the particle number is at its minimum. This problem
can be mitigated somewhat by adding a constant background to the particle distribution and by
averaging over runs with mirrored distributions.
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Figure 3: Pitch angle diffusion coefficient Dµµ of the Perlin-type pseudo-turbulence simulation determined
with MIIa and MIIb after a runtime of 20 gyration periods.

Finally, we apply the new diffusion coefficient calculation methods MIIa nad MIIb to a Perlin-
noise-type turbulence simulation in order to study its viability for large-scale particle transport
as compared to MHD or PiC simulations. The Perlin noise function [9] is a method to create a
randomly fluctuating variable in space with a characteristic length scale of 1 (in numerical units),
and magnitudes in [−1 : 1]. It does so without requiring any precalculated noise values, stored
grids or extensive integrals, but only by interpolating pseudo-random gradient values computed on
a logical coordinate grid, where only the immediate neighbours of the spatial point of interest need
to be evaluated. The function can be used to create the components of the vector potential ~A(~x)
from which the magnetic field ~B(~x) can be calculated in turn. To get a desired power-law spectrum
multiple iterations of the noise can be added on top of each other.
Fig. 3 shows the resulting Dµµ that look similar to the Cherenkov resonance shapes from the MHD
simulations in that it peaks around µ0 = 0 but with a significantly larger FWHM.
Again, the problem with inadequate particle statistics are visible, this time at µ0 = 1, where the
mirrored half-parabola has its minimum.
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6. Conclusions

We have presented new methods to determine pitch angle scattering coefficients from test par-
ticle data. These methods are not limited to the QLT limit and may even be applied to observational
data. Especially in the case of strong turbulence these methods, which are based on the evolution
of the distribution function, may provide better results than running diffusion coefficients.
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