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Abstract 
 

In risk management one is often concerned with estimating high quantiles of the underlying 

distribution of a given sample of data. This is known to be challenging, especially if the 

quantile of interest is extremely high. Estimating such an extreme quantile becomes even 

more challenging when the sample size is very small. This is the case when one is 

interested in the measurement of operational risk within a bank. Even though the focus of 

this thesis is on operational risk quantification, the core principles illustrated in this thesis can 

be applied to various fields.  

 

The most popular approach in the quantification of operational risk is the so-called advanced 

measurement approach (AMA). This approach allows banks to use internal models to 

measure its operational risk. A widely used model under the AMA is the loss distribution 

approach (LDA). Essentially the LDA makes use of both the frequency and severity 

distributions to obtain the aggregate distribution where the risk modeller is eventually 

interested in various quantiles of the aggregate distribution. From the literature it is clear that 

the frequency has a minimal impact on the aggregate distribution and that the latter is mainly 

influenced by the severity distribution (see e.g. BCBS, 2011). For this reason the majority of 

this thesis focusses on modelling the severities and in particular, on the estimation of 

extreme quantiles of the severity distribution. There are two main approaches in modelling 

the severities under the AMA. These are the so-called spliced distribution approach and the 

full-parametric approach. The first objective of this thesis is to investigate which quantile 

estimation procedure performs uniformly the best in an operational risk context under the 

spliced distribution approach. The second objective is to investigate the quantile estimation 

procedures under the full-parametric approach. Attending to both the first and second 

objectives will lead to sufficient estimates of the severity distribution. Given sufficient 

estimates of both the frequency and severity distributions, it is unclear from the literature 

which procedure is optimal when convoluting both the frequency and severity distributions in 

order to approximate the aggregate distribution. To this end the third objective of this thesis 

is to investigate the most widely used approximation techniques. The three objectives of this 

thesis are discussed in the following three paragraphs respectively. 

 

The basic idea underlying the spliced distribution approach is to estimate extreme quantiles 

of the severity distribution by focusing on extreme observations only. A natural approach for 

this purpose is to make use of extreme value theory (EVT). A well-known quantile estimator 

that was derived under EVT is the so-called Weissman quantile estimator. Alternative 

quantile estimators are desired since the Weissman quantile estimator relies heavily on its 
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asymptotic properties and, as it was mentioned previously, the sample sizes often 

encountered in operational risk are relatively small. A new quantile estimator was 

investigated and is discussed in the thesis. The idea of the new estimator is that a lower 

quantile (a quantile at a lower probability level) is rather estimated which is then extrapolated 

to the desired quantile using a multiplying factor. This estimator is referred to as multipliers 

throughout this thesis. The multipliers proved to perform uniformly the best under this 

approach in an operational risk context.  

 

The full-parametric approach consists of estimating extreme quantiles by fitting one class of 

distributions to the entire sample of data. Popular choices of these distribution classes are 

the Burr, LogNormal and normal inverse Gaussian (NIG) distributions. This approach 

enables one to model the entire severity distribution where each observation is used (as 

opposed to the spliced distribution approach using only extreme observations) to inform the 

fitting of the statistical distributions. It is well known that the data in an operational risk 

context is often heavy-tailed and that in some cases is even too heavy-tailed to model using 

the distributions popular in operational risk. A natural alternative to these distributions is to 

use its logged version. An example of such a logged version is the LogNormal distribution 

being the logged version of the Normal distribution. Since the NIG distribution is a 

parameter-rich distribution (in the sense that it has four parameters making it a very flexible 

distribution) it was decided to investigate its logged version, referred to as the log normal 

inverse Gaussian (LNIG) distribution. Although the LNIG distribution outperformed some of 

the widely used distributions (especially when aiming to reduce the bias of its quantile 

estimates) it did not prove to be the optimal distribution to use when following the full-

parametric approach. 

 

A number of techniques exist for approximating the quantiles of the aggregate distribution. 

These are Monte Carlo simulation, Panjer recursion, fast Fourier transforms, single loss 

approximations and perturbative approximations. Even though these techniques are 

discussed extensively in the literature, there is no study in the literature that widely compares 

them in an operational risk context. To this end it was decided to conduct an extensive 

comparison (theoretical and numerical) of these approximation techniques in order to 

determine which procedure performs uniformly the best. It was found that the second order 

perturbative approximation performed best for approximating extreme quantiles of aggregate 

distributions typically used in operational risk. 

 

Keywords: Quantile estimation, extreme quantiles, small samples, heavy-tailed distributions, 

operational risk, loss distribution approach. 
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Opsomming 
 

Die analis in risikobestuur is tipies geïnteresseerd in die beraming van hoë kwantiele van die 

onderliggende verdeling van ‘n gegewe steekproef. Dit is bekend dat hierdie beraming baie 

uitdagend kan wees, veral as die kwantiel van belang baie ekstreem is. Die beraming van so 

‘n ekstreme kwantiel raak nog moeiliker wanneer die steekproefgrootte baie klein is. Hierdie 

is die geval wanneer mens geïnteresseerd is in die meting van ‘n bank se operasionele 

risiko. Alhoewel die fokus van hierdie tesis op die kwantifisering van operasionele risiko is, 

kan die beginsels wat in die tesis geïllustreer word in verskeie velde toegepas word.  

 

The mees bekende benadering in die kwantifisering van operasionele risiko is the 

sogenaamde advanced measurement approach (AMA). Hierdie benadering laat banke toe 

om van interne modelle gebruik te maak om operasionele risiko te meet. ‘n Wyd gebruikte 

benadering onder die AMA is die sogenaamde loss distribution approach (LDA). Die LDA 

maak gebruik van beide die frekwensie verdeling (die spreiding van die aantal verliese) en 

die erns verdeling (die spreiding van die verliese se monetêre waardes) om sodoende die 

gesommeerde verdeling (die spreiding van die totale verlies) vas te stel waar die analis op 

die ou end belang stel in verskeie kwantiele van die gesommeerde verdeling. Vanuit die 

literatuur is dit duidelik dat die frekwensie verdeling ‘n minimale impak het op die 

gesommeerde verdeling en dat die laasgenoemde hoofsaaklik van die erns verdeling af 

hang (sien bv. BCBS, 2011). Om hierdie rede fokus die tesis op die beraming van die erns 

verdeling en in besonders op die beraming van die erns verdeling se ekstreem kwantiele. 

Daar is hoofsaaklik twee benaderings onder die AMA om die erns verdeling te beraam. Die 

eerste benadering staan beken as die spliced distribution approach (SDA) en die tweede 

benadering word na verwys as die full-parametric approach (FPA). Die eerste doelwit van 

hierdie tesis is om vas te stel watter beramingstegniek uniform die beste presteer onder die 

SDA in ‘n operasionele risiko konteks. Die tweede doelwit is om vas te stel watter tegniek die 

beste vaar onder die FPA. Die suksesvolle behaling van beide die eerste en tweede 

doelwitte sal beter beramers van die erns verdeling oplewer. Gegee dat voldoende beramers 

van beide die frekwensie en erns verdelings beskikbaar is, bly daar steeds heelwat 

onsekerheid in die literatuur oor watter tegniek optimaal is om die gesommeerde verdeling te 

beraam (laat die tegnieke wat gebruik word om die gesommeerde verdeling te beraam, deur 

beide die frekwensie en erns verdelings te inkorporeer, na verwys word as die 

benaderingstegnieke). Om hierdie rede is die derde doelwit van die tesis om alle populêre 

benaderingstegnieke te ondersoek om sodoende vas te stel watter benaderingstegniek die 

beste werk. Al drie die doelwitte in hierdie tesis word in die volgende drie paragrawe 

afsonderlik bespreek.  
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Die basiese idee van die SDA is om die ekstreem kwantiele van die erns verdeling te 

beraam deur slegs van die ekstreme observasies gebruik te maak. ‘n Natuurlike manier om 

slegs die ektreme observasies te gebruik is om gebruik te maak van ekstreem waarde teorie 

(EWT). ‘n Wyd gebruikte kwantielberamer uit die EWT is die sogenaamde Weissman 

beramer. Alternatiewe kwantielberamers word vereis omrede die Weissman beramer 

heelwat staat maak op sy asimptotiese eienskappe en, soos voorheen genoem, is die 

steekproefgroottes in operasionele risiko gewoonlik relatief klein. ‘n Nuwe beramer was 

ondersoek en word in diepte bespreek in die tesis. Die basiese idee van die nuwe beramer 

is dat ‘n laer kwantiel (‘n kwantiel by ‘n laer waarskynlikheidsvlak) eerder beraam word waar 

die laer kwantiel dan met ‘n vermenigvuldigende faktor aangepas word om sodoende ‘n 

beramer van die gewenste kwantiel te kry. Hierdie beramer word in die tesis na verwys as 

multipliers (vermenigvuldigers). Die vermenigvuldigers het uniform die beste presteer onder 

die SDA in ‘n operasionele risiko-konteks.  

 

Die FPA bestaan uit die beraming van ekstreem kwantiele deur een klas van verdelings op 

die hele steekproef te pas. Populêre verdelings hiervoor sluit in die Burr, LogNormal en 

normal inverse Gaussian (NIG) verdelings. Die FPA laat die analis toe om die hele erns 

verdeling te modelleer deur elke observasie te gebruik (vergeleke met die SDA waar slegs 

ekstreme observasies gebruik word) om die passing van die statistiese verdelings in te lig. 

Dit is alombekend dat data in die operasionele risiko omgewing swaar sterte het en in 

sommige gevalle is die data se sterte té swaar om selfs met die populêre verdelings 

gemodelleer te word. ‘n Natuurlike alternatief vir hierdie verdelings is om die logged 

weergawe daarvan te gebruik. ‘n Voorbeeld van so ‘n logged weergawe is die LogNormal 

verdeling wat die logged weergawe is van die Normal verdeling. Aangesien die NIG 

verdeling ‘n parameter-ryke verdeling is (in die sin dat hy vier parameters het wat hom 

buigbaar maak) was daar besluit om die NIG verdeling se logged weergawe te ondersoek. 

Hierdie verdeling staan bekend as die log normal inverse Gaussian (LNIG) verdeling. 

Alhoewel die LNIG verdeling sommige van die populêre verdelings geklop het in terme van 

sy numeriese resultate (veral wanneer die doel is om die sydigheid van die 

kwantielberamers te minimeer) was daar gevind dat die LNIG verdeling nie die optimale 

verdeling is om die die erns verdeling te beraam onder die FPA. 

 

‘n Aantal tegnieke om die kwantiele van die gesommeerde verdeling te benader word in die 

literatuur bespreek. Hierdie benaderingstegnieke sluit in Monte Carlo simulation, Panjer 

recursion, fast Fourier transform, single loss approximation en perturbative approximation. 

Alhoewel hierdie benaderingstegnieke in diepte bespreek word in die literatuur is daar geen 

omvattende studie wat elkeen met mekaar vergelyk in ‘n operasionele risiko konteks nie. Dit 
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is om hierdie rede dat ‘n vergelykende (teoretiese en numeriese) studie gedoen was om te 

bepaal watter tegniek uniform die beste presteer. Daar was gevind dat die tweede orde 

perturbative approximation tegniek die beste vaar in die beraming van ekstreem kwantiele 

van gesommeerde verdelings wat tipies in operasionele risiko teëgekom word.  

 

Sleutelwoorde: Kwantielberaming, ekstreem kwantiele, klein steekproewe, swaarstert 

verdelings, operasionele risiko, loss distribution approach. 
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Notation 
 

𝑋1, 𝑋2, … , 𝑋𝑛   : A sample of size 𝑛. 

 

𝑋1,𝑛 ≤ 𝑋2,𝑛 ≤ ⋯ ≤ 𝑋𝑛,𝑛 : Ordered version of 𝑋1, 𝑋2, … , 𝑋𝑛. 

 

𝐹    : A generic distribution function. 

 

𝐹−1    : The inverse of the distribution function 𝐹. 

 

𝑞𝑝    : The quantile function of 𝐹 evaluated in 𝑝, i.e. 𝐹−1(𝑝). 

 

�̂�    : An estimate of the generic distribution function 𝐹. 

 

�̂�−1    : The inverse of the estimated distribution function �̂�. 

 

�̂�𝑝    : An estimate of the quantile function of 𝐹 evaluated in 𝑝, i.e.  

  �̂�−1(𝑝). 

 

𝑀𝑆𝐸(�̂�𝑝)   : The mean squared error of the quantile function estimate, i.e. 

        
1

𝑁
∑ (�̂�𝑝,𝑖 − 𝑞𝑝)

2𝑁
𝑖=1 . 

 

𝑅𝑀𝑆𝐸(�̂�𝑝)   : The root mean squared error of the quantile function  

   estimate, i.e. √𝑀𝑆𝐸(�̂�𝑝). 

 

𝑀𝐴𝐷(�̂�𝑝)   : The median absolute deviation of the quantile function  

   estimate, i.e. 𝑚𝑒𝑑𝑖|�̂�𝑝,𝑖 − 𝑞𝑝|. 

 

𝐵𝑖𝑎𝑠𝐴(�̂�𝑝)   : The bias of the quantile function estimate using the average  

   of the estimates, i.e.  
1

𝑁
∑ �̂�𝑝,𝑖
𝑁
𝑖=1 − 𝑞𝑝. 

 

|𝐵𝑖𝑎𝑠𝐴|   : The absolute value of the bias of the quantile function  

   estimate using the average of the estimates, i.e. |𝐵𝑖𝑎𝑠𝐴(�̂�𝑝)|. 
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𝐵𝑖𝑎𝑠𝑀(�̂�𝑝)   : The bias of the quantile function estimate using the median  

   of the estimates, i.e.  𝑚𝑒𝑑𝑖 �̂�𝑝,𝑖 − 𝑞𝑝. 
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Chapter 1: Introduction 
 

This thesis will be concerned with the estimation of regulatory capital (RC) in operational risk 

management (ORM) and in particular with the estimation of the 99.9% Value-at-Risk (VaR), 

or equivalently, the 99.9% quantile of the annual distribution of aggregate losses in a specific 

operational risk category (ORC). Because the reader may be unfamiliar with the above-

mentioned concepts, the first chapter is devoted to providing the necessary background to 

risk management and to motivate why the research in this thesis is important for the banking 

and insurance industry. The reader will be introduced to financial risk management (FRM) 

and regulations, and in particular to the concept of RC and risk measures. Then the focus 

will be on ORM and how RC can be calculated using the loss distribution approach (LDA). In 

the process some of the important research issues and motivation for the research that was 

conducted in this thesis will be highlighted. 

 

The layout of this chapter is as follows. In Section 1.1 an overview of FRM will be given. 

Then, in Section 1.2, ORM will be discussed in more detail and, in Section 1.3 the practical 

issues of operational risk modelling that will constitute the focus of this thesis will be 

highlighted. In Section 1.4 the objectives and layout of the thesis will be given. 

 

 

1.1. Overview of financial risk management 
 

FRM has become increasingly important during the last number of decades (see e.g. Crouhy 

et al., 2000). As far back as 1988 the first Basel Accord was drafted to address poor risk 

management practices in the banking industry. Subsequently the Basel Accord was updated 

several times, first Basel I (in 1988), then Basel II (in 2004) and Basel III (in 2010) and 

currently Basel IV is in the making. The Basel Accord comprises of guidelines and best 

practices that banks need to follow in order to ensure good risk management practices. 

Similarly Solvency I and Solvency II address risk management in the insurance industry, but 

the focus of this thesis will mainly be on banks and therefore on the current set of guidelines 

as contained in Basel III. The Basel Accords are typically adopted by regulators of countries 

(central banks, in South Africa the Reserve Bank) who enforce banks to adhere to specific 

Basel guidelines. Basel III provides best practice guidelines for all the risk categories that a 

bank face, namely fluctuations in markets and investments (market risk), fluctuations in the 

credit quality of individual clients (retail credit risk) and of corporate clients (wholesale credit 

risk), and operational risks caused by failed processes, human behaviour (e.g. fraud) or 

external events (e.g. earthquakes). Of these risk categories, credit risk is the most important 
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risk encountered in a bank as it arises from the banks’ primary business operations. As 

stated earlier, the Basel Accord is concerned with providing regulators with the necessary 

guidelines to ensure good risk management practices of banks. In particular, banks are 

forced by the regulators to hold capital (referred to as regulatory capital and abbreviated as 

RC) as a buffer against losses that could occur in each of the risk categories. RC 

calculations are typically based on standardised (for smaller banks) or advanced approaches 

(for bigger banks). Central to the calculation of RC is the construction of a one-year-ahead 

annual profit/loss (PL) distribution of each main risk category. Once the PL distribution is 

constructed, then the RC is calculated as the difference between some risk measure (usually 

the so-called VaR) and expected PL. The construction of the PL distribution is not easy and 

furthermore should also be stressed to cater for adverse economic conditions. 

 

The above paragraph contains an overview of some of the essential components of risk 

management relevant for this thesis. In the next subsections, more detail will be provided on 

each of these components. In Section 1.1.1 more detail will be given on the Basel Accord 

and how regulatory aspects pertain to banks with specific reference to Basel III. Then, in 

Section 1.1.2, the various risk categories will be discussed in more detail. The calculation of 

RC through the construction of a PL distribution and by using risk measures will be 

discussed in Section 1.1.3. The last subsection, Section 1.1.4, will contain a discussion of 

various risk measures and their properties. 

 

 

1.1.1. Regulatory aspects of financial risk management 
 

The Basel Committee on Banking Supervision (BCBS) is an independent committee and 

acts as regulatory authority for the banking industry. The main objective of the BCBS is to 

develop a framework to strengthen the soundness and stability of the international banking 

system. This is done by setting international standards that globally and nationally active 

banks should comply with by improving their FRM processes. Adhering to these standards, 

the banks’ risk exposure will be ‘minimized’ from the regulatory authorities’ point of view. 

This is important as the national reserve bank, i.e. the South African Reserve Bank in South 

Africa, acts as guarantor for the local trading banks.  

 

The BCBS supplies banks with three main guidelines (referred to as Pillars). These include: 

 Pillar I: Minimum capital requirements, 

 Pillar II: Supervisory review, and 

 Pillar III: Market discipline. 
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In this thesis the focus will be on Pillar I and therefore the determination of minimal capital 

requirements. Figure 1.1 provides a graphical representation of the main building blocks of 

Pillar I. The minimal capital requirement (also referred to as the RC requirement) is 

determined by calculating the RC for each of the main risk categories (credit risk, market risk 

and operational risk) and then the total regulatory capital is determined by risk weighting the 

RC for each risk class as follows (see e.g. BCBS, 2006): 

 

  𝑅𝐶 = 𝐶𝐶𝑅 + 12.5(𝐶𝑀𝑅) + 12.5(𝐶𝑂𝑅)                        (1.1) 

 

where 𝑅𝐶 is the total regulatory capital and 𝐶𝐶𝑅, 𝐶𝑀𝑅 and 𝐶𝑂𝑅 the RC charge for respectively 

credit risk, market risk and operational risk. According to BCBS (2006), the capital charge for 

market risk and operational risk are both multiplied by 12.5 (which is the reciprocal of the 

minimum capital ratio of 8%) in order to “broadly maintain the aggregate level of minimum 

capital requirements”. Note that, as indicated in Figure 1.1, banks are allowed to follow 

different approaches to calculate regulatory capital. In this thesis the focus will be primarily 

on the advanced measurement approach (AMA) of operational risk which will be discussed 

later in this chapter. 

 

 

Figure 1.1: Three Pillars from Basel III 
 

A brief description of the three main risk categories will be provided in the next section, 

followed by a detailed discussion on the concept of RC. 
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1.1.2. Financial risk categories 
 

As mentioned previously the three main risk categories that banks face are credit risk (CR), 

market risk (MR) and operational risk (OR). The following definitions of the different risk 

categories are taken from the literature. 

 

Credit risk is most simply defined as “the potential that a bank borrower or counterparty will 

fail to meet its obligations in accordance with agreed terms”, see e.g. BCBS (2000).  

 

According to the BCBS (2006), market risk is defined “as the risk of losses in on- and off-

balance-sheet positions arising from movements in market prices. The risks subject to this 

requirement are (1) the risks pertaining to interest rate related instruments and equities in 

the trading book and (2) foreign exchange risk and commodities risk throughout the bank”. 

 

Remark: Both credit risk and market risk are extensively discussed in the literature and will 

therefore not be elaborated on, but the definitions thereof are given to provide the reader 

with an overall view of the main risk categories.  

 

Operational risk is most widely defined as the “risk of direct or indirect loss resulting from 

inadequate or failed internal processes, people and systems or from external events”, see 

e.g. BCBS (2006). This risk category is the focus of this thesis and is discussed in more 

detail in Section 1.2. 

 

 

1.1.3. Regulatory capital 
 

The term regulatory capital (RC) is used to define the total capital that financial institutions 

should hold, which in addition to being a requirement for regulatory purposes, is also used to 

act as a buffer for any unexpected losses. In this section the RC concept will be illustrated 

from an operational risk perspective, but it also applies to the other risk types as well. Some 

of the typical operational risk types and associated events that may occur are discussed in 

Section 1.2. As with other risk types the losses are usually modelled by a loss density as 

indicated in Figure 1.2 below (see e.g. de Jongh et al., 2013). The bulk of operational risk 

loss data is typically centred in the middle of the density while extreme losses occur in the 

right tail of the density. The first type of losses is in operational risk terminology usually 

referred to as the ‘expected’ losses and those losses are usually observed in the ‘body’ of 

the distribution. The expected losses typically have a high probability of occurring, but having 
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a medium or low impact. Losses occurring in the tail of the distribution (away from the body 

of the distribution) are typically referred to as ‘unexpected’ losses, i.e. those losses having a 

low probability of occurrence but having high impact.  

 

Figure 1.2: Hypothetical operational risk loss distribution showing expected losses and 

unexpected losses at the 99.9th percentile (source: de Jongh et al., 2013) 

 

Regulatory capital is defined as the amount of capital to hold that will guard the bank against 

the unexpected losses. This quantity is then defined as the difference between the Value-at-

Risk (the 99.9% quantile as specified for operational risk by the regulator) and the expected 

loss as shown in Figure 1.2. The Value-at-Risk or VaR is a quantile selected in the right tail 

of the loss density. Although VaR is widely used in practice it is not a coherent measure (see 

Artzner et al., 1999) and many alternative risk measures have been proposed in the 

literature (see e.g. McNeil et al., 2015). If regulatory capital guard against the unexpected 

losses one might ask what is done to protect against the expected losses. Expected losses 

are usually covered by financial institutions through capital provision. Regulatory capital for 

credit and market risk is determined in a similar way (to operational risk) although it involves 

the construction of a profit/loss distribution and not a loss distribution only. Operational risk 

differs from credit and market risk in that profit cannot arise from operational risk and 

therefore operational risk is modelled by a loss distribution instead of a profit/loss distribution 

as is the case of credit and market risk. 
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1.1.4. Risk measures 
 

Risk measures are used to assist risk managers in the quantification of risk by calculating, 

amongst others regulatory capital. As discussed in the previous section, it is mostly used to 

calculate the capital charge for a given risk category. Various risk measures exist such as 

Value-at-Risk (VaR), expected shortfall (ES), spectral measures and expectiles (see e.g. 

McNeil et al., 2015). The reason for the proliferation of risk measures is due to the number of 

desirable properties that have been defined for risk measures such as coherence and  

ellicitability (see e.g. McNeil et al., 2015). In this section VaR and ES will be defined as these 

are the most popular measures that are currently used in practice. 

 

The definitions for VaR and ES are as follows:  

 

Let 𝑋 be a random variable with distribution function 𝐹𝑋  and 𝛼 ∈ (0,1) some probability level. 

In a FRM context 𝐹𝑋 is usually an annual profit/loss distribution where the losses are 

represented by larger values of 𝑋.  

 

Then the 100(𝛼)% VaR is defined as 

 

          
𝑉𝑎𝑅𝛼(𝑋) = 𝐹𝑋

−1(𝛼) = 𝑖𝑛𝑓{𝑥 ∈ ℝ:𝐹𝑋(𝑥) ≥ 𝛼},                      (1.2) 

 

with 𝐹𝑋
−1 the inverse of 𝐹𝑋, ℝ denoting the real space and 𝑖𝑛𝑓 the infimum. 

 

The VaR is therefore the 100(𝛼)% percentile of the distribution 𝐹𝑋. In other words the 

100(𝛼)% VaR may be interpreted as the loss value that will be exceeded with probability 

(1 − 𝛼). Since the loss distribution is typically an annual loss distribution the 99.9% VaR is 

associated with the worst loss in 1000 years. In an operational risk context Basel III requires 

banks to estimate the 99.9% VaR. The regulatory capital is then determined as 𝑉𝑎𝑅𝛼(𝑋) −

𝐸(𝑋) with 𝛼 = 0.999. 

 

The 100(𝛼)% ES is defined as  

 

𝐸𝑆𝛼(𝑋) = 𝔼[𝑋|𝑋 > 𝑉𝑎𝑅𝛼(𝑋)], 

 

in other words, the expected value of all losses greater than VaR. 
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This representation is made more precise by observing that for a continuous random 

variable 𝑋 one has: 

 

     𝐸𝑆𝛼(𝑋) =
1

1−𝛼
∫ 𝑉𝑎𝑅 (𝑋)
1

𝛼
𝑑휀, 0 < 𝛼 < 1.             (1.3) 

 

Should ES be used as risk measure the regulatory capital is determined as 𝐸𝑆𝛼(𝑋) − 𝐸(𝑋) 

with 𝛼 = 0.999. The focus in this thesis will be primarily on VaR since it is still the risk 

measure of choice in practice. 

 

This section highlighted the main building blocks required for calculating regulatory capital of 

a bank. An overview was given of the most relevant regulatory aspects, as well as the main 

financial risk categories of concern. A formal definition of total regulatory capital was given in 

Equation (1.1) where the calculation of regulatory capital for each risk type has been outlined 

in the previous two sections. In the next section the focus will be on operational risk 

management. 

 

 

1.2. Operational risk management 
 

The Basel II definition of operational risk is the risk of loss resulting from inadequate or failed 

internal processes, people and systems or from external events (BCBS, 2006). This 

definition excludes strategic and reputational risk, but includes legal risk. Note again that 

operational risk typically deals with losses only, unlike market and credit risk which consider 

the upside (profit) as well. Most of the operational losses encountered in practice are 

frequent and relatively small, however, of real concern to regulators and risk officers are the 

less frequent/high-impact losses. Types of operational risks are discussed in most textbooks 

(see e.g. Chernobai et al., 2007 and Bessis, 2011) but include fraud (internal and external), 

rogue trading, robbery and theft, errors in legal documents, IT disruptions, principal agent 

risk, and external (black swan) events. An example of an unpredictable, considerable-impact 

operational risk event is the terrorist attacks in the US in September 2001. Such low 

probability/high impact events are referred to as black swan events, i.e. rare events but ones 

whose impact on financial markets can lead to extremely high losses. These losses place 

considerable emphasis on the effective determination of regulatory capital by financial 

companies and are of paramount concern to regulators in their attempt to stabilise the 

international financial system. For a detailed account of the type of operational risk loss 

events the reader is referred to de Jongh et al. (2013). It should be clear that the 
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management and mitigation of these risk types involve a strong (qualitative) management 

component. This will involve setting up the necessary management processes to minimise 

the likelihood of these events occurring and mitigating its impact, should it occur. The latter 

will not be the focus of this thesis and it will be assumed that all the necessary management 

processes are in place. In the next sections the focus will be on the calculation of regulatory 

capital for operational risk and to highlight some of the issues.  

 

 

1.2.1. Operational risk 
 

In Figure 1.1 three approaches to modelling the minimum capital requirements for OR were 

mentioned. These include the basic indicator approach (BIA), standardised approach (SA), 

and advanced measurement approach (AMA). The BIA and SA suggest simple formulae for 

calculating the regulatory capital. The AMA on the other hand allows financial institutions to 

use internal models to estimate the operational risk exposure. Many of the bigger banks opt 

for the AMA approach in order to convince the regulator that the bank require less capital 

under Pillar I than what the BIA and SA approaches suggest. In this process a “bank using 

the advanced measurement approach must demonstrate to the satisfaction of its regulator 

that its systems for managing and measuring operational risk meet established standards, 

including producing an estimate of operational risk exposure that meets a one-year, 99.9th 

percentile soundness standard” (see e.g. Cope et al. 2009). Generally, most banks that opt 

for the AMA use the loss distribution approach (LDA) which is discussed next. 

 

 

1.2.2. Loss distribution approach 
 

This section focusses on the loss distribution approach (LDA) and how it can be used to 

calculate regulatory capital. The loss distribution approach is primarily concerned with 

modelling an aggregate loss distribution in each operational risk category (ORC). The ORC 

is based on a combination of a business line and operational risk event type and examples 

will be given later in this section. The aggregate loss distribution in each ORC is constructed 

as the convolution of an underlying frequency and severity distribution, both of which are 

estimated from loss data. Sometimes the internal loss data from a bank is augmented with 

external loss data (e.g. from the ORX database) as well as scenario data (see e.g. de Jongh 

et al., 2015). The construction of the aggregate loss distribution is discussed in detail in 

Section 1.2.3 below. After constructing the aggregate loss distribution in each ORC, the 

overall aggregate loss distribution over all ORC’s is formed by assuming some dependence 
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structure (e.g. some kind of copula). Note that if the regulatory capital estimated in each 

ORC is summed over all ORC’s the resulting estimate assumes perfect dependence 

between ORC’s. On the other hand if all the loss data of the ORC’s are pooled and only one 

aggregate loss distribution constructed from which the regulatory capital is determined, then 

no dependence is assumed. As shown by Cope et al. (2009) the case of no dependence 

assumptions will result in total diversification and a much smaller regulatory capital estimate 

compared to when perfect dependence is assumed. The focus of this thesis will primarily be 

on the construction of reliable regulatory capital estimates within an ORC. According to Cope 

et al. (2009) the overall regulatory capital estimate is more sensitive to the individual 

regulatory capital estimates within an ORC as opposed to the variation in dependence 

assumptions. 

 

As stated previously, each ORC consists of a combination of business line and event type. 

The following choices of business lines (BL) are generally recommended (BCBS, 2011): 

 Corporate finance (CF), 

 Trading and sales (TS), 

 Retail banking (RB), 

 Commercial banking (CB), 

 Payment and settlement (PS), 

 Agency and custody (AC), 

 Asset management (AM), and 

 Retail brokerage (RB). 

The following choices of risk types (RT) are generally recommended (BCBS, 2011): 

 Internal fraud (IF), 

 External fraud (EF), 

 Employment practices and workplace safety (EPWS), 

 Client, products and business practices (CPBS), 

 Damage to physical assets (DPA), 

 Business disruption and system failures (BDSF), and 

 Execution, delivery and process management (EDPM). 

 

To explain the concept of the LDA in generic terms, consider a bank that has 𝑖 = 1,2,… , 𝐼 

different business lines and 𝑗 = 1,2, … , 𝐽 different risk event types. In total there are then 𝐼𝐽 

ORC’s. Let 𝐵𝐿𝑖 refer to the 𝑖𝑡ℎ business line and 𝑅𝑇𝑗 to the 𝑗𝑡ℎ risk type, then 𝑂𝑅𝐶𝑖,𝑗 denotes 

the ORC that corresponds to 𝐵𝐿𝑖 and 𝑅𝑇𝑗. The bank will experience operational losses, 

denoted by 𝑋𝑖,𝑗, within each 𝑂𝑅𝐶𝑖,𝑗.  Denote the distribution of these losses by 𝐹𝑖,𝑗 (which is 
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referred to as the severity distribution), thus 𝑋𝑖,𝑗~𝐹𝑖,𝑗. Furthermore, denote the number of 

losses within 𝑂𝑅𝐶𝑖,𝑗, arising within a specific time period, by 𝑁𝑖,𝑗. Denote the distribution of 

𝑁𝑖,𝑗 by 𝐵𝑖,𝑗 (referred to as the frequency distribution), thus 𝑁𝑖,𝑗~𝐵𝑖,𝑗. Here, {𝑋𝑖,𝑗,𝑛}𝑛=1
𝑁𝑖,𝑗

 are i.i.d. 

random variables. Furthermore, denote the total (aggregate) loss by 𝐿𝑖,𝑗 = ∑ 𝑋𝑖,𝑗,𝑛
𝑁𝑖,𝑗
𝑛=1  having 

distribution 𝐺𝑖,𝑗 (referred to as the aggregate loss distribution), thus 𝐿𝑖,𝑗~𝐺𝑖,𝑗.  

 

Within each ORC (and dropping the subscripts 𝑖 and 𝑗), the aggregate loss distribution 𝐺 is 

obtained by convoluting the frequency distribution 𝐵 with the severity distribution 𝐹. 

Regulatory capital within each ORC may now be calculated by determining the appropriate 

quantile or VaR of 𝐺. In the following section methods for estimating the VaR of the 

aggregate loss distribution will be considered and then, in the following two sections, popular 

choices for the frequency and severity distributions will be given.  

 

 

1.2.3. Aggregate loss distribution 
 

The aggregate loss distribution (also referred to as the compound distribution) is a 

combination of the frequency and severity distributions. Financial institutions can 

approximate the compound distribution once the frequency and severity distributions have 

been estimated. It is well known that the compound distribution cannot be written in explicit 

formulae and should therefore be approximated. This can be done using several methods. 

The most widely used technique to approximate the compound distribution in practice is 

through Monte Carlo (MC) simulation. Other approximation techniques include what is 

known as Panjer recursion (PR, see e.g. Panjer, 2006) and fast Fourier transformation (FFT, 

see e.g. Embrechts and Frei, 2010). Both PR and FFT have been discussed extensively in 

the literature. Closed-form approximation techniques for approximating the extreme 

quantiles of the compound distribution, such as the single loss approximation (SLA, see e.g 

Böcker and Klüppelberg, 2005 and Degen, 2010) and perturbative approximations (PA, see 

e.g. Hernandez et al., 2014), were recently proposed in the literature. These approximation 

techniques are discussed in much more detail in Chapters 5 and 6. Irrespective of the 

methodology used to approximate the compound distribution, it is obvious that the 

compound distribution is constructed from both the severity and frequency distributions. 

These distributions are discussed next. 
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1.2.4. Frequency and severity distributions 
 

BCBS (2011) states the following regarding the distributions. “Distributional assumptions 

underpin most, if not all, operational risk modelling approaches and are generally made for 

both the frequency and severity of operational risk loss event”. Furthermore, it is stated that 

“Given the continuing evolution of analytical approaches for operational risk, the Committee 

does not specify the approach or distributional assumptions used to generate the operational 

risk measure for regulatory capital purposes. However, a bank must be able to demonstrate 

that its approach captures potentially severe ‘tail’ loss events”. BCBS (2011) further states 

that “while it is common for banks to use the Poisson distribution for estimating frequency, 

there are significant differences in the way banks model severity, including the choice of 

severity distribution”. It is therefore important that the ‘correct’ (or most accurate) 

distributional assumptions are made. According to BCBS (2011), the Poisson distribution is 

most widely used to model the frequency distribution and is discussed next.  

 

Let 𝑁 be a discrete random variable which represents the number of losses arising within a 

specific ORC. 𝑁 is said to have a Poisson distribution if the probability mass function of 𝑁 is 

given by 

𝑏(𝑘; 𝜆) = 𝑃(𝑁 = 𝑘) =
𝜆𝑘𝑒−𝜆

𝑘!
, for 𝑘 = 0,1,2,… and 𝜆 > 0. 

 

Here, 𝜆 = Ε[𝑁] = 𝑉𝑎𝑟(𝑁) is often referred to as the intensity of the distribution. The intensity 

of the frequency distribution can easily be estimated using the average number of losses 

within a specified time frame, which is usually one year in ORM. An alternative distribution 

for modelling the frequency of losses is the negative binomial distribution. Most banks use 

the Poisson distribution only although some banks use both. According to Cope et al. (2009) 

the estimated regulatory capital is more sensitive to the choice of severity distribution than 

the choice of frequency distribution. The Poisson distribution is used as frequency 

distribution throughout this thesis. 

 
As stated previously the modelling of the severity distribution should be done carefully, 

because two different distributions fitted to the same data set could lead to very different 

estimates of regulatory capital. Dutta & Perry (2007) proposed the following criteria when 

considering a certain class of distributions when estimating the severity distribution (apart 

from statistical goodness-of-fit): The model should be realistic, well specified, flexible and 

simple. BCBS (2011) proposed using statistical tools to examine the statistical properties of 

each ORC’s data which include scatter plots, empirical distribution plots, histograms, P-P 

and Q-Q plots, and mean excess plots. Examining operational risk data using these tools will 
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give the risk manager a sense of possible distributions to consider when estimating the 

severity distribution. Operational risk data generally has positive skewness and has medium 

to heavy tails (see e.g. Rachev, 2006). Generally banks use two approaches to model the 

severity distribution. One approach is to select an appropriate distribution from a wide class 

of semi to heavy tailed distributions (e.g. the Burr, g-and-h, NIG, LogNIG, LogNormal, 

LogPhase) and the other to use a so-called spliced distribution where the body and tail of the 

severity distribution are modelled separately. For example the body could be modelled by 

using the empirical distribution or fitting the Burr distribution and then use the Generalised 

Pareto distribution (GPD) to model the tails (see e.g. de Jongh et al., 2013). Since the GPD 

is motivated from extreme value theory (which will be discussed in more detail in Chapter 2) 

it is a very popular distribution to model the tail of the severity distribution. According to 

BCBS (2011) 50% of banks using the AMA apply the spliced distribution approach. The 

distribution functions of some of the popular severity distributions, namely the Burr and the 

log normal (LogNormal) are given next. 

 

Note that some of the terms used below will be elaborated upon later. These include the 

extreme value index, the second order parameter and slowly varying functions, which will be 

defined in more detail in Chapter 2. 

 

The Burr distribution 

The three parameter Burr type XII distribution function is given by 

 

𝐵𝑢𝑟𝑟(𝑥; 𝜂, 𝜏, 𝜅) = 1 − (1 + (𝑥/𝜂)𝜏)−𝜅 , for 𝑥 > 0    (1.4) 

  

with parameters 𝜂, 𝜏, 𝜅 > 0 (see e.g. Beirlant et al., 2004). Here 𝜂 is a scale parameter and 𝜏 

and 𝜅 shape parameters. Note the extreme value index of the Burr distribution is given by 

𝐸𝑉𝐼 = 𝛾 = 1 𝜏𝜅⁄  and that heavy-tailed distributions have a positive 𝐸𝑉𝐼 and larger 𝐸𝑉𝐼 

implies heavier tails. This follows (also) from the fact that for positive 𝐸𝑉𝐼 the Burr 

distribution belongs to the Pareto-type class of distributions, having a distribution function of 

the form 1 − 𝐹(𝑥) = 𝑥−1 𝛾⁄ ℓ𝐹(𝑥), with ℓ𝐹(𝑥) a slowly varying function at infinity (see e.g. 

Embrechts et al., 1997). For the Burr distribution, when the 𝐸𝑉𝐼 ≥ 1 the expected value does 

not exist, and when 𝐸𝑉𝐼 > 0.5, the variance is infinite. Note also that the Burr distribution is 

regularly varying with index – 𝜏𝜅 and therefore belongs to the class of sub-exponential 

distributions (see Fasen and Klüppelberg, 2006). The density of the Burr type XII is given by 

 

𝑏𝑢𝑟𝑟(𝑥;  𝜂, 𝜏, 𝜅) =
𝜏𝜅

𝜂𝜏
𝑥𝜏−1 [1 + (

𝑥

𝜂
)
𝜏
]
−(𝜅+1)

 , for 𝑥 > 0                                   (1.5) 
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 with parameters 𝜂, 𝜏, 𝜅 > 0 and the second order parameter is 𝜌 = −
1

𝜅
. 

 

The LogNormal distribution 

The two parameter LogNormal distribution function is given by 

 

𝐿𝑜𝑔𝑛𝑜𝑟(𝑥; 𝜇, 𝜎) =  
1

2
+ 

1

2
𝑒𝑟𝑓 (

𝑙𝑜𝑔(𝑥)−𝜇

√2𝜎
) =  𝛷(

𝑙𝑜𝑔(𝑥)−𝜇

𝜎
), for 𝑥 > 0                  (1.6) 

 

with parameters −∞ < 𝜇 < ∞ and 𝜎 > 0  where 𝜇 is a location parameter and 𝜎 a scale 

parameter. Note that 𝛷(. ) denotes the standard normal distribution function. The extreme 

value index of the LogNormal is 𝐸𝑉𝐼 = 𝛾 = 0 and the second order parameter 𝜌 = 0. The 

LogNormal distribution is a semi-heavy tailed distribution from the class of sub-exponential 

distributions. The density of the LogNormal is given by 

 

𝑙𝑜𝑔𝑛𝑜𝑟(𝑥;  𝜇, 𝜎) =
1

𝑥𝜎√2𝜋
𝑒
−
1

2
(
𝑙𝑜𝑔(𝑥)−𝜇

𝜎
)
2

, for 𝑥 > 0                                (1.7) 

 

with parameters 𝜇 and 𝜎 . 

 

 

1.3. Practical issues in operational risk modelling 
 

The LDA approach has been discussed in detail in the literature and deficiencies noted, 

especially by Cope et al. (2009), Embrechts & Hofert (2011) and Nešlehová et al. (2006). 

From the literature it is clear that many banks globally are facing the same issues in their 

calculation of operational risk capital using the loss distribution approach (LDA). Three of the 

main issues are firstly; the dependency structure used for aggregation of RC estimates 

among different operational risk categories, secondly; the choice of the ORCs (i.e. 

granularity) and lastly; the choice of severity distributions fitted to heavy-tailed loss data. The 

first issue of modelling the dependence structure falls outside the scope of this study, but 

note that extensive research is being conducted on this topic. The popular approach for 

addressing this issue is by way of copulas. The second issue relates to the choice of ORC 

which also falls outside the scope of this study. From the literature it is clear that the basic 

idea here is to choose the business lines and risk type combination in such a way that the 

ORCs contain sufficient and homogeneous loss data. Choosing too few ORCs will lead to 

heterogeneity of the loss data whereas too many ORCs will lead to scarcity of data within 
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each ORC which in turn causes other modelling difficulties. Finally, the heaviness of the tail 

of the individual loss distribution has much more to do with a reduction in capital charges 

than the diversification benefit obtained through more realistic dependency modelling options 

and construction of ORC’s (see e.g. Cope et al. 2009). For this reason the focus of this study 

is on the third issue, i.e. the estimation of regulatory capital within an ORC.  

 

It is well known that the distribution of the loss data encountered in operational risk is 

typically heavy-tailed. Also, as stated before, the regulatory requirement of estimating the 

99,9% quantile or VaR of the annual aggregate loss distribution is equivalent to a one in a 

1000 year loss. However, banks have accumulated at most 10 years of historical loss data. 

So, if only historical data is used, the estimation of the VaR requires extrapolation far beyond 

the observed data. Cope et al. (2009) analysed historical loss data and found that the 

estimate of regulatory capital (or VaR) is almost exclusively determined by the tail of the 

fitted severity distribution and therefore the extreme losses observed. Böcker and 

Klüppelberg (2005) proved that for a wide class of heavy-tailed distributions (the sub-

exponential class), the extreme quantiles of the aggregate annual loss distribution may be 

approximated by a higher quantile of the underlying severity distribution. Therefore it should 

be clear that the tail of the fitted severity distribution needs to be modelled very accurately in 

order to estimate regulatory capital efficiently. Using only historical data, and for that matter 

less than 10 years of data, makes this task almost impossible. For example, Cope et al. 

(2009) found that two severity distributions may both fit the data very well in terms of 

goodness-of-fit statistics, yet may provide capital estimates that differ widely. They also 

found that regulatory capital estimates are extremely sensitive to high severity low frequency 

losses and concludes that the challenges to validate operational risk models are 

considerable and that the extrapolation problem demonstrates how volatile and unreliable 

estimates of high quantiles for total losses can be. In particular Cope et al. (2009) suggested 

that research should be done on rather estimating a lower quantile of the severity distribution 

(e.g. the 90% VaR or equivalently the one in 10 year loss, which can be estimated with some 

accuracy) and then using a multiplier to obtain an estimate for the one in 1000 year loss. 

This will be one of the topics that will be researched further in this thesis. Another issue 

related to the estimation of regulatory capital is that the 99,9% VaR is usually obtained by 

brute force Monte Carlo simulation. For example, once the severity and frequency 

distributions have been fitted to the loss data, the annual aggregate loss distribution is 

estimated by a parametric bootstrap of the random sum of losses. This is computationally 

inefficient and very time consuming. It was mentioned earlier that Böcker and Klüppelberg 

(2005) showed that a very high quantile of the compound distribution (or aggregate loss 

distribution) may be approximated by an even higher quantile of the underlying severity 
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distribution. This first order approximation is referred to as the single loss approximation 

(SLA) and several authors have done research on this topic in order to improve the 

approximation. Degen (2010) suggested a second order approximation and recently 

Hernandez et al. (2014) proposed a perturbative approximation. This thesis will also focus 

on comparing these and other methods with brute force Monte Carlo and investigate the 

computational advantages.  

 

Note that research related to the improvement of modelling the severity distribution is 

ongoing. Many authors have suggested that the internal bank data should be augmented 

with external data (e.g. the pooled ORX data base). This has its own problems since the 

external data should be scaled (see e.g. Baud et al., 2002) to bring it in line with the bank’s 

internal data. Other authors have criticized the use of only historical data and suggested that 

the severity distribution should be made ‘forward-looking’ by including scenarios and expert 

opinion (see e.g. de Jongh et al., 2015).  

 

 

1.4. Thesis objectives and layout 
 

Generally, the financial institution would be interested in calculating the capital for OR as a 

whole. In addition to calculating OR capital, the OR management would also be interested in 

the capital charge for each individual ORC. This is calculated by use of various risk 

measures based on the aggregate distribution of each ORC. As mentioned previously, the 

underlying severity distributions have the greatest influence on the eventual OR capital 

charge above all others and should therefore be investigated.  

 

As mentioned previously there are two main approaches to calculating the various risk 

measures of the severity distribution. One approach (full-parametric approach) is to model 

the severity distribution using one class of distributions. Ahn et al. (2012) proposed using the 

LogPh distribution when modelling the entire dataset using a single distribution. This 

distribution is of particular interest as the ‘Log-class’ of distributions are very popular in OR 

modelling, e.g. the LogNormal and LogGamma distributions. One major drawback of the 

LogPh distribution is that the estimation of its parameters can be challenging. Nonetheless, 

the proposal of the LogPh distribution led to the investigation of the Log Normal Inverse 

Gaussian (LogNIG) distribution which is a ‘Logged’ version of the popular Normal Inverse 

Gaussian (NIG) distribution (see e.g. Venter & de Jongh, 2002). The LogNIG distribution 

was investigated and produced fairly good results. The other approach (splice distribution 

approach) allows one to fit the empirical distribution (or some class of distributions) to the 
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body of the severities (loss data) and then modelling the tail of the severities (extreme loss 

data) using another class of distributions. It was mentioned that the GPD (supported by EVT) 

is generally used for modelling the tail part of the severity distribution. Also, estimating, for 

example, the 99.9% VaR is very difficult due to the uncertainty that arises when 

extrapolating to such an extreme percentile. Therefore, alternative methods that produce 

less volatile estimates are desired. This led to the introduction of a scaling method that 

extrapolates the capital estimate at a lower percentile, say the 95% VaR, to the desired 

99.9% VaR. This scaling method is referred to as multipliers in the thesis. The multipliers 

were developed and investigated and produced very good results.  

 

Moving to the compound distribution which is more complex as it is a combination of both 

the severity and frequency distributions. As mentioned previously, there are a number of 

approaches to approximating the compound distribution. Some of these approaches rely on 

simulation, such as the MC techniques. The choice of the number of runs in a MC simulation 

is very important. A larger number of runs is usually required for heavier tailed distributions 

than for medium to light tailed distributions implying that a large number of runs will be 

required when using MC techniques for approximating the compound distribution (or relevant 

quantities of the compound distribution). This can be problematic as MC simulation can be 

time-consuming for large number of runs. Other iterative procedures proposed in the 

literature are Panjer recursion (PR) and fast Fourier transforms (FFT). One major drawback 

of both PR and FFT is that experts on these techniques are required to determine the values 

of the parameters that are used within each of the techniques. Alternative (closed-form) 

techniques to approximating the compound distribution also exist. These are the single loss 

approximation (SLA) and perturbative approximation (PA) techniques. In the literature there 

is no comprehensive study that compares the relative performance of these approximation 

techniques altogether. Therefore, an extensive simulation comparison was conducted where 

the FFT and PA produced very good results. For a review and evaluation of these methods 

see de Jongh et al. (2016).  

 

Clearly there are numerous ways to calculate the VaR for both the severity and compound 

distributions. Given this information, it remains appropriate to ask the following question. 

What estimation technique performs uniformly the best when calculating the VaR? This 

study aims to answer this question by investigating the various techniques proposed in the 

literature, as well as investigating other techniques proposed in the thesis. The layout of the 

thesis is given next. 
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Chapters 2 - 4 focus on estimation techniques based on the severity distribution. The 

estimation techniques proposed in the literature (such as those arising from extreme value 

theory) are discussed in Chapter 2 whereas the newly proposed methods from this study 

(including the use of the multipliers and the LogNIG distribution) are discussed in Chapter 3. 

A simulation study was conducted to compare all the appropriate techniques discussed in 

Chapters 2 and 3. The simulation design, its results and recommendations on these 

techniques are discussed in Chapter 4.  

 

Chapters 5 and 6 focus on the proposed techniques for the compound loss distribution. A 

theoretical discussion of these techniques is given in Chapter 5. Another simulation study 

was conducted to compare the approximation techniques for the compound distribution. The 

findings of this simulation study are discussed in Chapter 6. 

 

Remark: Recall the definitions of VaR and ES as 𝑉𝑎𝑅𝛼(𝑋) = 𝐹𝑋
−1(𝛼) and 𝐸𝑆𝛼(𝑋) =

1

1−𝛼
∫ 𝑉𝑎𝑅 (𝑋)
1

𝛼
𝑑휀 respectively. Also, the 𝑝𝑡ℎ-quantile of a random variable 𝑋 with cumulative 

distribution function 𝐹𝑋, denoted by 𝑞𝑝(𝑋), can be written as 𝑞𝑝(𝑋) = 𝐹𝑋
−1(𝑝) if 𝐹𝑋 is 

continuous with 𝐹𝑋
−1 the inverse of 𝐹𝑋 . Setting 𝛼 and 𝑝 equal to 𝑧 leads to 𝐸𝑆𝑧(𝑋) =

1

1−𝑧
∫ 𝑉𝑎𝑅 (𝑋)
1

𝑧
𝑑휀 with 𝑉𝑎𝑅𝑧(𝑋) = 𝐹𝑋

−1(𝑧) and 𝐹𝑋
−1(𝑧) = 𝑞𝑧(𝑋). Thus, the risk measures of 

interest can be calculated once the quantile function is available. Therefore, the terminology 

quantile will be used instead of VaR and/or ES. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

18 
 

Chapter 2: ‘Existing’ quantile estimation techniques for the severity 
distribution 
 

Quantiles are traditionally estimated by using order statistics or parametric approaches 

based on popular distributions, e.g. the normal distribution. In financial risk management, a 

method for estimating quantiles for regulatory purposes was also proposed by the BCBS 

(Danielsson et al., 1998). Techniques arising from extreme value theory became popular 

more recently (Coles, 2001 and Beirlant et al., 2004). These techniques, including others, 

are discussed in this chapter.  

 

Throughout this chapter 𝑋1, 𝑋2, … , 𝑋𝑛 denotes a sample of i.i.d. observations from some 

distribution 𝐹 and 𝑋1,𝑛 ≤ 𝑋2,𝑛 ≤ ⋯ ≤ 𝑋𝑛,𝑛 the corresponding order statistics. 

 

 

2.1. Traditional quantile estimation techniques 
 

 

2.1.1. Quantile estimation using order statistics 
 

An estimate of the 𝑝𝑡ℎ-quantile 𝑞𝑝 can be taken as �̂�𝑝
𝑂𝑆 = 𝑋[𝑝𝑛],𝑛 with [𝑘] the largest integer 

less than or equal to 𝑘. Here, 𝑝 ∈ (0,1) is some probability level.  

 

Using order statistics to estimate high quantiles can be problematic when working with 

relatively small samples. Assume a risk manager has to estimate the 99%-quantile using a 

sample of 100 observations. In this case 𝑝 = 0.99 and 𝑛 = 100. The 99%-quantile estimate 

is �̂�0.99
(𝑂𝑆)

= 𝑋99,100 when using order statistics. Here, 𝑋99,100 is the second largest observation 

from the available data 𝑋1,𝑛 ≤ 𝑋2,𝑛 ≤ ⋯ ≤ 𝑋𝑛,𝑛. As mentioned in the previous chapter, data 

used in ORM is often heavy-tailed which in turn means that 𝑋99,100  may be very volatile. 

Thus, the quantile estimate will also not be very stable in this case. Obtaining stable quantile 

estimates are even more difficult for smaller samples and/or larger probability levels which 

are usually the case in ORM practice. 

 

 

2.1.2. Quantile estimation using a parametric approach 
 

Assume that the sample 𝑋1, 𝑋2, … , 𝑋𝑛 was obtained from a distribution with distribution 

function 𝐹(∙; 𝜃), with 𝐹 known and 𝜃 unknown. One can easily estimate the parameters 𝜃 as 



 

19 
 

𝜃 using any well-known estimation procedure, for example maximum likelihood estimation. 

An estimate of the 𝑝𝑡ℎ-quantile 𝑞𝑝 can then be obtained as �̂�𝑝
(𝑃𝐴𝑅)

= 𝐹−1(𝑝; 𝜃). Once again, 

𝑝 ∈ (0,1) is some probability level and 𝐹−1 is defined in the usual way as 

 

𝐹−1(𝑢) = 𝑖𝑛𝑓{𝑥: 𝐹(𝑥) ≥ 𝑢}. 

 

Using a parametric approach may, however, also cause problems when working with small 

samples and high probability levels. The following example illustrates this statement.  

 

Generate 𝑛 = 100 observations 𝑋1, 𝑋2, … , 𝑋100 from 𝐹(∙; 𝜇, 𝜎) where 𝐹 is the LogNormal 

distribution with 𝜇 = 0 and 𝜎 = 1 the location and scale parameters respectively. Figure 2.1 

gives a histogram of the generated data.  

 

 

Figure 2.1: Histogram of LogNormal data with 𝜇 = 0 and 𝜎 = 1 
 

The LogNormal distribution was fitted to the sample using maximum likelihood. The density 

of the fitted distribution was then superimposed on the histogram which illustrates graphically 

how the fitted distribution differs from the actual data. This is given in Figure 2.2. A quantile-

quantile plot (QQ-plot) was also constructed to investigate how well the fitted distribution 

represents the actual data, especially in the upper tail. This is given in Figure 2.3. 
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Figure 2.2: Fitted density and histogram of LogNormal data with 𝜇 = 0 and 𝜎 = 1 
 

 

Figure 2.3: QQ-plot of LogNormal data with 𝜇 = 0 and 𝜎 = 1 
 

It is not clear from Figure 2.2 whether or not the fitted distribution represents the actual data 

in the upper tail. In Figure 2.3 a QQ-plot is given of the data together with the expected 45 

degree line. Goodness-of-fit is measured by the closeness of the points to this line. Observe 

that although the lower values lie closely to the straight line, the largest observation deviates 

substantially from this line with the previous four observations also deviating a fair amount 

from the line. This means that quantile estimates can become unstable when 𝑝 becomes too 
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close to 1. This raises concern for a risk manager as this is the region that is of particular 

interest. This problem is amplified when working with even smaller samples.  

 

 

2.2. Extreme value theory 
 

It was mentioned in the previous section that quantile estimates based on order statistics 

can be unreliable due to the variability in using a single very large order statistic. Also, the 

parametric approach relating to the entire sample discussed in the previous section does not 

necessarily model the tail accurately. These shortfalls cause concern for a risk manager as 

quantiles in the tail are typically of interest. Other quantile estimation techniques addressing 

these issues should therefore be investigated. One such technique is derived directly from 

extreme value theory and is discussed next.  

 

There are two approaches to addressing the issues of variability in the tail of small samples. 

These are: 

1. The block maxima (BM) approach whereby the sample is devided into subsamples, 

known as blocks. The block maxima are then used to estimate the desired extreme 

quantile, and 

2. The peaks over threshold (POT) approach whereby the observations exceeding 

some threshold are used to estimate the high quantiles. 

 

Both these approaches translate the non-parametric problem of estimating the quantiles of 

an unknown distribution 𝐹 into a parametric problem, using asymptotic results. The first 

approach uses the Fisher-Tippett (FT) Theorem to achieve this and the second approach 

uses the Pickands-Balkema-deHaan (PBdH) Theorem for it. A necessary and sufficient 

condition for these theorems to hold will be given in the remarks following the formulation of 

the theorems. 
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Fisher-Tippett Theorem:  

Let 𝑀𝑛 = 𝑚𝑎𝑥(𝑋1, 𝑋2, … , 𝑋𝑛). If a sequence of pairs of real numbers (𝑎𝑛, 𝑏𝑛) exists such that 

each 𝑎𝑛 > 0 and for all 𝑥 

 

𝑙𝑖𝑚𝑛→∞ 𝑃 (
𝑀𝑛−𝑏𝑛

𝑎𝑛
≤ 𝑥) = 𝐺(𝑥), 

 

with 𝐺 a non-degenerate distribution function, then the limit distribution 𝐺 belongs to the 

Generalized Extreme Value (GEV) family of distributions, given by  

 

𝐺𝛾(𝑥) = {
𝑒𝑥𝑝 (−(1 + 𝛾𝑥)

−
1
𝛾) if 𝛾 ≠ 0

𝑒𝑥𝑝(−𝑒−𝑥) if 𝛾 = 0

 

 

with 1 + 𝛾𝑥 > 0.  

(See e.g. Fisher & Tippett, 1928 and Gnedenko, 1943.) 

 

Remark 1: The distribution function 𝐺𝛾 is a parametric distribution. Denote the set of all 

distributions that satisfy the Fisher-Tippett Theorem by 𝒟(𝐺𝛾). A generic distribution in 

𝒟(𝐺𝛾) will be denoted by 𝐹. 

 

Remark 2: The parameter 𝛾 is called the EVI and is an indication of the tail type of the 

underlying 𝐹. Three sub-classes are distinguished based on the sign of 𝛾. 𝛾 > 0 is 

associated with the Fréchet-Pareto class having power function tails, 𝛾 = 0 is associated 

with the Gumbel class consisting of distributions having exponential type tails and 𝛾 < 0 

consisting of distributions having a finite right-hand end point.  

 

Remark 3: The Fisher-Tippett Theorem forms the basis of extreme value theory. However, 

the block maxima method will not be used in this thesis. See Beirlant et al. (2004) for further 

details.  

 

A more attractive and more modern approach is the POT method. This is based on the 

Pickands-Balkema-deHaan Theorem which will now be discussed. 
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Let 𝑋~𝐹 and let 𝐹𝑢 denote the conditional distribution function of 𝑋 − 𝑢, given that 𝑋 > 𝑢. 

Furthermore, let  

𝐻(𝑥; 𝜎, 𝛾) = (1 +
𝛾𝑥

𝜎
)
−
1

𝛾
, 𝑥, 𝛾, 𝜎 > 0,  

 

denote the Generalized Pareto Distribution (GPD).  

 

Pickands-Balkema-deHaan Theorem:  

A positive function 𝛽(𝑢) exists such that  

 

𝑙𝑖𝑚
𝑢→∞

𝑠𝑢𝑝
𝑥>0

|𝐹𝑢(𝑥) − 𝐻(𝑥; 𝛽(𝑢), 𝛾)| = 0 

 

if and only if 𝐹 ∈ 𝒟(𝐺𝛾). 

(See Balkema & de Haan, 1974, Pickands, 1975 and McNeil et al., 2005.) 

 

Remark 1: The distribution function 𝐻 is a parametric distribution. In what follows only the 

POT method will be used. The POT approach is based on this Theorem. A discussion of its 

implication will be given after the following remarks.  

 

Remark 2: From the Pickands-Balkema-deHaan Theorem 𝐹(𝑦) ≈ 𝐹(𝑢)𝐻(𝑦 − 𝑢; 𝜎, 𝛾) and if 𝑢 

is chosen such that �̂�(𝑢) =
𝑘

𝑛
, with 𝑘 the number of exceedances above 𝑢 and both 𝜎, 𝛾 are 

estimated using e.g. maximum likelihood, then the quantiles of 𝐹 can be approximated by 

inverting 𝐹(𝑢)𝐻(𝑦 − 𝑢; 𝜎, 𝛾). However, in the special case of 𝛾 > 0, that an operational risk 

manager is typically interested in, more powerful methods exist for this (see below).  

 

Remark 3: The choice of 𝑢 is an important consideration. The threshold is often taken as the 

(𝑘 + 1)𝑡ℎ-largest observation implying that the sample of exceedances has size 𝑘. The 

choice of 𝑢 then translates into the choice of 𝑘. Note also that this means that the 𝑘 largest 

order statistics are used in the analyses. Typically 𝑘 will depend on 𝑛 and grow with 𝑛. The 

choice of 𝑘 will be discussed further in the simulation study of Chapter 4.  
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Remark 4: Denote 𝑄(𝑢) = 𝐹−1(𝑢) and define the tail quantile function (TQF) by 𝑈(𝑦) =

𝑄 (1 −
1

𝑦
), 𝑦 > 1.  

 

Assume that a positive function 𝑎 exists such that for 𝑡 > 0 

 

𝑙𝑖𝑚𝑥→∞
𝑈(𝑡𝑥)−𝑈(𝑥)

𝑎(𝑥)
= ℎ𝛾(𝑡) =

𝑡𝛾−1

𝛾
.         (𝒞𝛾(𝑎)) 

 

Then 𝐹 ∈ 𝒟(𝐺𝛾) if and only if  (𝒞𝛾(𝑎)) holds. 

(See e.g. de Haan & Ferreira, 2006.)  

 

Remark 5: Note that (𝒞𝛾(𝑎)) is a necessary and sufficient condition for both the Fisher-

Tippett and Pickands-Balkema-deHaan Theorems. 

 

Remark 6: The following analogy can be drawn between the Central Limit Theory (CLT) and 

the Extreme Value Theory (EVT). The CLT, via the Central Limit Theorem, translates a non-

parametric problem into a parametric one by obtaining a limit distribution of the sum/average 

of the observed random variables. Similarly, the non-parametric problem is translated via the 

Fisher-Tippett Theorem or the Pickands-Balkema-deHaan Theorem to a parametric one, 

where a limit distribution is obtained for the extreme of the observed random variables or the 

conditional exceedance distribution. 

 

Consider the following numerical example to illustrate the POT method. Generate 100 i.i.d. 

random variables 𝑋1, 𝑋2, … , 𝑋100 from the LogNormal distribution with 𝜇 = 0 and 𝜎 = 1. 

Devide these 100 observations into 10 different sub-samples, denoted by 

𝑋𝑠=1, 𝑋𝑠=2, … , 𝑋𝑠=10, where each sub-sample has an equal number (10) of observations. For 

each sub-sample 𝑠 generate a uniform random variable 𝑡~𝑈(𝑠 − 1, 𝑠) for each observation 

within that sub-sample, leading to 𝑡1, 𝑡2, … , 𝑡100. Constructing a scatterplot of 𝑡 against 𝑋 

leads to the time series illustrated in Figure 2.4 below.  
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Figure 2.4: Artificial time series data from the LogNormal distribution with 𝜇 = 0 and 𝜎 = 1 
 

According to the Pickands-Balkema-deHaan Theorem the observations exceeding the 

threshold level 𝑢 follows the GPD if and only if 𝐹 ∈ 𝒟(𝐺𝛾) for 𝑢 sufficiently large, with 𝐹 taken 

as the 𝐿𝑜𝑔𝑛𝑜𝑟(𝑥; 0,1) distribution and 𝑢 = 5 in the example depicted in Figure 2.4. 

 

The study in this thesis focuses on heavy-tailed distributions. The class of heavy-tailed 

distributions that will be considered is the so-called Pareto-type distributions. These 

distributions 𝐹 ∈ 𝒟(𝐺𝛾) with 𝛾 > 0 can be written as 

 

         1 − 𝐹(𝑥) = 𝑥
−
1

𝛾ℓ𝐹(𝑥)                                 (2.1) 

 

where ℓ𝐹 is a slowly varying function, i.e.  

 

lim𝑡→∞
ℓ𝐹(𝑡𝑥)

ℓ𝐹(𝑥)
= 1, all 𝑡 > 0. 
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Distributions satisfying (2.1) are said to be of Pareto-type. If (2.1) holds, then it can be 

shown, using so-called de Bruyn conjugates, that the corresponding tail quantile function is 

of the form 

 

           𝑈(𝑦) = 𝑦𝛾ℓ𝑈(𝑦)                                         (2.2) 

 

with ℓ𝑈 also slowly varying (see e.g. Beirlant et al., 2004). 

 

The parameter 𝛾 is a first order parameter, called the extreme value index (EVI). A second 

order parameter is also considered which is discussed later. The best known and most often 

used estimator of the EVI  , introduced by Hill (1975) (Beirlant et al., 2004; Coles, 2001), is 

defined as 

 

    𝛾𝑘
(𝐻𝑖𝑙𝑙) =

1

𝑘
∑ 𝑙𝑜𝑔𝑋𝑛−𝑖+1,𝑛 − 𝑙𝑜𝑔𝑋𝑛−𝑘,𝑛
𝑘
𝑖=1                                        (2.3) 

 

for some 𝑘 = 1,2,… , 𝑛 − 1.  

 

Note that 𝑘 + 1, the number of order statistics used in 𝛾𝑘
(𝐻𝑖𝑙𝑙)

, corresponds to the choice of 

𝑢 = 𝑋𝑛−𝑘,𝑛, leading to 𝑘 exceedances in the POT approach. 

 

Various other methods to estimate 𝛾 have been proposed in the literature. Some of these 

are a robust estimator proposed by Beran & Schell (2012), a generalized median estimator 

proposed by Brazauskas & Serfling (2000), the generalized Pickands estimator (Segers, 

2005) and a local moment estimator proposed by Goegebeur et al. (2013). See Beirlant et 

al. (2004) for further discussion of alternative estimators. 

 

Remark: The estimator proposed by Beran and Schell (2012) was investigated in the initial 

stages of this study due to its robustness. It was found that it does not compete with the Hill 

(1975) estimator and was therefore not considered further. 

 

Different ways of choosing the value of 𝑘 have been proposed in the literature. One such 

well-known approach is based on the mean excess function (MEF) as follows. For a random 

variable 𝑋, its mean excess function for some threshold 𝑢 is given by 

 

𝑒(𝑢) = 𝐸[𝑋 − 𝑢|𝑋 > 𝑢]. 
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An estimator of 𝑒(𝑢) is given by 

 

�̂�𝑛(𝑢) =
∑ 𝑋𝑖𝐼[𝑋𝑖>𝑢]
𝑛
𝑖=1

∑ 𝐼[𝑋𝑖>𝑢]
𝑛
𝑖=1

− 𝑢 

 

with  

 

𝐼[𝑋𝑖>𝑢] = {
1, 𝑋𝑖 > 𝑢
0, otherwise

 

 

(Beirlant et al., 2004). 

 

The empirical MEF �̂�𝑛(𝑢) can be plotted against the values of 𝑢 = 𝑋𝑛−𝑘,𝑛 with 𝑘 = 1,2,… , 𝑛 −

1, and 𝑘 is chosen as the largest value where the plot is still reasonably stable.  

 

As an example, generate 𝑛 = 100 observations 𝑋1, 𝑋2, … , 𝑋𝑛 from 𝐹(∙; 𝛼) where 𝐹 is the 

Pareto distribution with 𝛾 = 1. The values of the empirical MEF can be calculated and used 

to obtain the mean excess plot (as in Figure 2.5).   

 

 

Figure 2.5: Mean excess plot of Pareto data with 𝛾 = 1 
 

It is observed from Figure 2.5 that the mean excesses become unstable for values of 

𝑢 > ±17. This choice of 𝑢 can then be used to determine the ‘appropriate’ value of 𝑘. Note 

that this approach allows subjectivity as the decisions made rely on visual inspection of the 

mean excess plot only. Caution should be taken when using the MEF for the purpose of 

determining the value of 𝑘. 
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Some other proposed methods for choosing the value of 𝑘 are given in Beirlant et al. (2004), 

p. 123. Furthermore, another approach is also proposed in Chapter 4. 

 

 

2.2.1. Quantile estimation using first order extreme value theory 
 

The basic condition (𝒞𝛾(𝑎)) can be considered as a first order condition on the tail quantile 

function 𝑈(𝑦). For the Fréchet-Pareto case (𝛾 > 0) this led to so-called Pareto-type 

distributions, with the tail quantile functions of the form in (2.2), i.e. 𝑈(𝑦) = 𝑦𝛾ℓ𝑈(𝑦), with ℓ𝑈 

a slowly varying function. This further led to the well-known Hill estimator for 𝛾. This form of 

the tail quantile function is also the basis for the well-known Weissman (first order) quantile 

estimator (Weissman, 1978), which is now briefly described.  

 

Using (2.2), write  

 

𝑈(𝑥𝑢)

𝑈(𝑥)
= 𝑢𝛾

ℓ𝑈(𝑥𝑢)

ℓ𝑈(𝑥)
≈ 𝑢𝛾 ⇒ 𝑈(𝑥𝑢) ≈ 𝑈(𝑥)𝑢𝛾, for 𝑥 large.  

 

Choose  

 

𝑥𝑢 =
1

𝛼
, 𝑥 =

𝑛+1

𝑘+1
, giving 𝑢 =

𝑘+1

𝛼(𝑛+1)
, 

 

then for 𝑛 large  

 

𝑄(1 − 𝛼) = 𝑈 (
1

𝛼
) ≈ 𝑈 (

𝑛+1

𝑘+1
) (

𝑘+1

𝛼(𝑛+1)
)
𝛾
. 

 

Noting that with 𝑈1,𝑛, 𝑈2,𝑛, … , 𝑈𝑛,𝑛 the order statistics from a 𝑈(0,1) dsitribution, the probability 

integral transformation gives  

 

𝑋𝑛−𝑘,𝑛 = 𝑈(
1

𝑈𝑘+1,𝑛
) ≈ 𝑈 (

𝑛+1

𝑘+1
), 

 

where in the last step 𝑈𝑘+1,𝑛 is approximated by its expected value 
𝑘+1

𝑛+1
. Substituting in the 

above and estimating 𝛾 by the Hill estimator 𝐻𝑘,𝑛, then leads to the Weissman estimator  
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    �̂�(1 − 𝛼) ≡ �̂�(𝑝) = �̂�𝑘,𝑝
(𝑊)

≡ 𝑋𝑛−𝑘,𝑛 (
𝑘+1

(1−𝑝)(𝑛+1)
)
𝐻𝑘,𝑛

.              (2.4) 

 

See also Section 4.6.1 in Beirlant et al. (2004) for a discussion of this estimator. 

 

Remark: Gomes et al. (2013) proposed the so-called mean-of-order-𝑝 (MOP) quantile 

estimator which is equivalent to the Weissman quantile estimator given in Equation (2.4) if 

the order of 𝑝 is chosen as zero. This is convenient as the statistical software program ‘R’ 

has a package (dubbed ‘evt0’) readily available that can be used to apply the MOP quantile 

estimator (or equivalently the Weissman estimator).  

 

 

2.2.2. Quantile estimation using second order extreme value theory 
 

The discussion that follows is based on Sections 4.4 and 4.6.2 in Beirlant et al. (2004). The 

Weissman quantile estimator based on a first order condition on the tail quantile function, 

was discussed in Section 2.2.1. Due to the approximations used in deriving the estimator, it 

suffers from bias and in order to reduce this, a second order assumption is made. This 

assumption can be formulated in terms of the tail quantile function or the slowly varying 

function.  

 

In order to state the assumption, the notion of a regularly varying function is needed. A 

function 𝑔 is regularly varying of order 𝜈 if  

lim𝑥→∞
𝑔(𝑡𝑥)

𝑔(𝑥)
= 𝑡𝜈, 𝑡 > 0. 

 

This is denoted by ℛ𝜈. (See e.g. de Haan & Ferreira, 2006) 

 

Second order assumption (in terms of the slowly varying function) 

 

The slowly varying function ℓ𝑈 satisfies a second order condition if 𝑙𝑜𝑔ℓ𝑈 ∈ 𝐶𝜌(𝑏), for some 

𝜌 < 0 and 𝑏 ∈ ℛ𝜌. Therefore, under this assumption 

 

lim𝑥→∞
𝑙𝑜𝑔ℓ𝑈(𝑥𝑢)−𝑙𝑜𝑔ℓ𝑈(𝑥)

𝑏(𝑥)
= ℎ𝜌(𝑢) =

𝑢𝜌−1

𝜌
. 

 

Thus, if this assumption holds then for large 𝑥 

 



 

30 
 

      
ℓ𝑈(𝑥𝑢)

ℓ𝑈(𝑥)
= 𝑒𝑥𝑝[𝑙𝑜𝑔ℓ𝑈(𝑥𝑢) − 𝑙𝑜𝑔ℓ𝑈(𝑥)] ≈ 𝑒𝑥𝑝[𝑏(𝑥)ℎ𝜌(𝑢)].             (2.5) 

 

Now, since 
𝑈(𝑥𝑢)

𝑈(𝑥)
= 𝑢𝛾

ℓ𝑈(𝑥𝑢)

ℓ𝑈(𝑥)
, substitution from (2.5) gives 

 

𝑈(𝑥𝑢) = 𝑈(𝑥)𝑢𝛾
ℓ𝑈(𝑥𝑢)

ℓ𝑈(𝑥)
= 𝑈(𝑥)𝑢𝛾𝑒𝑥𝑝[𝑙𝑜𝑔ℓ𝑈(𝑥𝑢) − 𝑙𝑜𝑔ℓ𝑈(𝑥)] 

≈ 𝑈(𝑥)𝑢𝛾𝑒𝑥𝑝[𝑏(𝑥)ℎ𝜌(𝑢)] 

=  𝑈(𝑥)𝑢𝛾𝑒𝑥𝑝 [𝑏(𝑥)
1−𝑢𝜌

−𝜌
]. 

 

As in the case of the Weissman estimator, choose 𝑥𝑢 =
1

𝛼
, 𝑥 =

𝑛+1

𝑘+1
, and thus 𝑢 =

𝑘+1

𝛼(𝑛+1)
, and 

again using 𝑋𝑛−𝑘,𝑛 = 𝑈(
1

𝑈𝑘+1,𝑛
) ≈ 𝑈 (

𝑛+1

𝑘+1
), give for 𝑛 large that 

 

𝑄(1 − 𝛼) = 𝑈 (
1

𝛼
) ≈ 𝑈 (

𝑛 + 1

𝑘 + 1
) (

𝑘 + 1

𝛼(𝑛 + 1)
)
𝛾

𝑒𝑥𝑝 [𝑏 (
𝑛 + 1

𝑘 + 1
)
1 − (

𝑘 + 1
𝛼(𝑛 + 1)

)
𝜌

−𝜌
] 

= 𝑋𝑛−𝑘,𝑛 (
𝑘+1

𝛼(𝑛+1)
)
𝛾
𝑒𝑥𝑝 [𝑏𝑛,𝑘

1−(
𝑘+1

𝛼(𝑛+1)
)
𝜌

−𝜌
], 

 

with 𝑏𝑛,𝑘 ≡ 𝑏 (
𝑛+1

𝑘+1
). Replacing 𝛾, 𝜌 and 𝑏𝑛,𝑘 with their respective estimators, gives a second 

order Weissman quantile estimator.  

 

The relevant parameters can be estimated by maximum likelihood as follows. Under the 

second order assumption, it can be shown that in distribution 

 

𝑗 (𝑙𝑜𝑔(𝑋𝑛−𝑗+1,𝑛) − 𝑙𝑜𝑔(𝑋𝑛−𝑗,𝑛)) ≈ (𝛾 + (
𝑗

𝑘+1
)
−𝜌
𝑏𝑛,𝑘)𝐸𝑗, 𝑗 = 1,2,… , 𝑘, 

 

with {𝐸𝑗} i.i.d. standard exponential random variables (see e.g. Beirlant et al., 2004). Using 

this, an approximate likelihood function can be formed from which maximum likelihood 

estimators can be obtained. Denoting the latter by 𝛾, �̂�, and �̂�𝑛,𝑘 leads to the bias reduced 

second order Weissman estimator 
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               �̂�(1 − 𝛼) ≡ �̂�(𝑝) = �̂�𝑘,𝑝
(𝑊+)

≡ 𝑋𝑛−𝑘,𝑛 (
𝑘+1

(1−𝑝)(𝑛+1)
)
�̂�
𝑒𝑥𝑝 [�̂�𝑛,𝑘

1−(
𝑘+1

(1−𝑝)(𝑛+1)
)
�̂�

−�̂�
].             (2.6) 

 

Remark 1: Note that the second order estimator has the additional term 

𝑒𝑥𝑝 [�̂�𝑛,𝑘
1−(

𝑘+1

(1−𝑝)(𝑛+1)
)
�̂�

−�̂�
] compared to the first order estimator. This leads to two extra 

parameters 𝑏𝑛,𝑘 and 𝜌 that need to be estimated. Thus, even though this second order 

quantile estimator reduces the bias, it increases the variance due to the additional parameter 

estimation.  

 

Remark 2: Once again, the reader is referred to Beirlant et al. (2004) for more information 

regarding the second order quantile estimate, as well as estimates of the parameters used in 

(2.6), see e.g. Gomes et al., 2010, Berning, 2010 and de Wet et al., 2012. 

 

In this chapter the traditional estimators for extreme quantiles were discussed, namely �̂�(𝑂𝑆) 

(using ordered statistics) and �̂�(𝑃𝐴𝑅) (using a parametric approach). Extreme value theory 

was then introduced and it was shown how this theory leads to estimation of such quantiles, 

both first order �̂�(𝑊) and second order �̂�(𝑊+), the former depending on the well-known Hill 

estimator and the latter depending on maximum likelihood estimates of the second order 

parameters.  

 

Remark 3: Gomes et al. (2013) proposed the so-called reduced-bias mean-of-order 𝑝 

(RBMOP) quantile estimator which is equivalent to the bias reduced second order Weissman 

quantile estimator given in Equation (2.6) if the order of 𝑝 is chosen as zero. Once again, 

this is convenient as the statistical software program ‘R’ has a package ‘evt0’ readily 

available that can be used to apply the RBMOP quantile estimator (or equivalently the 

second order Weissman estimator).  

 

Since none of the discussed estimators is uniformly best, a new estimator is proposed in the 

next chapter. The definition of this estimator has some commonality with a BCBS company 

specific risk adjusted proposal (see Section 3.1.1).  

 

In Chapter 4 the performance of the various quantile estimators that were discussed, will be 

compared by means of a simulation study, as well as an empirical study.  
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Chapter 3: ‘New’ quantile estimation techniques for the severity 
distribution 
 

In this chapter a new estimator for extreme quantiles is proposed and discussed. This 

estimator has a vague relationship to a BCBS estimator, but using results from EVT.  

 

 

3.1. Quantile estimation using a multiplying factor 
 

 

3.1.1. A quantile estimation technique proposed by the Basel Committee for 
market risk quantification 
 

Assume the sample 𝑋1, 𝑋2, . . , 𝑋𝑛 comes from a 𝑁(𝜇, 𝜎2) distribution. The parameters (𝜇, 𝜎) 

can be estimated as (�̂�, �̂�) using any well-known procedure such as maximum likelihood. An 

estimate of the 𝑝𝑡ℎ-quantile 𝑞𝑝 can then be obtained as �̂�∗ = �̂� + �̂�Φ−1(𝑝) with Φ the 𝑁(0,1) 

distribution function. The BCBS proposed that this estimate should be multiplied by 𝑅, with 

3 ≤ 𝑅 ≤ 4 a company-specific risk factor (Danielsson et al., 1998). An adjusted estimate of 

𝑞𝑝 is then �̂�𝑝
(𝐵)

= �̂�∗ × 𝑅. 

 

Assuming that the sample 𝑋1, 𝑋2, . . , 𝑋𝑛 has a Normal distribution does not prove sound risk 

management practice as it is known that data in FRM are typically not symmetric. The BCBS 

therefore proposed multiplying the quantile estimate based on the Normal distribution by a 

factor 𝑅 to compensate for the skewness of the actual tail.  

 

Even though this proposal is for market risk quantification, it was used as motivator for a new 

quantile estimator, the multiplier, to be discussed next. 

 

 

3.1.2. The basic idea 
 

Consider a heavy-tailed distribution 𝐹 and let 𝑞𝑝𝑖 = 𝐹
−1(𝑝𝑖; 𝜃) denote the 𝑝𝑖

𝑡ℎ-quantile with 

𝑖 = 0,1. These quantiles are illustrated graphically in Figure 3.1. 
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Figure 3.1: Quantiles of 𝐹 
 

The basic idea of the multiplier method is the following. First note that 𝑞𝑝1 < 𝑞𝑝0 for 𝑝1 < 𝑝0. 

Also, 𝑞𝑝1 can usually be estimated more reliably than 𝑞𝑝0. Now, for a distribution 𝐹, write 

𝑞𝑝0 = 𝐶𝐹𝑞𝑝1, with 𝐶𝐹 =
𝑞𝑝0
𝑞𝑝1

. The idea is to estimate 𝑞𝑝1 from the available data and obtain 

through simulation a value 𝐶∗ that ‘approximates’ 𝐶𝐹 over a range of distributions 𝐹 ∈ ℱ. 𝐶∗ is 

referred to as the multiplier. 𝑞𝑝0 is then estimated by �̂�𝑝0 = 𝐶∗�̂�𝑝1 with �̂�𝑝1 an estimate of 𝑞𝑝1. 

 

The following two questions arise: 

 

1. Which quantile estimation technique should be used to estimate the lower quantile 

𝑞𝑝1? 

2. Which value of the multiplier 𝐶∗  should be used? 

 

Financial risk managers are generally interested in quantiles for 𝑝0 ≥ 0.99. It is known that 

these quantiles are difficult to estimate, especially when working with small samples. It is 

realistic to assume that for small samples (𝑛 ≤ 200), one can estimate a quantile more 

accurately for 𝑝1 ≤ 0.95 when using EVT. Thus, EVT is a natural choice for estimating the 

lower quantile 𝑞𝑝1, making an assumption in respect of the first question. 

 

A simulation study was conducted to answer the second question. The design of this 

simulation study is described in the next subsection.  
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3.1.3. Deriving the multiplying factors using simulation 

 

A class ℱ of heavy-tailed distributions was constructed and over this class a ‘best’ multiplier 

was obtained for each combination of the following; the sample size (𝑛), lower probability 

(𝑝1) and higher probability (𝑝0). 

 

The following values of the parameters were used in the simulation study. 

 Sample sizes 𝑛 of 𝑛1 = 20, 𝑛2 = 50, 𝑛3 = 100, 𝑛4 = 150 and 𝑛5 = 200, 

 Higher probabilities 𝑝0 of 𝑝0,1 = 0.99, 𝑝0,2 = 0.995 and 𝑝0,3 = 0.999, 

 Lower probabilities 𝑝1 of 𝑝1,1 = 0.95, 𝑝1,2 = 0.9, 𝑝1,3 = 0.85 and 𝑝1,4 = 0.8, 

 Number of threshold excesses 𝑘 where this was taken as 20% of the sample size, 

i.e. 𝑘 = 0.2 × 𝑛𝑖 with 𝑖 = 1,2, … ,5, 

 Distributions used that make up ℱ are 𝐹1, 𝐹2, … , 𝐹10, see Table 3.1 below, 

 The quantiles 𝑞𝑝𝑑,𝑙,𝑟 = 𝐹𝑟
−1(𝑝𝑑,𝑙), with 𝑟 = 1,2, … ,10, 𝑑 = 0,1, 𝑙 = 1,2,3 if 𝑑 = 0 and 

𝑙 = 1,2,3,4 if 𝑑 = 1, and 

 The multiplier 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

=
𝑞𝑝0,𝑎,𝑟

𝑞𝑝1,𝑏,𝑟
 for any choice of 𝑎 and 𝑏 for a given 𝐹𝑟. 

 

Remark: As mentioned in the previous chapter, choosing the value of k  still remains a major 

question in EVT. In this study the number of threshold excesses was fixed at 20% of the 

sample size. This decision was made after comparing the results of taking 10% and 20% of 

the sample size and also using 𝑘 = 𝑘𝑜𝑝𝑡, with 𝑘𝑜𝑝𝑡 determined by the method of Drees and 

Kaufmann (1998). The results obtained from all of these techniques remained relatively the 

same. 

 

A class of distributions ℱ was constructed having 0.2 ≤ 𝛾 ≤ 0.8 and −2 ≤ 𝜌 ≤ −0.2. This 

class was used to develop the multipliers for each combination of (𝑝0,𝑎 , 𝑝1,𝑏, 𝑛𝑖). Table 3.1 

contains the distributions that make up this class. 
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Table 3.1: Distributions used to derive the multiplying factors 

𝑭𝒓 Distribution 𝜸 𝝆 𝒒𝒑𝟎,𝟏,𝒓 𝒒𝒑𝟎,𝟐,𝒓 𝒒𝒑𝟎,𝟑,𝒓 

𝐹1 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,5,1) 0.2 -1 2.506842 2.882509 3.980275 

𝐹2 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,5,0.5) 0.4 -2 6.309447 8.32549 15.84893 

𝐹3 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,2.5,0.5) 0.8 -2 39.80913 69.31379 251.1885 

𝐹4 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,0.25,5) 0.8 -0.2 5.224884 12.63612 78.97501 

𝐹5 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,1.25,1) 0.8 -1 39.49191 69.03709 250.9877 

𝐹6 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,3, 2 3⁄ ) 0.5 -1.5 9.882685 13.95526 31.08368 

𝐹7 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,6, 2 3⁄ ) 0.25 -1.5 3.143674 3.735673 5.575274 

𝐹8 𝐺𝑃𝐷(0.25,0.2) 0.2 -0.2 1.889858 2.35675 3.72634 

𝐹9 𝐺𝑃𝐷(0.25,0.4) 0.4 -0.4 3.318483 4.578458 9.280583 

𝐹10 |𝑡2| 0.5 -1 13.92911 19.84969 44.65425 

 

Figure 3.2 illustrates how the distributions in this class are distributed with regards to their 

values of 𝛾 and 𝜌. 

 

 

Figure 3.2: Distributions used to derive the multiplying factors 
 

For any 𝐹𝑟 from this class, its corresponding multiplier can be calculated at the choices of 𝑝0 

and 𝑝1 considered. These are then taken as the true multiplier values 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

, as given in 

Table 3.2. In that table, 𝑝0,𝑎   can take on the values 0.99, 0.995 and 0.999 for 𝑎 = 1, 𝑎 = 2 
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and 𝑎 = 3 respectively, and 𝑝1,𝑏 can take on the values 0.95, 0.9, 0.85 and 0.8 for 𝑏 = 1, 

𝑏 = 2, 𝑏 = 3 and 𝑏 = 4 respectively.   

 

Table 3.2: Initial multipliers used during the development simulation study 

Distribution High quantile Low quantile Multiplier 

𝐹1 𝑞𝑝0,𝑎,1 𝑞𝑝1,𝑏,1 𝐶1,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

 

𝐹2 𝑞𝑝0,𝑎,2 𝑞𝑝1,𝑏,2 𝐶2,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

 

. . . . 

𝐹10 𝑞𝑝0,𝑎,10 𝑞𝑝1,𝑏,10 𝐶10,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

 

 

The following algorithm was implemented to obtain the ‘best’ multiplier over the class of 

distributions ℱ at the different sample sizes 𝑛𝑖 that can take on the values 20, 50, 100, 150 

and 200 for 𝑖 = 1, 𝑖 = 2, 𝑖 = 3, 𝑖 = 4 and 𝑖 = 5 respectively.   

 

Algorithm 3.1: Do the following for each (𝑝0,𝑎 , 𝑝1,𝑏 , 𝑛𝑖) combination: 

1. Generate a sample of size 𝑛𝑖 from 𝐹𝑟 where 𝑟 = 1. 

2. Calculate the high quantile 𝑞𝑝0,𝑎,𝑟. 

3. Estimate the low quantile 𝑞𝑝1,𝑏,𝑟 using EVT as �̂�𝑘,𝑝1,𝑏,𝑟
(𝑊)

 from equation (2.4) with 

𝑘 = 0.2 × 𝑛𝑖. 

4. For 𝑠 = 1,2,… ,10, let �̂�𝑝0,𝑎,𝑟
(𝑀𝑠) = 𝐶𝑠,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
�̂�𝑘,𝑝1,𝑏,𝑟
(𝑊)

 denote the multiplier estimate of the 

high quantile 𝑞𝑝0,𝑎,𝑟, when using the multiplier from 𝐹𝑠. 

5. Calculate the squared error as 𝑆𝐸𝑟,𝑠 = (�̂�𝑝0,𝑎,𝑟
(𝑀𝑠) − 𝑞𝑝0,𝑎,𝑟)

2
 for each 𝑠 = 1,2,… ,10. 

6. Repeat steps 1-5 for each 𝑟 = 2,… ,10. 

7. Repeat steps 1-6 𝑁 = 500 times and calculate the mean squared error (MSE) as 

 

𝑀𝑆𝐸𝑟,𝑠 =
1

𝑁
∑ 𝑆𝐸𝑟,𝑠,𝑡
𝑁
𝑡=1 . 

 

8. For each combination of (𝑝0,𝑎 , 𝑝1,𝑏, 𝑛𝑖), calculate 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀)

 such that 

min𝑠max𝑟𝑀𝑆𝐸𝑟,𝑠 is attained. 

9. End. 

 

Remark: The min𝑠 ave𝑟𝑀𝑆𝐸𝑟,𝑠 argument was also considered in Step 8 where 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝐴)

=

min𝑠 ave𝑟𝑀𝑆𝐸𝑟,𝑠. See below for discussion of the choice between 𝑀𝑖𝑛𝑀𝑎𝑥 and 𝑀𝑖𝑛𝐴𝑣𝑒. 
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Table 3.3 is a summary of the different multipliers obtained during the development of the 

multipliers using both 𝑀𝑖𝑛𝑀𝑎𝑥 and 𝑀𝑖𝑛𝐴𝑣𝑒 as criteria for the ‘best’ choice. Since the EVT 

quantile estimator of quantiles proposed by Gomes et al. (2013) are readily available in the 

software package ‘evt0’ in R, it was decided to use this estimator to estimate the lower 

quantiles �̂�𝑘,𝑝1,𝑏,𝑟
(𝑊)

 when developing the multipliers. 

 

Table 3.3: Multipliers obtained during the development simulation study 

𝒑𝟎 𝒏 𝑪𝒑𝟎,𝒂,𝟎.𝟗𝟓,𝒏
(𝑴𝑴)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗𝟓,𝒏
(𝑴𝑨)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗,𝒏
(𝑴𝑴)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗,𝒏
(𝑴𝑨)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖𝟓,𝒏
(𝑴𝑴)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖𝟓,𝒏
(𝑴𝑨)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖,𝒏
(𝑴𝑴)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖,𝒏
(𝑴𝑨)

 

0.99 20 2.294 1.905 3.694 3.694 8.807 5.024 11.166 6.566 

0.99 50 2.385 2.385 6.335 3.694 8.807 5.024 11.166 6.566 

0.99 100 3.627 3.627 6.335 6.335 8.807 5.024 11.166 6.566 

0.99 150 3.627 3.627 6.335 6.335 8.807 5.024 11.166 6.566 

0.99 200 3.627 3.627 6.335 6.335 8.807 5.024 11.166 6.566 

0.995 20 2.513 2.513 11.030 4.845 15.334 7.160 19.442 9.357 

0.995 50 3.399 3.399 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 100 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 150 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 200 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.999 20 6.416 6.416 43.277 11.841 55.568 55.568 70.456 21.050 

0.999 50 22.888 22.888 39.971 39.971 55.568 55.568 70.456 21.050 

0.999 100 22.888 22.888 39.971 39.971 55.568 55.568 70.456 70.456 

0.999 150 22.888 22.888 39.971 39.971 55.568 55.568 70.456 70.456 

0.999 200 22.888 22.888 39.971 39.971 55.568 55.568 70.456 70.456 

 

In the applications that the method was developed for, underestimation is more negative 

than overestimation. For this reason it was decided to use the multipliers based on the 

𝑀𝑖𝑛𝑀𝑎𝑥 criterion  𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀)  since these gave the larger values. Also, these multipliers are 

referred to as the empirical multipliers, and denoted by 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝐸𝑀)

, for the remainder of this 

thesis.  

 

Determining the relative performance of these multipliers was done by comparing their ability 

to estimate the high quantiles using out-of-sample data. This was done during a second 

simulation study which is discussed in Chapter 4. 
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3.1.4. Some asymptotic results of the multiplying factors 
 

Suppose the true underlying distribution is 𝐹𝑟. Then the quantile of interest is 𝑞𝑝0,𝑎,𝑟, given by 

 

𝑞𝑝0,𝑎,𝑟 = 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏
(𝑡𝑟𝑢𝑒)

𝑞𝑝1,𝑏,𝑟. 

 

The error of estimation is  

 

𝑒𝑟𝑟𝑜𝑟𝑟 = �̂�𝑝0,𝑎,𝑟 − 𝑞𝑝0,𝑎,𝑟 = 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀) �̂�𝑝1,𝑏,𝑟 − 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
𝑞𝑝1,𝑏,𝑟. 

 

Since �̂�𝑝1,𝑏,𝑟 is typically consistent, i.e.  

�̂�𝑝1,𝑏,𝑟
𝑃
→ 𝑞𝑝1,𝑏,𝑟, 

 

as 𝑛 → ∞, the error of estimation can be approximated for large 𝑛 by  

 

𝑒𝑟𝑟𝑜𝑟𝑟 ≈ 𝑞𝑝1,𝑏,𝑟 (𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀) − 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
). 

 

Returning to the approach based on Table 3.3, an ‘asymptotic’ choice of the best multiplier 

can be carried out as follows. The squared error of using distribution 𝐹𝑠 when 𝐹𝑟 is the true 

distribution, is given by 

 

𝑒𝑟𝑟𝑜𝑟𝑟,𝑠,∞
2 ≈ [𝑞𝑝1,𝑏,𝑟 (𝐶𝑠,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
− 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
)]
2
= (𝑞𝑝1,𝑏,𝑟)

2
(𝐶𝑠,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
− 𝐶𝑟,𝑝0,𝑎,𝑝1,𝑏

(𝑡𝑟𝑢𝑒)
)
2
. 

 

Applying the 𝑀𝑖𝑛𝑀𝑎𝑥 criterion to these, i.e. 𝑚𝑖𝑛𝑠𝑚𝑎𝑥𝑟 𝑒𝑟𝑟𝑜𝑟𝑟,𝑠,∞
2 , gives the asymptotic 

multipliers, denoted by 𝐶𝑝0,𝑎,𝑝1,𝑏,∞
(𝐴𝑀)

, which make up the last column of Table 3.4. The other 

columns contain the finite sample multiplier values 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀)

 presented in Table 3.3. Note 

that the finite sample values are positively correlated with the asymptotic values. 

 

 

 

 

 

 

 



 

39 
 

Table 3.4: Asymptotic results of the MinMax multipliers  

 
𝒏 

𝒑𝟎 𝒑𝟏 20 50 100 150 200  

0.99 0.95 2.294 2.385 3.627 3.627 3.627 3.627 

 
0.9 3.694 6.335 6.335 6.335 6.335 6.335 

 
0.85 8.807 8.807 8.807 8.807 8.807 7.856 

 
0.8 11.166 11.166 11.166 11.166 11.166 11.166 

0.995 0.95 2.513 3.399 6.316 6.316 6.316 6.316 

 
0.9 11.03 11.03 11.03 11.03 11.03 11.03 

 
0.85 15.334 15.334 15.334 15.334 15.334 11.284 

 
0.8 19.442 19.442 19.442 19.442 19.442 19.442 

0.999 0.95 6.416 22.888 22.888 22.888 22.888 22.888 

 
0.9 43.277 39.971 39.971 39.971 39.971 39.971 

 
0.85 55.568 55.568 55.568 55.568 55.568 55.568 

 
0.8 70.456 70.456 70.456 70.456 70.456 54.608 

 

Remark: Other asymptotic multipliers were also investigated, such as those based on 

minimizing the absolute relative error, but these did not produce good results.  

 

 

3.1.5. Second order multipliers 
 

Second order multipliers were also considered in order to reduce bias. To develop second 

order multipliers one should decide on which second order quantile estimator to use for 

estimating the lower quantile.  

 

Since the second order EVT quantile estimator of quantiles proposed by Gomes et al. (2013) 

are readily available in the software package ‘evt0’ in R, it was decided to use this to 

estimate the lower quantiles when developing the second order multipliers. The second 

order multipliers are presented in Table 3.5. These multipliers were also developed using 

Algorithm 3.1, but the estimator used for the lower quantile �̂�𝑘,𝑝1,𝑏,𝑟
(𝑊)

 is now replaced by 

�̂�𝑘,𝑝1,𝑏,𝑟
(𝑊+)

. 
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Table 3.5: Second order multipliers obtained during the development simulation study 

𝒑𝟎 𝒏 𝑪𝒑𝟎,𝒂,𝟎.𝟗𝟓,𝒏
(𝑴𝑴+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗𝟓,𝒏
(𝑴𝑨+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗,𝒏
(𝑴𝑴+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟗,𝒏
(𝑴𝑨+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖𝟓,𝒏
(𝑴𝑴+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖𝟓,𝒏
(𝑴𝑨+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖,𝒏
(𝑴𝑴+)

 𝑪𝒑𝟎,𝒂,𝟎.𝟖,𝒏
(𝑴𝑨+)

 

0.99 20 1.905 1.905 6.335 3.694 8.807 5.024 11.166 6.566 

0.99 50 3.627 2.385 6.335 6.335 8.807 5.024 11.166 6.566 

0.99 100 3.627 3.627 6.335 6.335 8.807 8.807 11.166 6.566 

0.99 150 3.627 3.627 6.335 6.335 8.807 8.807 11.166 6.566 

0.99 200 3.745 3.627 6.335 6.335 8.807 8.807 11.166 6.566 

0.995 20 3.399 3.399 11.030 4.845 15.334 7.160 19.442 9.357 

0.995 50 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 100 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 150 6.316 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.995 200 6.548 6.316 11.030 11.030 15.334 15.334 19.442 9.357 

0.999 20 7.029 7.029 43.277 39.971 55.568 55.568 70.456 21.050 

0.999 50 22.888 22.888 39.971 39.971 55.568 55.568 70.456 21.050 

0.999 100 22.888 22.888 39.971 39.971 55.568 55.568 70.456 70.456 

0.999 150 23.804 23.804 39.971 39.971 55.568 55.568 70.456 70.456 

0.999 200 22.888 22.888 39.971 39.971 55.568 55.568 70.456 70.456 

 

Once again, the multipliers based on the 𝑀𝑖𝑛𝑀𝑎𝑥 criterion  𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝑀𝑀+)  produced larger values 

compared to the 𝑀𝑖𝑛𝐴𝑣𝑒 criterion. These multipliers will be referred to as the second order 

emipircal multipliers, denoted by 𝐶𝑝0,𝑎,𝑝1,𝑏,𝑛𝑖
(𝐸𝑀+)

, for the remainder of this thesis. The performance 

of both the first and second order multipliers (empirical and asymptotic) was tested using 

simulation which is discussed in Chapter 4.  

 

Remark: Other bias-reducing multipliers were also investigated where the empirical 

multipliers were adjusted with the resulting bias, but these did not produce improved results. 

 

The quantile estimators discussed in this section are similar to those of EVT in that these 

estimators rely on the observations in the tail only. As mentioned in Chapter 2, the full-

parametric approach includes fitting a single distribution to the entire dataset. The logarithm 

of the normal inverse Gaussian distribution can be used for this purpose and is discussed in 

the following section. 
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3.2. Quantile estimation by fitting the logarithm of the normal inverse Gaussian 
distribution 
 

 

3.2.1. Introduction 
 

It is important, from a risk manager’s point of view, that the tail part of the data is well 

modelled (to calculate the VaR) when fitting a distribution to data. Modelling the body part of 

the data is also important when, for example the expected loss needs to be estimated.  

Recall from Chapter 1 that the expected loss can be estimated using the expected value 

𝐸(𝑋) of the underlying distribution. Estimating 𝐸(𝑋) accurately can only be done when the 

underlying distribution is modelled accurately. As mentioned in Chapter 1, fitting various 

distributions effectively to data, especially small datasets, can be difficult. It is therefore 

important to investigate a wide range of distributions to determine which may possibly pose 

as viable options. 

 

Various distributions that could possibly be used to model losses in an OR environment were 

recently discussed in the literature. Ahn et al. (2012) discusses the class of Log phase-type 

(LogPh) distributions for this purpose. The g-and-h class of distributions is also discussed by 

Degen et al. (2007).  

 

Another distribution that received much attention recently is the normal inverse Gaussian 

(NIG) distribution. The NIG distribution was introduced by Barndorff-Nielsen (1997) and 

proved to be a promising candidate for modelling skew data with moderately heavy tails. 

Extensive work regarding the NIG distribution was done by e.g. Venter & De Jongh (2002), 

Lillestöl (2000), Godin et al. (2009) and Karlis (2002). The multivariate NIG distribution was 

also discussed by Chang & Hung (2010).  

 

Motivated by the NIG’s flexibility, having four parameters, and its popularity in the financial 

literature as well as Ahn et al. (2012) recently proposing the LogPh distribution, led to the 

proposal of the LogNIG (LNIG) distribution in this study. Before introducing the LNIG the NIG 

distribution is discussed in the following subsection. 
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3.2.2. The normal inverse Gaussian distribution 
 

The normal inverse Gaussian (NIG) distribution is a mixture of the normal and inverse 

Gaussian distributions. Furthermore, the NIG distribution is a member of the generalized 

hyperbolic class of distributions. It is usually defined by using the Barndorff-Nielsen 

parameterization. This is denoted by 𝑁𝐼𝐺(𝛼, 𝛽, 𝜇, 𝛿) where 𝛼 is known as the steepness 

parameter, 𝛽 represents the asymmetry of the distribution and 𝜇 and 𝛿 is the location and 

scale parameters respectively. The parameter space can be summarized as 0 < |𝛽| < 𝛼, 

𝜇 ∈ ℝ, 𝛿 > 0. The Cauchy distribution is obtained when 0   whereas the Normal 

distribution is obtained when 𝛼 → ∞ and 𝛿 → ∞ so that 
𝛿

𝛼
→ 𝜎2. The case where 𝛽 = 0 

corresponds to a symmetric distribution.  

 

Let 𝜉 = √𝛼2 − 𝛽2 and (𝑧) = √1 + 𝑧2, then the NIG density function can be defined as  

 

𝑔(𝑥; 𝛼, 𝛽, 𝜇, 𝛿) =
𝛼𝑒𝑥𝑝(𝜉𝛿 + 𝛽(𝑥 − 𝜇))𝐾1 (𝛼𝛿𝑓 (

𝑥 − 𝜇
𝛿

))

𝜋𝑓 (
𝑥 − 𝜇
𝛿

)
 

 

where 𝐾1 is the modified Bessel function (MBF) of the third order and index one (also known 

as the MacDonald function). Abramowitz & Stegun (1972) discusses the MBF in more detail. 

The reader is referred to Appendix B for polynomial approximations of the MBF extracted 

from Abramowitz & Stegun (1972). 

 

The NIG distribution’s moment-generating function can be derived as 

 

𝑀𝑥(𝑢) = 𝑒𝑥𝑝 (𝑢𝜇 + 𝛿(𝜉 − √𝛼
2 − (𝛽 + 𝑢)2)). 

 

This function can be used to derive the following moments: 

 Ε[𝑋] = 𝜅1 = 𝜇 + 𝛿
𝛽

𝜉
 

 𝑉𝑎𝑟[𝑋] = 𝜅2 = 𝛿
𝛼2

𝜉3
  

 𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 = 3
𝛽

𝛼(𝛿𝜉)
1
2

 

 𝐾𝑢𝑟𝑡𝑜𝑠𝑖𝑠 = 3 (1 + 4(
𝛽

𝛼
)
2
)
1

𝛿𝜉
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The NIG distribution also has the following attractive properties: 

 If 𝑋~𝑁𝐼𝐺(𝛼, 𝛽, 𝜇, 𝛿) then 𝑌 = 𝑘𝑋~𝑁𝐼𝐺(𝑘−1𝛼, 𝑘−1𝛽, 𝑘𝜇, 𝑘𝛿). 

 If 𝑋1~𝑁𝐼𝐺(𝛼, 𝛽, 𝜇1, 𝛿1) and 𝑋2~𝑁𝐼𝐺(𝛼, 𝛽, 𝜇2, 𝛿2) are independent, then the sum 

= 𝑋1 + 𝑋2~𝑁𝐼𝐺(𝛼, 𝛽, 𝜇1 + 𝜇2, 𝛿1 + 𝛿2). 

 

 

3.2.2.1. Inference on the NIG distribution 
 

Maximum likelihood estimation can be used to estimate the parameters of the NIG 

distribution. Other estimation procedures include the following: 

 The ‘hyp’ program developed by Blaesild & Sörensen (1992), 

 A similar program developed by Eberlein et al. (1998), 

 Bayesian methods using the EM-algorithm as shown by Karlis (2002), and 

 Bayesian methods using Markov chain Monte Carlo methods as shown by Lillestöl 

(2001). 

 

A suggested method by Venter & De Jongh (2002) involves the approximate expression for 

the tail of the NIG density given as 

 

𝑔∗(𝑥; 𝛼, 𝛽, 𝜇, 𝛿): {
~𝐶|𝑥|−

3

2𝑒𝑏𝑥 𝑥 → −∞

~𝐶|𝑥|−
3

2𝑒−𝑎𝑥 𝑥 → ∞
  

 

where 𝑎 = 𝛼 − 𝛽 and 𝑏 = 𝛼 + 𝛽. The above mentioned expression was derived from  

 

𝑔∗(𝑥; 𝛼, 𝛽, 𝜇, 𝛿)~𝐶|𝑥|−
3

2𝑒𝑥𝑝(−𝛼|𝑥| + 𝛽𝑥) as |𝑥| → ∞ 

 

 by introducing 𝑎 and 𝑏. This follows from the well-known asymptotic relation  

 

𝐾1(𝑧)~√
𝜋

2
𝑧−

1

2𝑒𝑥𝑝(−𝑧) as 𝑧 → ∞. 

 

The following expressions were derived which can be used as approximations for 𝑎 and 𝑏 

respectively: 

 

𝑎~
1

2

𝑄+Ε[𝑋|𝑋>𝑄]

Ε[𝑋2|𝑋>𝑄]−𝑄Ε[𝑋|𝑋>𝑄]
, 
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with 𝑄 an estimate of the 𝑝𝑡ℎ-quantile and 

 

𝑏~ −
1

2

𝑄′+Ε[𝑋|𝑋<𝑄′]

Ε[𝑋2|𝑋<𝑄′]−𝑄′Ε[𝑋|𝑋<𝑄′]
, 

 

with 𝑄′ an estimate of the (1 − 𝑝)𝑡ℎ-quantile. 

 

Consider a dataset 𝑋1, 𝑋2, … , 𝑋𝑛 and a large probability, say 𝑝. Denote the order statistics by 

𝑋1,𝑛 ≤ 𝑋2,𝑛 ≤ ⋯ ≤ 𝑋𝑛,𝑛. 𝑄 can then be estimated as 𝑄 = 𝑋[𝑛𝑝],𝑛, whereas 𝑄′ can be 

estimated as 𝑄′ = 𝑋[𝑛(1−𝑝)],𝑛. Here, [𝑘] is the smallest integer in 𝑘. Other quantile estimation 

procedures include those arising from EVT and the multipliers. Ε[𝑋|𝑋 > 𝑄] can be estimated 

as the mean of all the order statistics larger than 𝑄, whereas Ε[𝑋2|𝑋 > 𝑄] is the mean of the 

squares of all the order statistics larger than 𝑄. The same procedure can be applied when 

estimating Ε[𝑋|𝑋 < 𝑄′] and Ε[𝑋2|𝑋 < 𝑄′], but now consider the order statistics smaller than 

𝑄′. This procedure was referred to as Tail-Based-Estimation (TBE) by Lillestöl (2002). The 

pair (𝑎, 𝑏) may be used instead of (𝛼, 𝛽) as shape parameters. Venter & De Jongh (2002) 

suggest using (𝑎, 𝑏, 𝜅1, 𝜅2) as starting values when optimizing the parameter estimation 

procedure. 

 

The TBE proposed by Venter & De Jongh (2002) is illustrated next by using a numerical 

example. A sample of 𝑛 = 100 variables (denoted by 𝑋1, 𝑋2, … , 𝑋𝑛) were randomly generated 

from a 𝑁𝐼𝐺(𝛼, 𝛽, 𝜇, 𝛿) distribution with 𝛼 = 2, 𝛽 = 1, 𝜇 = 1 and 𝛿 = 1. The density of the 

𝑁𝐼𝐺(𝛼, 𝛽, 𝜇, 𝛿)  distribution (denoted by 𝑛𝑖𝑔(𝛼, 𝛽, 𝜇, 𝛿)) is illustrated graphically in Figure 3.3 

for this case. The NIG distribution was fitted to 𝑋1, 𝑋2, … , 𝑋𝑛 using a procedure in SAS called 

‘Proc NLP’. This procedure produced parameter estimates (�̂�, �̂�, �̂�, 𝛿). The fitted density 

𝑛𝑖𝑔(�̂�, �̂�, �̂�, 𝛿) is illustrated graphically in Figure 3.4. 
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Figure 3.3: Graphical illustration of the NIG density (using its true parameters) 

 

 

Figure 3.4: Graphical illustration of the NIG density (using its estimated parameters) 

 

Combining the plots of the density functions in Figure 3.3 and Figure 3.4 will graphically 

illustrate how well the estimated distribution fits the true distribution. This is illustrated in 

Figure 3.5. Here, the true NIG density is represented by the blue curve whereas the red 

curve represents the fitted density. Also, the scales of both the true and fitted density values 

are on the left-hand and right-hand sides respectively. It is clear from Figure 3.5 that the 

estimated (fitted) density fits the true underlying density very well, given the small sample 

size used. 
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Figure 3.5: Graphical illustration of the true NIG density vs. estimated NIG density 

 

Barndorff-Nielsen et al. (1985) introduced other shape parameters 𝜓 and 𝜒 for the steepness 

and asymmetry parameters respectively defined as 

 

𝜓 = (1 + 𝛿√𝛼2 − 𝛽2)
−
1

2
= (1 + 𝛿𝜉)−

1

2 and 𝜒 = 𝜓
𝛽

𝛼
. 

 

The pair (𝜓, 𝜒) may also be used instead of (𝛼, 𝛽) as shape parameters. 

 

The focus of this study remains on the estimation of extreme quantiles. This motivates the 

use of the TBE of the NIG distribution’s parameters as proposed by Venter & De Jongh 

(2002). Eventually, the 𝑝𝑡ℎ-quantile can be estimated using the NIG distribution by inverting 

its distribution function and solving  

 

𝐺(𝑥; �̂�, �̂�, �̂�, 𝛿) = 𝑝 

 

leading to the quantile estimate 

 

�̂�𝑝
(𝑁𝐼𝐺)

= 𝐺−1(𝑝; �̂�, �̂�, �̂�, 𝛿). 

 

Although the NIG distribution possesses attractive modelling/statistical properties, it can be 

argued that the NIG distribution can often not be used in an OR environment due to the 

heaviness of OR loss data. A natural way to obtain heavier tails from a distribution is by 
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using its logarithm version. A well-known example of this is the LogNormal distribution 

obtained from the Normal distribution (the LogNormal distribution is a ‘heavier-tailed version’ 

of the Normal distribution). This conversion between the Normal distribution and its logarithm 

counterparty can also be applied to any other monotone increasing distribution function. One 

such distribution is the NIG distribution with the logarithm of the NIG (denoted by LNIG) 

distribution as its heavier tailed version. The LNIG distribution is discussed in the following 

subsection. 

 

Remark: For clarity note that the term “log version” is a misnomer since it is actually an 

“exponential version”, taking the exponential transformation of the original random variable.  

 

 

3.2.3. The logarithm of the normal inverse Gaussian distribution 
 

Based on the above discussion a LNIG random variable is defined as 𝑌 = 𝑒𝑋, with 𝑋 a NIG 

random variable. In this section a number of properties of the LNIG distribution is discussed. 

Before these properties are given, it is briefly indicated how LNIG based quantiles can be 

estimated.  

 

Note that if 𝑌 = 𝑒𝑋 then the corresponding quantiles have the same relationship, i.e. 

𝑞𝑝
(𝑌) = 𝑒𝑞𝑝

(𝑋)

. Also, if 𝑌 = 𝑒𝑋, then 𝑋 = 𝑙𝑜𝑔(𝑌). Thus, given a sample 𝑌1, 𝑌2, … , 𝑌𝑛 from a LNIG 

distribution, 𝑋1 = 𝑙𝑜𝑔 (𝑌1), 𝑋2 = 𝑙𝑜𝑔 (𝑌2), … , 𝑋𝑛 = 𝑙𝑜𝑔 (𝑌𝑛) will be a sample from a NIG 

distribution. Estimating the NIG quantiles by �̂�𝑝
(𝑋)

, the corresponding LNIG quantiles are 

estimated by �̂�𝑝
(𝑌)

= 𝑒�̂�𝑝
(𝑋)

. The resulting quantile estimator in Section 2.1.2, �̂�𝑝
(𝑃𝐴𝑅)

, will be 

used to estimate �̂�𝑝
(𝑋)

. 

 

In the next subsection some mathematical properties of the LNIG distribution are discussed. 

The numerical properties of the LNIG distribution are discussed in Chapter 4. 
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3.2.3.1. Some properties of the LNIG distribution 
 

Let 𝑋~𝑁𝐼𝐺(𝛼, 𝛽, 𝜇, 𝛿)  with distribution and density functions denoted by 𝐹𝑋 and 𝑓𝑋 

respectively. Recall the NIG density function (with slight change in notation) as 

 

𝑓𝑋(𝑥) =
𝛼𝑒𝑥𝑝(𝜉 + 𝛽(𝑥 − 𝜇))𝐾1 (𝛼𝛿𝑞 (

𝑥 − 𝜇
𝛿

))

𝜋𝑞 (
𝑥 − 𝜇
𝛿

)
 

 

with 𝜉 = 𝛿√𝛼2 − 𝛽2 and 𝑞(𝑧) = √1 + 𝑧2. It is well known that the Bessel function can be 

approximated as 𝐾1(𝑧) ≈ √
𝜋

2
𝑧−

1

2𝑒𝑥𝑝(−𝑧) for large 𝑧.  The NIG density can therefore be 

approximated by 

 

𝑓𝑋(𝑥) ≈
𝛼𝑒𝑥𝑝(𝜉+𝛽(𝑥−𝜇))√

𝜋

2
(𝛼𝛿𝑞(

𝑥−𝜇

𝛿
))
−
1
2
𝑒𝑥𝑝(−𝛼𝛿𝑞(

𝑥−𝜇

𝛿
))

𝜋𝑞(
𝑥−𝜇

𝛿
)

  for large 𝑥. 

 

Simplifying the approximation of 𝑓𝑋(𝑥) above produces the following approximation of the 

NIG density function: 

 

   𝑓𝑥(𝑥) ≈ 𝐶𝑁𝐼𝐺𝑥
−
3

2𝑒𝑥𝑝[−𝑥(𝛼 − 𝛽)] for large 𝑥,            (3.1) 

 

with 𝐶𝑁𝐼𝐺 some constant. 

 

From this it is clear that the NIG distribution has semi-heavy tails, having a power function 

component as well as an exponential component.  

 

It follows directly from 𝑌 = 𝑒𝑋, that  

 

𝐹𝑌(𝑦) = 𝐹𝑋(𝑙𝑜𝑔(𝑦)) 

 

and 

 

𝑓𝑌(𝑦) = 𝑦
−1𝑓𝑋(𝑙𝑜𝑔(𝑦)). 

 

Note that 𝑦 → ∞ ⇒ 𝑙𝑜𝑔(𝑦) → ∞. From (3.1) it then follows that: 
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𝑓𝑌(𝑦) = 𝑦
−1𝑓𝑋(𝑙𝑜𝑔(𝑦)) ≈ 𝑦

−1𝐶𝑁𝐼𝐺(𝑙𝑜𝑔(𝑦))
−
3

2𝑒𝑥𝑝[−𝑙𝑜𝑔(𝑦)(𝛼 − 𝛽)], for large 𝑦, 

= 𝐶𝑁𝐼𝐺𝑦
−(1+𝛼−𝛽)(𝑙𝑜𝑔(𝑦))

−
3

2. 

 

This last expression can be written as 

 

𝑓𝑌(𝑦) = 𝑦
−(1+𝛼−𝛽)ℓ𝑌(𝑦), as 𝑦 → ∞,  

 

with ℓ𝑌(𝑦) a slowly varying function. 

 

Using Karamata’s Theorem, the survival function of 𝐹𝑌 can then be written as 

 

�̅�𝑌(𝑦) =
1

𝛼−𝛽
𝑦−(𝛼−𝛽)ℓ𝑌(𝑦), 𝑦 → ∞, 

 

(see e.g. de Haan & Ferreira, 2006). 

 

Thus, 𝐹𝑌 is regular varying of order −(𝛼 − 𝛽), written as 𝐹𝑌 ∈ ℛ−(𝛼−𝛽). This implies that the 

LNIG distribution falls within the Frechét-Pareto class of heavy-tailed distributions with EVI 

𝛾 =
1

𝛼−𝛽
. Furthermore, it can also be shown that the LNIG distribution satisfies the second 

order condition mentioned in the previous chapter with second order parameter 𝜌 = 0. 

 

Also, its MEF is approximately given by 𝑒(𝑣) ≈
𝑣

𝛼−𝛽−1
, 𝑣 → ∞. Therefore the MEF is 

approximately linear which is similar to that of the GPD. 

 

The following summarizes the useful properties of the LNIG distribution discussed in this 

section: 

 The EVI of the LNIG distribution is 𝛾 =
1

𝛼−𝛽
,  

 The second order parameter 𝜌 = 0, and 

 The mean excess function 𝑒(𝑣) ≈
𝑣

𝛼−𝛽−1
. 

 

The LNIG distribution is a ‘rich’ family of distributions, having four parameters and 

possessing attractive properties (from an EVT point of view) when considering its use to 
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model the severity distribution. This distributional family enables one to model heavy-tailed 

data using the entire sample as opposed to using only extreme values.  

 

A simulation study was conducted to determine the accuracy of the quantile estimation 

techniques discussed in this chapter.  These techniques are compared to one another, as 

well as to the most widely used techniques discussed in Chapter 3. The simulation design 

and simulation results, together with recommendations on the application of the various 

estimation techniques are given in the following chapter. 
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Chapter 4: A (numerical) comparison of quantile estimation 
techniques for the severity distribution 
 

It was mentioned in Chapter 1 that there are two main approaches to estimating the severity 

distribution’s extreme quantiles, i.e. the full-parametric approach and the approach relating 

to the use of high quantiles only. The full-parametric approach consists of modelling the 

underlying distribution by fitting a statistical distribution to the entire sample of data. The 

latter of the two approaches consist of modelling the underlying distribution by fitting a 

statistical distribution to the tail-part of the sample only. It is for this reason that the quantile 

estimation techniques discussed in both Chapters 2 and 3 will be compared separately 

based on which one of the two main approaches they fall under. The various quantile 

estimation techniques are compared using results obtained from both simulation and 

empirical studies. 

 

The first simulation study consists of a comparison of those quantile estimation techniques 

that are based on the tail-part only. The following quantile estimation techniques were 

considered for this simulation study which is discussed in Section 4.1: 

 The first order EVT quantile estimator (Equation  2.4) which was discussed in Section 

2.2.1 (referred to as W), 

 The first order empirical multiplier quantile estimator (Table  3.3) derived in Section 

3.1.3 using first order EVT estimator for the lower quantile (referred to as EM), 

 The first order asymptotic multiplier quantile estimator (Table 3.4) derived in Section 

3.1.4 using first order EVT estimator for the lower quantile (referred to as AM), 

 The second order EVT quantile estimator (Equation 2.6) which was discussed in 

Section 2.2.2 where a second order assumption was made (referred to as W+), 

 The second order empirical multiplier quantile estimator (Table 3.5) derived in 

Section 3.1.5 using the second order EVT estimator for the lower quantile (referred to 

as EM+), and 

 The second order asymptotic multiplier quantile estimator (Table 3.4) derived in 

Section 3.1.4 using the second order EVT estimator for the lower quantile (referred to 

as AM+). 

 

The second simulation study involves comparing those quantile estimation techniques that 

are based on the full-parametric approach. The following distributions were considered for 

this simulation study which is discussed in Section 4.2: 

 Some popular distributions used in operational risk modelling such as the Burr, 

LogNormal and LogGamma, and 
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 The newly proposed LogNIG distribution discussed in Section 3.2. 

 

Lastly, the most promising quantile estimation techniques are compared using an empirical 

study. The empirical study is discussed in Section 4.3.  

 

It was mentioned that the estimation methodologies discussed in Section 2 are currently 

considered best practice when estimating extreme quantiles of the severity distribution. 

Therefore, these estimation techniques will be considered as the benchmark when 

assessing the newly proposed estimation techniques’ (Section 3) ability to estimate the 

desired quantiles.  

 

 

4.1. A simulation study used to compare the quantile estimation techniques 
which rely on high quantiles only (The EVT simulation study) 
 

 

4.1.1. Simulation design 
 

The multiplier method’s ability to estimate high quantiles can be compared to that of the EVT 

techniques. These techniques were tested on data generated from eight distributions 

(denoted by 𝐺1, 𝐺2, … , 𝐺8) similar to those used to derive the various multipliers in Section 

3.1. The distributions used were subjectively divided into four different groups by considering 

the values of both   (first order parameter) and   (second order parameter). These four 

groups are denoted by 𝐺(1), 𝐺(2), 𝐺(3) and 𝐺(4) respectively with (𝐺1, 𝐺2) ∈ 𝐺
(1), (𝐺3, 𝐺4) ∈

𝐺(2), (𝐺5, 𝐺6) ∈ 𝐺
(3) and (𝐺7, 𝐺8) ∈ 𝐺

(4). Table 4.1 illustrates the distributions that make up 

(𝐺(1), 𝐺(2), 𝐺(3), 𝐺(4)) ∈ 𝐺 and Figure 4.1 illustrates how these distributions are distributed 

with regards to their values of   and  . 
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Table 4.1: A list of the distributions used for the extreme value theory simulation 
study 
Reference 𝑮𝒗 Group Distribution 𝜸 𝝆 𝒒𝟎,𝟏,𝒗 𝒒𝟎,𝟐,𝒗 𝒒𝟎,𝟑,𝒗 

𝐺1 𝐺(1) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,1.5,1) 0.67 -1 21.400 34.085 99.933 

𝐺2 𝐺(1) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,2,0.5) 1 -2 99.995 199.997 999.999 

𝐺3 𝐺(2) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,0.375, 10 3⁄ ) 0.8 -0.3 18.407 37.718 175.458 

𝐺4 𝐺(2) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,0.4,5) 0.5 -0.2 2.811 4.881 15.344 

𝐺5 𝐺(3) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,1.6,2.5) 0.25 -0.4 2.839 3.472 5.399 

𝐺6 𝐺(3) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,2.67,1.25) 0.3 -0.8 3.937 4.865 7.911 

𝐺7 𝐺(4) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,3.5,0.5) 0.57 -2 13.895 20.648 51.795 

𝐺8 𝐺(4) 𝐵𝑢𝑟𝑟𝑋𝐼𝐼(1,8,0.5) 0.25 -2 3.162 3.761 5.623 

 
 

 
Figure 4.1: A scatterplot of the distributions used for the EVT simulation study 

 
 

The probability levels of the quantiles of interest for this simulation are:  

 𝑝0,1 = 0.999,  

 𝑝0,2 = 0.995, and 

 𝑝0,3 = 0.99. 
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The sample sizes that were considered are: 

 𝑛1 = 20, 

 𝑛2 = 50, 

 𝑛3 = 100, 

 𝑛4 = 150, and 

 𝑛5 = 200. 

 

The following algorithm (4.1) was used for the simulation. 

 

Algorithm 4.1:  

1. Let 𝑎, 𝑖, 𝑣 = 1 and generate a sample of size 𝑛𝑖 from 𝐺𝑣 (the index 𝑎 will be used in 

the next step). 

2. Calculate the high quantile 𝑞𝑝0,𝑎,𝑣 = 𝐺𝑣
−1(𝑝0,𝑎) and denote it by 𝑞𝑝0,𝑣 (the subscript 𝑎 

was dropped). 

3. Estimate the low quantile 𝑞𝑝1,𝑏,𝑣 for each 𝑏 = 1,2,3,4 as follows and denote it by 𝑞𝑝1,𝑣 

(the subscript 𝑏 was dropped): 

3.1. First order EVT as �̂�𝑝1,𝑣
(𝑊)

 (see Equation 2.4), and 

3.2. Second order EVT as �̂�𝑝1,𝑣
(𝑊+)

 (see Equation 2.6). 

4. Estimate the high quantile 𝑞𝑝0,𝑣 (as in Step 2) using: 

4.1. First order: 

4.1.1. EVT as �̂�𝑝0,𝑣
(𝑊)

, 

4.1.2. Empirical multipliers as �̂�𝑝0,𝑝1,𝑛,𝑣
(𝐸𝑀)

= 𝐶𝑝0,𝑝1,𝑛
(𝐸𝑀)

�̂�𝑝1,𝑣
(𝑊)

 with 𝐶𝑝0,𝑝1,𝑛
(𝐸𝑀)

 as in Table 

3.3 and �̂�𝑝1,𝑣
(𝑊)

 calculated in Step 3.1, 

4.1.3. Asymptotic multipliers as �̂�𝑝0,𝑝1,𝑣
(𝐴𝑀) = 𝐶𝑝0,𝑝1,∞

(𝐴𝑀)
�̂�𝑝1,𝑣
(𝑊)

 with 𝐶𝑝0,𝑝1,∞
(𝐴𝑀)

 as in 

Table 3.4 and �̂�𝑝1,𝑣
(𝑊)

 calculated in Step 3.1, 

4.2. Second order: 

4.2.1. EVT as �̂�𝑝0,𝑣
(𝑊+)

, 

4.2.2. Empirical multipliers as �̂�𝑝0,𝑝1,𝑛,𝑣
(𝐸𝑀+) = 𝐶𝑝0,𝑝1,𝑛

(𝐸𝑀+)
�̂�𝑝1,𝑣
(𝑊+)

 with 𝐶𝑝0,𝑝1,𝑛
(𝐸𝑀+)

 as in 

Table 3.5 and �̂�𝑝1,𝑣
(𝑊+)

 calculated in Step 3.2, 

4.2.3. Asymptotic multipliers as �̂�𝑝0,𝑝1,𝑣
(𝐴𝑀+) = 𝐶𝑝0,𝑝1,∞

(𝐴𝑀)
�̂�𝑝1,𝑣
(𝑊+)

 with 𝐶𝑝0,𝑝1,∞
(𝐴𝑀)

 as in 

Table 3.4 and �̂�𝑝1,𝑣
(𝑊+)

 calculated in Step 3.2, 

5. Let �̂�∗ denote any of the estimates in Step 4 (this will be used in Step 6). 

6. Repeat steps 1-5 𝑁 = 10,000 times to obtain the following: 
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6.1. Mean squared error as 𝑀𝑆𝐸𝑣
∗ =

1

𝑁
∑ (�̂�𝑛

∗ − 𝑞𝑝0,𝑣  )
2𝑁

𝑛=1 , 

6.2. Root mean squared error as 𝑅𝑀𝑆𝐸𝑣
∗ = √𝑀𝑆𝐸𝑣

∗, 

6.3. Bias using the average of the estimates as 𝐵𝑖𝑎𝑠𝐴𝑣
∗ =

1

𝑁
∑ �̂�𝑛

∗𝑁
𝑛=1 − 𝑞𝑝0,𝑣, and 

6.4. Absolute bias as |𝐵𝑖𝑎𝑠𝐴𝑣
∗ |. 

7. Repeat steps 1-6 for each combination of (𝑎, 𝑖, 𝑣).  

8. End. 

 

Remark: Algorithm 4.1 was applied using the statistical software ‘R’. Furthermore, a 

package ‘evt0’ was used for the calculation of the EVT quantile estimators. A function 

‘mop.q’ in the ‘evt0’ package can be used to calculate the EVT quantile estimates. This 

function uses the mean-of-order-𝑝 class of quantile estimators proposed by Gomes et al. 

(2013). Note that this function uses as input, amongst other, the method used to estimate 

the EVI which can either be the standard first order mean-of-order-𝑝 (MOP) method or the 

second order reduced bias mean-of-order-𝑝 (RBMOP) method. The quantile estimator using 

the MOP method is equivalent to the first order Weissman quantile estimator (Equation 2.4) 

if the order 𝑝 is chosen 𝑝 = 0. Furthermore, the quantile estimator using the RBMOP method 

is equivalent to the second order Weissman quantile estimator (Equation 2.6) if the order 𝑝 

is chosen 𝑝 = 0. Lastly, the choice of 𝑘 used in the calculation of the Hill estimate was taken 

as 𝑘 = 0.2 × 𝑛 for all values of 𝑛 considered. 

 

The results of the simulation study are presented in the next section.  
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4.1.2. Simulation results 
 

The results based on first order EVT (Step 4.1 from Algorithm 4.1) only are presented in the 

next section (4.1.2.1), followed by the results based on second order EVT (Step 4.2 from 

Algorithm 4.1) in Section 4.1.2.2. A final summary of the results are given in Section 4.1.3 in 

which conclusions are given on the performance of the various estimators.  

 

Before the results are presented it is worth mentioning that it is difficult to obtain an overall 

view of the comparative performance of estimators based on the raw values. Use is 

therefore made of relative values whereby each estimator’s performance is taken relative to 

the best one. This leads to all values being in the interval (0,1]. This can be written 

mathematically as 

 

0 <
𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑝0,𝑛,𝑟

𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑝0,𝑛,𝑟,∗
≤ 1 with 𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑝0,𝑛,𝑟 = min∗𝑀𝑒𝑎𝑠𝑢𝑟𝑒𝑝0,𝑛,𝑟,∗  

 

where * denotes the quantile estimators. Note that the value 0 should theoretically be 

excluded, but instead (as will be seen in the following tables) is often encountered due to 

rounding errors. In addition, the value 0 indicates that the corresponding estimator performs 

relatively very poor for the given case. Furthermore, conclusions for both the first and 

second order results are grouped according to the choice of distributional group and sample 

size.  

 

 

4.1.2.1. First order results 
 

The results from the first order EVT simulation study are presented in this section. The 

following three quantile estimators are considered throughout this section: 

 �̂�𝑝0,𝑟
(𝑊)

: First order EVT calculated in Step 4.1.1 in Algorithm 4.1, 

 �̂�𝑝0,𝑝1,𝑛,𝑟
(𝐸𝑀) = 𝐶𝑝0,𝑝1,𝑛

(𝐸𝑀)
× �̂�𝑝1,𝑟

(𝑊)
: First order multiplier using the empirical 𝐶𝑝0,𝑝1,𝑛

(𝐸𝑀)
 calculated 

in Step 4.1.2 in Algorithm 4.1, and 

 �̂�𝑝0,𝑝1,𝑟
(𝐴𝑀)

= 𝐶𝑝0,𝑝1,∞
(𝐴𝑀)

× �̂�
𝑝1,𝑟

(𝑊)
: First order multiplier using the asymptotic 𝐶𝑝0,𝑝1,∞

(𝐴𝑀)
 calculated 

in Step 4.1.3 in Algorithm 4.1. 

 

The results are presented separately for 𝑝0 = 0.999, 𝑝0 = 0.995 and 𝑝0 = 0.99, starting with 

𝑝0 = 0.999 first.  
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Results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

 

Tables 4.2 and 4.3 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 in the first order EVT environment. 

 

Table 4.2: Root mean squared error results of the first order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.999 20 1 0.00 1.00 0.53 0.67 0.65 0.38 0.61 0.67 0.65 

0.999 20 2 0.00 0.73 1.00 0.95 0.93 0.68 0.97 0.95 0.93 

0.999 20 3 0.00 0.88 1.00 0.93 0.91 0.63 0.99 0.93 0.91 

0.999 20 4 0.00 0.83 0.98 1.00 0.95 0.42 1.00 1.00 0.95 

0.999 20 5 0.20 1.00 0.13 0.12 0.10 0.18 0.14 0.12 0.10 

0.999 20 6 0.24 1.00 0.12 0.11 0.09 0.17 0.13 0.11 0.09 

0.999 20 7 0.00 1.00 0.23 0.24 0.22 0.23 0.25 0.24 0.22 

0.999 20 8 0.97 1.00 0.12 0.10 0.09 0.19 0.13 0.10 0.09 

Average 0.18 0.93 0.51 0.51 0.49 0.36 0.53 0.51 0.49 

Group Maximum 0.18 0.93 0.53 

0.999 50 1 0.07 0.80 1.00 1.00 0.96 0.86 1.00 1.00 0.96 

0.999 50 2 0.01 1.00 0.94 0.89 0.87 0.98 0.94 0.89 0.87 

0.999 50 3 0.00 1.00 0.85 0.80 0.77 0.99 0.85 0.80 0.77 

0.999 50 4 0.00 0.81 1.00 0.87 0.79 0.84 1.00 0.87 0.79 

0.999 50 5 1.00 0.28 0.22 0.18 0.16 0.29 0.22 0.18 0.16 

0.999 50 6 1.00 0.18 0.13 0.11 0.10 0.19 0.13 0.11 0.10 

0.999 50 7 0.39 0.94 0.87 0.78 0.71 1.00 0.87 0.78 0.71 

0.999 50 8 1.00 0.08 0.05 0.04 0.03 0.08 0.05 0.04 0.03 

Average 0.43 0.64 0.63 0.58 0.55 0.65 0.63 0.58 0.55 

Group Maximum 0.43 0.64 0.65 

0.999 100 1 0.28 0.97 1.00 0.97 0.92 0.97 1.00 0.97 0.92 

0.999 100 2 0.08 1.00 0.91 0.87 0.84 1.00 0.91 0.87 0.84 

0.999 100 3 0.00 1.00 0.83 0.78 0.76 1.00 0.83 0.78 0.76 

0.999 100 4 0.01 1.00 0.88 0.73 0.66 1.00 0.88 0.73 0.66 

0.999 100 5 1.00 0.18 0.13 0.11 0.10 0.18 0.13 0.11 0.10 

0.999 100 6 1.00 0.11 0.08 0.07 0.06 0.11 0.08 0.07 0.06 

0.999 100 7 1.00 0.81 0.66 0.58 0.53 0.81 0.66 0.58 0.53 

0.999 100 8 1.00 0.05 0.03 0.02 0.02 0.05 0.03 0.02 0.02 

Average 0.55 0.64 0.57 0.52 0.49 0.64 0.57 0.52 0.49 

Group Maximum 0.55 0.64 0.64 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.999 150 1 0.43 1.00 1.00 0.96 0.92 1.00 1.00 0.96 0.92 

0.999 150 2 0.16 1.00 0.90 0.86 0.83 1.00 0.90 0.86 0.83 

0.999 150 3 0.01 1.00 0.83 0.78 0.76 1.00 0.83 0.78 0.76 

0.999 150 4 0.01 1.00 0.74 0.60 0.54 1.00 0.74 0.60 0.54 

0.999 150 5 1.00 0.15 0.11 0.09 0.08 0.15 0.11 0.09 0.08 

0.999 150 6 1.00 0.09 0.06 0.05 0.04 0.09 0.06 0.05 0.04 

0.999 150 7 1.00 0.55 0.45 0.39 0.35 0.55 0.45 0.39 0.35 

0.999 150 8 1.00 0.04 0.02 0.02 0.02 0.04 0.02 0.02 0.02 

Average 0.58 0.60 0.51 0.47 0.44 0.60 0.51 0.47 0.44 

Group Maximum 0.58 0.60 0.60 

0.999 200 1 0.57 1.00 0.97 0.92 0.88 1.00 0.97 0.92 0.88 

0.999 200 2 0.29 1.00 0.90 0.86 0.83 1.00 0.90 0.86 0.83 

0.999 200 3 0.02 1.00 0.83 0.78 0.75 1.00 0.83 0.78 0.75 

0.999 200 4 0.02 1.00 0.65 0.53 0.47 1.00 0.65 0.53 0.47 

0.999 200 5 1.00 0.13 0.10 0.08 0.07 0.13 0.10 0.08 0.07 

0.999 200 6 1.00 0.08 0.05 0.04 0.04 0.08 0.05 0.04 0.04 

0.999 200 7 1.00 0.46 0.37 0.32 0.29 0.46 0.37 0.32 0.29 

0.999 200 8 1.00 0.03 0.02 0.02 0.01 0.03 0.02 0.02 0.01 

Average 0.61 0.59 0.49 0.44 0.42 0.59 0.49 0.44 0.42 

Group Maximum 0.61 0.59 0.59 

 

The following conclusions are drawn from Table 4.2 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 150 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 200  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 
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 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 or the 

EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 
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Table 4.3: Absolute bias results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.999 20 1 0.02 1.00 0.59 0.71 0.68 0.59 0.70 0.71 0.68 

0.999 20 2 0.00 0.47 0.72 0.62 0.60 1.00 0.67 0.62 0.60 

0.999 20 3 0.00 0.52 0.59 0.52 0.51 1.00 0.57 0.52 0.51 

0.999 20 4 0.00 0.26 0.56 0.35 0.31 1.00 0.48 0.35 0.31 

0.999 20 5 0.53 1.00 0.11 0.10 0.09 0.16 0.12 0.10 0.09 

0.999 20 6 0.87 1.00 0.10 0.09 0.08 0.16 0.11 0.09 0.08 

0.999 20 7 0.03 1.00 0.13 0.13 0.12 0.16 0.14 0.13 0.12 

0.999 20 8 1.00 0.23 0.03 0.02 0.02 0.04 0.03 0.02 0.02 

Average 0.31 0.69 0.35 0.32 0.30 0.51 0.36 0.32 0.30 

Group Maximum 0.31 0.69 0.51 

0.999 50 1 0.31 0.91 0.99 0.95 0.90 1.00 0.99 0.95 0.90 

0.999 50 2 0.07 1.00 0.80 0.75 0.72 0.96 0.80 0.75 0.72 

0.999 50 3 0.00 1.00 0.74 0.69 0.66 0.97 0.74 0.69 0.66 

0.999 50 4 0.00 1.00 0.05 0.04 0.03 0.38 0.05 0.04 0.03 

0.999 50 5 1.00 0.15 0.11 0.10 0.08 0.15 0.11 0.10 0.08 

0.999 50 6 1.00 0.07 0.05 0.04 0.04 0.07 0.05 0.04 0.04 

0.999 50 7 1.00 0.50 0.43 0.37 0.34 0.53 0.43 0.37 0.34 

0.999 50 8 1.00 0.01 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

Average 0.55 0.58 0.40 0.37 0.35 0.51 0.40 0.37 0.35 

Group Maximum 0.55 0.58 0.51 

0.999 100 1 0.72 1.00 0.94 0.89 0.84 1.00 0.94 0.89 0.84 

0.999 100 2 0.35 1.00 0.87 0.82 0.79 1.00 0.87 0.82 0.79 

0.999 100 3 0.02 1.00 0.80 0.75 0.73 1.00 0.80 0.75 0.73 

0.999 100 4 0.01 1.00 0.25 0.20 0.17 1.00 0.25 0.20 0.17 

0.999 100 5 1.00 0.12 0.09 0.07 0.06 0.12 0.09 0.07 0.06 

0.999 100 6 1.00 0.05 0.04 0.03 0.03 0.05 0.04 0.03 0.03 

0.999 100 7 1.00 0.21 0.16 0.14 0.13 0.21 0.16 0.14 0.13 

0.999 100 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.64 0.55 0.39 0.36 0.35 0.55 0.39 0.36 0.35 

Group Maximum 0.64 0.55 0.55 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.999 150 1 0.93 1.00 0.93 0.88 0.84 1.00 0.93 0.88 0.84 

0.999 150 2 0.63 1.00 0.88 0.83 0.80 1.00 0.88 0.83 0.80 

0.999 150 3 0.04 1.00 0.81 0.76 0.74 1.00 0.81 0.76 0.74 

0.999 150 4 0.01 1.00 0.30 0.23 0.20 1.00 0.30 0.23 0.20 

0.999 150 5 1.00 0.11 0.08 0.07 0.06 0.11 0.08 0.07 0.06 

0.999 150 6 1.00 0.05 0.03 0.03 0.02 0.05 0.03 0.03 0.02 

0.999 150 7 1.00 0.15 0.12 0.10 0.09 0.15 0.12 0.10 0.09 

0.999 150 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.70 0.54 0.39 0.36 0.34 0.54 0.39 0.36 0.34 

Group Maximum 0.70 0.54 0.54 

0.999 200 1 1.00 0.87 0.80 0.75 0.71 0.87 0.80 0.75 0.71 

0.999 200 2 0.96 1.00 0.88 0.84 0.81 1.00 0.88 0.84 0.81 

0.999 200 3 0.05 1.00 0.81 0.76 0.74 1.00 0.81 0.76 0.74 

0.999 200 4 0.01 1.00 0.32 0.25 0.23 1.00 0.32 0.25 0.23 

0.999 200 5 1.00 0.10 0.07 0.06 0.05 0.10 0.07 0.06 0.05 

0.999 200 6 1.00 0.04 0.03 0.02 0.02 0.04 0.03 0.02 0.02 

0.999 200 7 1.00 0.11 0.09 0.08 0.07 0.11 0.09 0.08 0.07 

0.999 200 8 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Average 0.75 0.52 0.38 0.35 0.33 0.52 0.38 0.35 0.33 

Group Maximum 0.75 0.52 0.52 

 

The following conclusions are drawn from Table 4.3 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 
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 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

Note that the only difference in the conclusions made (for 𝑝0 = 0.001) between minimizing 

the RMSE and absolute bias is the use of EVT only for larger sample sizes when the 

underlying distribution is unknown, i.e. 100 ≤ 𝑛 ≤ 200 with 𝐺. 
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Results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

 

Tables 4.4 and 4.5 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 in the first order EVT environment. 

 

Table 4.4: Root mean squared error results of the first order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.995 20 1 0.02 1.00 0.76 0.97 0.94 0.51 0.86 0.97 0.94 

0.995 20 2 0.00 0.48 0.94 1.00 0.98 0.27 0.93 1.00 0.98 

0.995 20 3 0.00 0.73 1.00 0.93 0.90 0.45 0.99 0.93 0.90 

0.995 20 4 0.00 0.80 1.00 0.96 0.92 0.51 1.00 0.96 0.92 

0.995 20 5 0.38 1.00 0.22 0.20 0.17 0.32 0.24 0.20 0.17 

0.995 20 6 0.46 1.00 0.20 0.18 0.15 0.31 0.22 0.18 0.15 

0.995 20 7 0.06 1.00 0.41 0.43 0.39 0.41 0.47 0.43 0.39 

0.995 20 8 1.00 0.83 0.16 0.13 0.11 0.27 0.17 0.13 0.11 

Average 0.24 0.86 0.59 0.60 0.57 0.38 0.61 0.60 0.57 

Group Maximum 0.24 0.86 0.61 

0.995 50 1 0.17 1.00 0.79 0.81 0.77 0.63 0.79 0.81 0.77 

0.995 50 2 0.06 0.73 1.00 0.94 0.91 0.92 1.00 0.94 0.91 

0.995 50 3 0.01 0.84 0.86 0.79 0.76 1.00 0.86 0.79 0.76 

0.995 50 4 0.02 0.85 1.00 0.88 0.82 0.97 1.00 0.88 0.82 

0.995 50 5 0.87 1.00 0.22 0.18 0.15 0.31 0.22 0.18 0.15 

0.995 50 6 1.00 0.88 0.18 0.14 0.12 0.27 0.18 0.14 0.12 

0.995 50 7 0.23 1.00 0.29 0.25 0.23 0.33 0.29 0.25 0.23 

0.995 50 8 1.00 0.41 0.09 0.07 0.05 0.14 0.09 0.07 0.05 

Average 0.42 0.84 0.55 0.51 0.47 0.57 0.55 0.51 0.47 

Group Maximum 0.42 0.84 0.57 

0.995 100 1 0.42 0.83 1.00 0.98 0.92 0.90 1.00 0.98 0.92 

0.995 100 2 0.17 1.00 0.89 0.83 0.79 0.97 0.89 0.83 0.79 

0.995 100 3 0.04 1.00 0.77 0.71 0.68 0.98 0.77 0.71 0.68 

0.995 100 4 0.07 1.00 0.77 0.66 0.61 0.99 0.77 0.66 0.61 

0.995 100 5 1.00 0.23 0.17 0.14 0.12 0.24 0.17 0.14 0.12 

0.995 100 6 1.00 0.17 0.12 0.09 0.08 0.18 0.12 0.09 0.08 

0.995 100 7 1.00 0.82 0.70 0.60 0.53 0.88 0.70 0.60 0.53 

0.995 100 8 1.00 0.09 0.06 0.04 0.03 0.09 0.06 0.04 0.03 

Average 0.59 0.64 0.56 0.51 0.47 0.65 0.56 0.51 0.47 

Group Maximum 0.59 0.64 0.65 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.995 150 1 0.54 0.97 1.00 0.95 0.89 0.97 1.00 0.95 0.89 

0.995 150 2 0.31 1.00 0.87 0.81 0.77 1.00 0.87 0.81 0.77 

0.995 150 3 0.09 1.00 0.78 0.71 0.69 1.00 0.78 0.71 0.69 

0.995 150 4 0.09 1.00 0.70 0.59 0.54 1.00 0.70 0.59 0.54 

0.995 150 5 1.00 0.21 0.14 0.12 0.10 0.21 0.14 0.12 0.10 

0.995 150 6 1.00 0.14 0.09 0.07 0.06 0.14 0.09 0.07 0.06 

0.995 150 7 1.00 0.67 0.52 0.44 0.39 0.67 0.52 0.44 0.39 

0.995 150 8 1.00 0.07 0.04 0.03 0.03 0.07 0.04 0.03 0.03 

Average 0.63 0.63 0.52 0.47 0.43 0.63 0.52 0.47 0.43 

Group Maximum 0.63 0.63 0.63 

0.995 200 1 0.64 1.00 1.00 0.94 0.88 1.00 1.00 0.94 0.88 

0.995 200 2 0.41 1.00 0.86 0.79 0.75 1.00 0.86 0.79 0.75 

0.995 200 3 0.12 1.00 0.77 0.71 0.68 1.00 0.77 0.71 0.68 

0.995 200 4 0.11 1.00 0.66 0.56 0.51 1.00 0.66 0.56 0.51 

0.995 200 5 1.00 0.19 0.13 0.11 0.09 0.19 0.13 0.11 0.09 

0.995 200 6 1.00 0.12 0.08 0.06 0.05 0.12 0.08 0.06 0.05 

0.995 200 7 1.00 0.55 0.41 0.34 0.30 0.55 0.41 0.34 0.30 

0.995 200 8 1.00 0.06 0.04 0.03 0.02 0.06 0.04 0.03 0.02 

Average 0.66 0.61 0.49 0.44 0.41 0.61 0.49 0.44 0.41 

Group Maximum 0.66 0.61 0.61 

 

The following conclusions are drawn from Table 4.4 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 150 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 200 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 
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 For 𝑛 ≥ 100 use the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 50, otherwise �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 50, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. for 

𝑛 ≤ 50, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 or the 

EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 
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Table 4.5: Absolute bias results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.995 20 1 0.08 1.00 0.56 0.73 0.68 0.56 0.72 0.73 0.68 

0.995 20 2 0.00 0.23 0.35 0.26 0.24 1.00 0.31 0.26 0.24 

0.995 20 3 0.00 0.42 0.39 0.33 0.32 1.00 0.38 0.33 0.32 

0.995 20 4 0.00 0.08 0.10 0.07 0.07 1.00 0.09 0.07 0.07 

0.995 20 5 0.82 1.00 0.17 0.15 0.13 0.26 0.18 0.15 0.13 

0.995 20 6 1.00 0.71 0.11 0.10 0.08 0.19 0.13 0.10 0.08 

0.995 20 7 0.08 1.00 0.09 0.09 0.08 0.13 0.11 0.09 0.08 

0.995 20 8 1.00 0.16 0.03 0.02 0.02 0.05 0.03 0.02 0.02 

Average 0.37 0.58 0.22 0.22 0.20 0.52 0.24 0.22 0.20 

Group Maximum 0.37 0.58 0.52 

0.995 50 1 0.42 1.00 0.82 0.77 0.71 0.83 0.82 0.77 0.71 

0.995 50 2 0.20 0.48 0.68 0.61 0.58 1.00 0.68 0.61 0.58 

0.995 50 3 0.04 0.67 0.66 0.60 0.58 1.00 0.66 0.60 0.58 

0.995 50 4 0.03 0.32 0.38 0.31 0.29 1.00 0.38 0.31 0.29 

0.995 50 5 1.00 0.64 0.12 0.10 0.09 0.18 0.12 0.10 0.09 

0.995 50 6 1.00 0.33 0.06 0.05 0.04 0.09 0.06 0.05 0.04 

0.995 50 7 0.32 1.00 0.10 0.09 0.08 0.14 0.10 0.09 0.08 

0.995 50 8 1.00 0.06 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

Average 0.50 0.56 0.36 0.32 0.30 0.53 0.36 0.32 0.30 

Group Maximum 0.50 0.56 0.53 

0.995 100 1 0.88 0.87 0.92 0.85 0.79 1.00 0.92 0.85 0.79 

0.995 100 2 0.60 1.00 0.70 0.63 0.60 0.93 0.70 0.63 0.60 

0.995 100 3 0.12 1.00 0.69 0.63 0.61 0.97 0.69 0.63 0.61 

0.995 100 4 0.07 1.00 0.41 0.34 0.31 0.88 0.41 0.34 0.31 

0.995 100 5 1.00 0.14 0.10 0.08 0.07 0.15 0.10 0.08 0.07 

0.995 100 6 1.00 0.07 0.05 0.04 0.03 0.07 0.05 0.04 0.03 

0.995 100 7 1.00 0.19 0.15 0.12 0.11 0.20 0.15 0.12 0.11 

0.995 100 8 1.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 

Average 0.71 0.53 0.38 0.34 0.32 0.53 0.38 0.34 0.32 

Group Maximum 0.71 0.53 0.53 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.995 150 1 1.00 0.90 0.81 0.74 0.68 0.90 0.81 0.74 0.68 

0.995 150 2 1.00 0.94 0.72 0.66 0.62 0.94 0.72 0.66 0.62 

0.995 150 3 0.18 1.00 0.74 0.68 0.65 1.00 0.74 0.68 0.65 

0.995 150 4 0.10 1.00 0.49 0.41 0.37 1.00 0.49 0.41 0.37 

0.995 150 5 1.00 0.14 0.09 0.08 0.07 0.14 0.09 0.08 0.07 

0.995 150 6 1.00 0.06 0.04 0.03 0.03 0.06 0.04 0.03 0.03 

0.995 150 7 1.00 0.14 0.10 0.09 0.08 0.14 0.10 0.09 0.08 

0.995 150 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.79 0.52 0.38 0.34 0.31 0.52 0.38 0.34 0.31 

Group Maximum 0.79 0.52 0.52 

0.995 200 1 1.00 0.79 0.70 0.64 0.59 0.79 0.70 0.64 0.59 

0.995 200 2 1.00 0.68 0.53 0.48 0.46 0.68 0.53 0.48 0.46 

0.995 200 3 0.21 1.00 0.74 0.68 0.65 1.00 0.74 0.68 0.65 

0.995 200 4 0.12 1.00 0.51 0.42 0.39 1.00 0.51 0.42 0.39 

0.995 200 5 1.00 0.13 0.09 0.07 0.06 0.13 0.09 0.07 0.06 

0.995 200 6 1.00 0.06 0.04 0.03 0.03 0.06 0.04 0.03 0.03 

0.995 200 7 1.00 0.10 0.07 0.06 0.05 0.10 0.07 0.06 0.05 

0.995 200 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.79 0.47 0.34 0.30 0.28 0.47 0.34 0.30 0.28 

Group Maximum 0.79 0.47 0.47 

 

The following conclusions are drawn from Table 4.5 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 100 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For any 𝑛 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 
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o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For any 𝑛 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

 for 

𝑛 ≤ 50, otherwise use the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝐺(2) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 
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Results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗 

 

Tables 4.6 and 4.7 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗 in the first order EVT environment. 

 

Table 4.6: Root mean squared error results of the first order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.99 20 1 0.06 0.88 0.87 1.00 0.97 0.49 0.87 1.00 0.97 

0.99 20 2 0.00 0.53 0.91 1.00 0.98 0.31 0.91 1.00 0.98 

0.99 20 3 0.00 0.58 1.00 0.95 0.91 0.33 1.00 0.95 0.91 

0.99 20 4 0.00 0.79 1.00 0.95 0.91 0.51 1.00 0.95 0.91 

0.99 20 5 0.34 1.00 0.19 0.15 0.13 0.27 0.19 0.15 0.13 

0.99 20 6 0.39 1.00 0.18 0.14 0.12 0.26 0.18 0.14 0.12 

0.99 20 7 0.14 1.00 0.57 0.53 0.47 0.48 0.57 0.53 0.47 

0.99 20 8 0.67 1.00 0.14 0.10 0.08 0.23 0.14 0.10 0.08 

Average 0.20 0.85 0.61 0.60 0.57 0.36 0.61 0.60 0.57 

Group Maximum 0.20 0.85 0.61 

0.99 50 1 0.23 1.00 0.93 0.97 0.92 0.68 0.93 0.97 0.92 

0.99 50 2 0.13 0.75 1.00 0.95 0.90 0.80 1.00 0.95 0.90 

0.99 50 3 0.03 0.94 0.93 0.84 0.80 1.00 0.93 0.84 0.80 

0.99 50 4 0.08 0.93 1.00 0.88 0.82 0.95 1.00 0.88 0.82 

0.99 50 5 0.87 1.00 0.24 0.19 0.16 0.36 0.24 0.19 0.16 

0.99 50 6 1.00 0.91 0.21 0.16 0.13 0.33 0.21 0.16 0.13 

0.99 50 7 0.34 1.00 0.40 0.35 0.30 0.46 0.40 0.35 0.30 

0.99 50 8 1.00 0.48 0.11 0.08 0.07 0.19 0.11 0.08 0.07 

Average 0.46 0.88 0.60 0.55 0.51 0.60 0.60 0.55 0.51 

Group Maximum 0.46 0.88 0.60 

0.99 100 1 0.47 0.80 1.00 0.99 0.92 0.86 1.00 0.99 0.92 

0.99 100 2 0.30 1.00 0.95 0.87 0.82 0.98 0.95 0.87 0.82 

0.99 100 3 0.14 1.00 0.75 0.68 0.64 0.98 0.75 0.68 0.64 

0.99 100 4 0.16 1.00 0.76 0.65 0.60 0.99 0.76 0.65 0.60 

0.99 100 5 1.00 0.28 0.19 0.15 0.13 0.29 0.19 0.15 0.13 

0.99 100 6 1.00 0.21 0.14 0.11 0.09 0.23 0.14 0.11 0.09 

0.99 100 7 1.00 0.84 0.70 0.58 0.51 0.90 0.70 0.58 0.51 

0.99 100 8 1.00 0.12 0.07 0.05 0.04 0.13 0.07 0.05 0.04 

Average 0.63 0.66 0.57 0.51 0.47 0.67 0.57 0.51 0.47 

Group Maximum 0.63 0.66 0.67 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.99 150 1 0.58 0.93 1.00 0.95 0.88 0.93 1.00 0.95 0.88 

0.99 150 2 0.42 1.00 0.88 0.80 0.75 1.00 0.88 0.80 0.75 

0.99 150 3 0.20 1.00 0.74 0.67 0.63 1.00 0.74 0.67 0.63 

0.99 150 4 0.20 1.00 0.70 0.59 0.55 1.00 0.70 0.59 0.55 

0.99 150 5 1.00 0.25 0.16 0.12 0.11 0.25 0.16 0.12 0.11 

0.99 150 6 1.00 0.19 0.11 0.09 0.07 0.19 0.11 0.09 0.07 

0.99 150 7 1.00 0.74 0.54 0.44 0.38 0.74 0.54 0.44 0.38 

0.99 150 8 1.00 0.10 0.06 0.04 0.03 0.10 0.06 0.04 0.03 

Average 0.68 0.65 0.52 0.46 0.43 0.65 0.52 0.46 0.43 

Group Maximum 0.68 0.65 0.65 

0.99 200 1 0.66 0.88 1.00 0.94 0.87 0.97 1.00 0.94 0.87 

0.99 200 2 0.47 1.00 0.81 0.72 0.68 0.96 0.81 0.72 0.68 

0.99 200 3 0.25 1.00 0.70 0.63 0.60 0.97 0.70 0.63 0.60 

0.99 200 4 0.22 1.00 0.64 0.54 0.49 0.96 0.64 0.54 0.49 

0.99 200 5 1.00 0.21 0.14 0.11 0.09 0.22 0.14 0.11 0.09 

0.99 200 6 1.00 0.15 0.10 0.07 0.06 0.16 0.10 0.07 0.06 

0.99 200 7 1.00 0.58 0.45 0.37 0.32 0.63 0.45 0.37 0.32 

0.99 200 8 1.00 0.09 0.05 0.04 0.03 0.09 0.05 0.04 0.03 

Average 0.70 0.61 0.49 0.43 0.39 0.62 0.49 0.43 0.39 

Group Maximum 0.70 0.61 0.62 

 

The following conclusions are drawn from Table 4.6 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 150 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 150 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 
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 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 50, otherwise use �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 50, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 50, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 
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Table 4.7: Absolute bias results of the first order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.99 20 1 0.17 0.76 0.99 1.00 0.92 0.72 0.99 1.00 0.92 

0.99 20 2 0.00 0.10 0.16 0.12 0.11 1.00 0.16 0.12 0.11 

0.99 20 3 0.00 0.24 0.20 0.17 0.16 1.00 0.20 0.17 0.16 

0.99 20 4 0.00 0.06 0.07 0.05 0.05 1.00 0.07 0.05 0.05 

0.99 20 5 0.24 1.00 0.05 0.04 0.03 0.07 0.05 0.04 0.03 

0.99 20 6 0.48 1.00 0.06 0.04 0.04 0.09 0.06 0.04 0.04 

0.99 20 7 0.34 1.00 0.32 0.27 0.23 0.40 0.32 0.27 0.23 

0.99 20 8 1.00 0.31 0.03 0.02 0.02 0.05 0.03 0.02 0.02 

Average 0.28 0.56 0.23 0.21 0.20 0.54 0.23 0.21 0.20 

Group Maximum 0.28 0.56 0.54 

0.99 50 1 0.50 1.00 0.85 0.79 0.72 0.86 0.85 0.79 0.72 

0.99 50 2 0.25 0.40 0.54 0.46 0.43 1.00 0.54 0.46 0.43 

0.99 50 3 0.10 0.64 0.57 0.51 0.48 1.00 0.57 0.51 0.48 

0.99 50 4 0.07 0.36 0.36 0.29 0.27 1.00 0.36 0.29 0.27 

0.99 50 5 1.00 0.58 0.12 0.09 0.08 0.18 0.12 0.09 0.08 

0.99 50 6 1.00 0.29 0.06 0.04 0.04 0.09 0.06 0.04 0.04 

0.99 50 7 0.32 1.00 0.09 0.07 0.06 0.13 0.09 0.07 0.06 

0.99 50 8 1.00 0.05 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

Average 0.53 0.54 0.33 0.28 0.26 0.53 0.33 0.28 0.26 

Group Maximum 0.53 0.54 0.53 

0.99 100 1 0.95 0.85 0.89 0.80 0.73 1.00 0.89 0.80 0.73 

0.99 100 2 0.75 1.00 0.59 0.52 0.48 0.90 0.59 0.52 0.48 

0.99 100 3 0.25 1.00 0.62 0.56 0.53 0.96 0.62 0.56 0.53 

0.99 100 4 0.16 1.00 0.42 0.35 0.32 0.89 0.42 0.35 0.32 

0.99 100 5 1.00 0.14 0.10 0.08 0.06 0.15 0.10 0.08 0.06 

0.99 100 6 1.00 0.07 0.04 0.03 0.03 0.07 0.04 0.03 0.03 

0.99 100 7 1.00 0.18 0.13 0.11 0.09 0.20 0.13 0.11 0.09 

0.99 100 8 1.00 0.01 0.01 0.01 0.00 0.01 0.01 0.01 0.00 

Average 0.76 0.53 0.35 0.31 0.28 0.52 0.35 0.31 0.28 

Group Maximum 0.76 0.53 0.52 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴)

 

0.99 150 1 1.00 0.82 0.70 0.62 0.56 0.82 0.70 0.62 0.56 

0.99 150 2 1.00 0.74 0.51 0.44 0.41 0.74 0.51 0.44 0.41 

0.99 150 3 0.35 1.00 0.67 0.60 0.57 1.00 0.67 0.60 0.57 

0.99 150 4 0.23 1.00 0.50 0.41 0.38 1.00 0.50 0.41 0.38 

0.99 150 5 1.00 0.14 0.09 0.07 0.06 0.14 0.09 0.07 0.06 

0.99 150 6 1.00 0.07 0.04 0.03 0.03 0.07 0.04 0.03 0.03 

0.99 150 7 1.00 0.14 0.09 0.08 0.07 0.14 0.09 0.08 0.07 

0.99 150 8 1.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 

Average 0.82 0.49 0.33 0.28 0.26 0.49 0.33 0.28 0.26 

Group Maximum 0.82 0.49 0.49 

0.99 200 1 1.00 0.63 0.62 0.55 0.50 0.74 0.62 0.55 0.50 

0.99 200 2 1.00 0.65 0.41 0.36 0.33 0.59 0.41 0.36 0.33 

0.99 200 3 0.39 1.00 0.65 0.59 0.56 0.96 0.65 0.59 0.56 

0.99 200 4 0.24 1.00 0.47 0.39 0.36 0.91 0.47 0.39 0.36 

0.99 200 5 1.00 0.13 0.08 0.07 0.06 0.13 0.08 0.07 0.06 

0.99 200 6 1.00 0.06 0.04 0.03 0.02 0.06 0.04 0.03 0.02 

0.99 200 7 1.00 0.09 0.06 0.05 0.04 0.10 0.06 0.05 0.04 

0.99 200 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.83 0.44 0.29 0.25 0.23 0.44 0.29 0.25 0.23 

Group Maximum 0.83 0.44 0.44 

 

 

The following conclusions are drawn from Table 4.7 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 100 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 
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 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

 for 

𝑛 ≤ 50, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝐺(2) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑀𝑂𝑃)

. 

 

A final summary of the first order EVT simulation results are given in Section 4.1.3, but first 

the simulation results (from Steps 6.2 and 6.4 in Algorithm 4.1) obtained using the second 

order quantile estimators (from Step 4.2 in Algorithm 4.1) are presented in the following 

section.  
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4.1.2.2. Second order results 
 

The results from the second order EVT simulation study are presented in this section. The 

following three quantile estimators are considered throughout this section: 

 �̂�𝑝0,𝑟
(𝑊+)

: Second order EVT calculated in Step 4.2.1 in Algorithm 4.1, 

 �̂�𝑝0,𝑝1,𝑛,𝑟
(𝐸𝑀+)

= 𝐶𝑝0,𝑝1,𝑛
(𝐸𝑀+) × �̂�

𝑝1,𝑟

(𝑊+)
: Second order multiplier using the empirical 𝐶𝑝0,𝑝1,𝑛

(𝐸𝑀+)
 

calculated in Step 4.2.2 in Algorithm 4.1, and 

 �̂�𝑝0,𝑝1,𝑟
(𝐴𝑀+)

= 𝐶𝑝0,𝑝1,∞
(𝐴𝑀)

× �̂�
𝑝1,𝑟

(𝑊+)
: Second order multiplier using the asymptotic 𝐶𝑝0,𝑝1,∞

(𝐴𝑀)
 

calculated in Step 4.2.3 in Algorithm 4.1. 

 

The second order EVT results are presented next. 
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Results of the second order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

 

Tables 4.8 and 4.9 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 in the second order EVT 

environment. 

 

Table 4.8: Root mean squared error results of the second order EVT simulation study 

for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.999 20 1 0.00 1.00 0.65 0.74 0.68 0.49 0.74 0.74 0.68 

0.999 20 2 0.00 0.00 0.00 0.01 1.00 0.00 0.00 0.01 1.00 

0.999 20 3 0.00 0.90 1.00 0.96 0.94 0.90 0.99 0.96 0.94 

0.999 20 4 0.00 0.79 1.00 0.97 0.94 0.71 1.00 0.97 0.94 

0.999 20 5 0.30 1.00 0.11 0.10 0.08 0.16 0.12 0.10 0.08 

0.999 20 6 0.28 1.00 0.11 0.09 0.08 0.16 0.11 0.09 0.08 

0.999 20 7 0.00 0.22 0.87 1.00 0.89 0.06 0.96 1.00 0.89 

0.999 20 8 0.01 1.00 0.12 0.10 0.08 0.19 0.13 0.10 0.08 

Average 0.07 0.74 0.48 0.50 0.59 0.34 0.51 0.50 0.59 

Group Maximum 0.07 0.74 0.59 

0.999 50 1 0.11 0.90 1.00 0.91 0.82 0.97 1.00 0.91 0.82 

0.999 50 2 0.01 1.00 0.96 0.94 0.92 0.98 0.96 0.94 0.92 

0.999 50 3 0.00 1.00 0.91 0.88 0.86 0.99 0.91 0.88 0.86 

0.999 50 4 0.01 1.00 0.91 0.84 0.80 0.99 0.91 0.84 0.80 

0.999 50 5 1.00 0.15 0.11 0.09 0.08 0.16 0.11 0.09 0.08 

0.999 50 6 1.00 0.13 0.09 0.07 0.06 0.13 0.09 0.07 0.06 

0.999 50 7 0.40 0.94 0.83 0.72 0.64 1.00 0.83 0.72 0.64 

0.999 50 8 1.00 0.07 0.05 0.04 0.03 0.08 0.05 0.04 0.03 

Average 0.44 0.65 0.61 0.56 0.53 0.66 0.61 0.56 0.53 

Group Maximum 0.44 0.65 0.66 

0.999 100 1 0.32 1.00 0.91 0.80 0.72 1.00 0.91 0.80 0.72 

0.999 100 2 0.10 1.00 0.94 0.92 0.90 1.00 0.94 0.92 0.90 

0.999 100 3 0.03 1.00 0.92 0.89 0.87 1.00 0.92 0.89 0.87 

0.999 100 4 0.05 1.00 0.85 0.78 0.74 1.00 0.85 0.78 0.74 

0.999 100 5 1.00 0.09 0.06 0.05 0.04 0.09 0.06 0.05 0.04 

0.999 100 6 1.00 0.08 0.06 0.05 0.04 0.08 0.06 0.05 0.04 

0.999 100 7 1.00 0.80 0.63 0.54 0.48 0.80 0.63 0.54 0.48 

0.999 100 8 1.00 0.05 0.03 0.02 0.02 0.05 0.03 0.02 0.02 

Average 0.56 0.63 0.55 0.51 0.48 0.63 0.55 0.51 0.48 

Group Maximum 0.56 0.63 0.63 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.999 150 1 0.48 0.91 0.87 0.76 0.68 1.00 0.87 0.76 0.68 

0.999 150 2 0.19 1.00 0.91 0.88 0.87 0.97 0.91 0.88 0.87 

0.999 150 3 0.10 1.00 0.91 0.88 0.86 0.99 0.91 0.88 0.86 

0.999 150 4 0.09 1.00 0.79 0.72 0.68 0.96 0.79 0.72 0.68 

0.999 150 5 1.00 0.07 0.05 0.04 0.03 0.07 0.05 0.04 0.03 

0.999 150 6 1.00 0.06 0.04 0.03 0.03 0.06 0.04 0.03 0.03 

0.999 150 7 1.00 0.50 0.42 0.36 0.32 0.54 0.42 0.36 0.32 

0.999 150 8 1.00 0.04 0.02 0.02 0.02 0.04 0.02 0.02 0.02 

Average 0.61 0.57 0.50 0.46 0.44 0.58 0.50 0.46 0.44 

Group Maximum 0.61 0.57 0.58 

0.999 200 1 0.62 0.90 0.83 0.71 0.64 1.00 0.83 0.71 0.64 

0.999 200 2 0.34 1.00 0.91 0.88 0.86 0.97 0.91 0.88 0.86 

0.999 200 3 0.18 1.00 0.91 0.88 0.86 0.99 0.91 0.88 0.86 

0.999 200 4 0.14 1.00 0.77 0.70 0.67 0.95 0.77 0.70 0.67 

0.999 200 5 1.00 0.05 0.04 0.03 0.03 0.06 0.04 0.03 0.03 

0.999 200 6 1.00 0.05 0.04 0.03 0.02 0.05 0.04 0.03 0.02 

0.999 200 7 1.00 0.43 0.36 0.30 0.27 0.46 0.36 0.30 0.27 

0.999 200 8 1.00 0.03 0.02 0.02 0.01 0.03 0.02 0.02 0.01 

Average 0.66 0.56 0.48 0.44 0.42 0.56 0.48 0.44 0.42 

Group Maximum 0.66 0.56 0.56 

 

 

The following conclusions are drawn from Table 4.8 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 150  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For any 𝑛 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.8,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 or the 

EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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Table 4.9: Absolute bias results of the second order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.999 20 1 0.02 0.95 0.78 0.85 0.75 1.00 0.97 0.85 0.75 

0.999 20 2 0.00 0.00 0.00 0.58 1.00 0.00 0.00 0.58 1.00 

0.999 20 3 0.00 0.74 0.84 0.79 0.78 1.00 0.83 0.79 0.78 

0.999 20 4 0.00 0.33 0.59 0.47 0.45 1.00 0.54 0.47 0.45 

0.999 20 5 1.00 0.87 0.08 0.07 0.06 0.12 0.09 0.07 0.06 

0.999 20 6 1.00 0.59 0.05 0.05 0.04 0.08 0.06 0.05 0.04 

0.999 20 7 0.00 1.00 0.20 0.19 0.17 0.20 0.22 0.19 0.17 

0.999 20 8 1.00 0.92 0.10 0.08 0.07 0.17 0.11 0.08 0.07 

Average 0.38 0.67 0.33 0.39 0.41 0.45 0.35 0.39 0.41 

Group Maximum 0.38 0.67 0.45 

0.999 50 1 0.58 0.88 0.79 0.67 0.59 1.00 0.79 0.67 0.59 

0.999 50 2 0.11 1.00 0.86 0.83 0.81 0.97 0.86 0.83 0.81 

0.999 50 3 0.03 1.00 0.88 0.85 0.83 0.99 0.88 0.85 0.83 

0.999 50 4 0.04 1.00 0.65 0.58 0.55 0.93 0.65 0.58 0.55 

0.999 50 5 1.00 0.04 0.03 0.03 0.02 0.04 0.03 0.03 0.02 

0.999 50 6 1.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 

0.999 50 7 1.00 0.30 0.24 0.20 0.18 0.32 0.24 0.20 0.18 

0.999 50 8 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Average 0.59 0.53 0.43 0.40 0.37 0.53 0.43 0.40 0.37 

Group Maximum 0.59 0.53 0.53 

0.999 100 1 1.00 0.40 0.30 0.26 0.23 0.40 0.30 0.26 0.23 

0.999 100 2 0.60 1.00 0.91 0.88 0.86 1.00 0.91 0.88 0.86 

0.999 100 3 0.18 1.00 0.91 0.88 0.86 1.00 0.91 0.88 0.86 

0.999 100 4 0.12 1.00 0.74 0.66 0.63 1.00 0.74 0.66 0.63 

0.999 100 5 1.00 0.03 0.02 0.02 0.01 0.03 0.02 0.02 0.01 

0.999 100 6 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

0.999 100 7 1.00 0.07 0.05 0.04 0.04 0.07 0.05 0.04 0.04 

0.999 100 8 1.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Average 0.74 0.44 0.37 0.34 0.33 0.44 0.37 0.34 0.33 

Group Maximum 0.74 0.44 0.44 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.999 150 1 1.00 0.08 0.07 0.06 0.05 0.09 0.07 0.06 0.05 

0.999 150 2 1.00 0.78 0.69 0.67 0.66 0.76 0.69 0.67 0.66 

0.999 150 3 0.35 1.00 0.90 0.87 0.86 0.99 0.90 0.87 0.86 

0.999 150 4 0.17 1.00 0.70 0.63 0.60 0.93 0.70 0.63 0.60 

0.999 150 5 1.00 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.999 150 6 1.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 

0.999 150 7 1.00 0.02 0.02 0.01 0.01 0.02 0.02 0.01 0.01 

0.999 150 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.82 0.36 0.30 0.28 0.27 0.35 0.30 0.28 0.27 

Group Maximum 0.82 0.36 0.35 

0.999 200 1 1.00 0.11 0.09 0.08 0.07 0.12 0.09 0.08 0.07 

0.999 200 2 1.00 0.40 0.35 0.34 0.33 0.38 0.35 0.34 0.33 

0.999 200 3 0.46 1.00 0.91 0.87 0.86 0.99 0.91 0.87 0.86 

0.999 200 4 0.23 1.00 0.72 0.65 0.61 0.94 0.72 0.65 0.61 

0.999 200 5 1.00 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.999 200 6 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

0.999 200 7 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

0.999 200 8 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

Average 0.84 0.32 0.26 0.25 0.24 0.31 0.26 0.25 0.24 

Group Maximum 0.84 0.32 0.31 

 

The following conclusions are drawn from Table 4.9 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For any 𝑛 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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Results of the second order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

 

Tables 4.10 and 4.11 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 in the second order EVT 

environment. 

 

Table 4.10: Root mean squared error results of the second order EVT simulation study 

for 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.995 20 1 0.00 0.00 0.18 1.00 0.95 0.00 0.18 1.00 0.95 

0.995 20 2 0.00 0.01 0.52 1.00 1.00 0.01 0.52 1.00 1.00 

0.995 20 3 0.00 0.92 1.00 0.96 0.94 0.83 1.00 0.96 0.94 

0.995 20 4 0.00 0.87 1.00 0.97 0.94 0.84 1.00 0.97 0.94 

0.995 20 5 0.49 1.00 0.19 0.15 0.13 0.28 0.19 0.15 0.13 

0.995 20 6 0.04 1.00 0.21 0.16 0.14 0.31 0.21 0.16 0.14 

0.995 20 7 0.00 0.79 1.00 0.91 0.79 0.39 1.00 0.91 0.79 

0.995 20 8 0.01 1.00 0.27 0.21 0.17 0.37 0.27 0.21 0.17 

Average 0.07 0.70 0.55 0.67 0.63 0.38 0.55 0.67 0.63 

Group Maximum 0.07 0.70 0.67 

0.995 50 1 0.28 0.83 0.83 0.92 0.81 0.88 1.00 0.92 0.81 

0.995 50 2 0.07 0.88 1.00 0.92 0.90 0.87 0.94 0.92 0.90 

0.995 50 3 0.05 1.00 0.90 0.85 0.83 0.99 0.89 0.85 0.83 

0.995 50 4 0.09 1.00 0.94 0.84 0.81 0.98 0.90 0.84 0.81 

0.995 50 5 1.00 0.22 0.13 0.12 0.10 0.23 0.15 0.12 0.10 

0.995 50 6 1.00 0.21 0.12 0.11 0.09 0.22 0.14 0.11 0.09 

0.995 50 7 0.68 0.93 0.71 0.69 0.60 1.00 0.82 0.69 0.60 

0.995 50 8 1.00 0.13 0.08 0.06 0.05 0.14 0.08 0.06 0.05 

Average 0.52 0.65 0.59 0.56 0.52 0.66 0.61 0.56 0.52 

Group Maximum 0.52 0.65 0.66 

0.995 100 1 0.47 0.92 1.00 0.88 0.76 1.00 1.00 0.88 0.76 

0.995 100 2 0.20 1.00 0.93 0.89 0.86 0.97 0.93 0.89 0.86 

0.995 100 3 0.24 1.00 0.88 0.84 0.82 0.99 0.88 0.84 0.82 

0.995 100 4 0.30 1.00 0.84 0.78 0.75 0.97 0.84 0.78 0.75 

0.995 100 5 1.00 0.15 0.10 0.08 0.07 0.16 0.10 0.08 0.07 

0.995 100 6 1.00 0.14 0.09 0.07 0.06 0.15 0.09 0.07 0.06 

0.995 100 7 1.00 0.84 0.69 0.57 0.49 0.91 0.69 0.57 0.49 

0.995 100 8 1.00 0.09 0.06 0.04 0.04 0.09 0.06 0.04 0.04 

Average 0.65 0.64 0.57 0.52 0.48 0.66 0.57 0.52 0.48 

Group Maximum 0.65 0.64 0.66 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.995 150 1 0.52 0.91 0.90 0.75 0.65 1.00 0.90 0.75 0.65 

0.995 150 2 0.37 1.00 0.89 0.85 0.82 0.97 0.89 0.85 0.82 

0.995 150 3 0.42 1.00 0.88 0.84 0.82 0.99 0.88 0.84 0.82 

0.995 150 4 0.48 1.00 0.82 0.76 0.73 0.97 0.82 0.76 0.73 

0.995 150 5 1.00 0.12 0.08 0.06 0.05 0.12 0.08 0.06 0.05 

0.995 150 6 1.00 0.12 0.08 0.06 0.05 0.13 0.08 0.06 0.05 

0.995 150 7 1.00 0.65 0.51 0.42 0.37 0.71 0.51 0.42 0.37 

0.995 150 8 1.00 0.07 0.05 0.03 0.03 0.08 0.05 0.03 0.03 

Average 0.72 0.61 0.53 0.47 0.44 0.62 0.53 0.47 0.44 

Group Maximum 0.72 0.61 0.62 

0.995 200 1 0.58 0.89 0.84 0.69 0.59 1.00 0.84 0.69 0.59 

0.995 200 2 0.50 1.00 0.88 0.83 0.80 0.96 0.88 0.83 0.80 

0.995 200 3 0.56 1.00 0.88 0.84 0.82 0.99 0.88 0.84 0.82 

0.995 200 4 0.63 1.00 0.82 0.76 0.73 0.97 0.82 0.76 0.73 

0.995 200 5 1.00 0.10 0.07 0.05 0.04 0.11 0.07 0.05 0.04 

0.995 200 6 1.00 0.10 0.07 0.05 0.04 0.11 0.07 0.05 0.04 

0.995 200 7 1.00 0.54 0.42 0.34 0.30 0.59 0.42 0.34 0.30 

0.995 200 8 1.00 0.06 0.04 0.03 0.03 0.07 0.04 0.03 0.03 

Average 0.78 0.59 0.50 0.45 0.42 0.60 0.50 0.45 0.42 

Group Maximum 0.78 0.59 0.60 

 

 

The following conclusions are drawn from Table 4.10 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 100 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 150 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 
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 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝐺(1) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

 for 

𝑛 ≤ 20, otherwise the asymptotic multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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Table 4.11: Absolute bias results of the second order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗𝟓 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.995 20 1 0.00 0.11 1.00 0.91 0.75 0.06 1.00 0.91 0.75 

0.995 20 2 0.00 0.41 1.00 0.87 0.85 0.23 1.00 0.87 0.85 

0.995 20 3 0.00 0.74 0.76 0.72 0.70 1.00 0.76 0.72 0.70 

0.995 20 4 0.03 0.54 0.67 0.61 0.59 1.00 0.67 0.61 0.59 

0.995 20 5 1.00 0.42 0.06 0.04 0.04 0.09 0.06 0.04 0.04 

0.995 20 6 1.00 0.64 0.09 0.07 0.06 0.14 0.09 0.07 0.06 

0.995 20 7 0.00 1.00 0.19 0.15 0.13 0.24 0.19 0.15 0.13 

0.995 20 8 0.33 1.00 0.18 0.13 0.11 0.29 0.18 0.13 0.11 

Average 0.30 0.61 0.49 0.44 0.40 0.38 0.49 0.44 0.40 

Group Maximum 0.30 0.61 0.49 

0.995 50 1 1.00 0.56 0.32 0.34 0.28 0.70 0.44 0.34 0.28 

0.995 50 2 0.37 1.00 0.83 0.71 0.69 0.94 0.75 0.71 0.69 

0.995 50 3 0.37 1.00 0.86 0.80 0.78 0.98 0.84 0.80 0.78 

0.995 50 4 0.40 1.00 0.79 0.68 0.66 0.95 0.74 0.68 0.66 

0.995 50 5 1.00 0.01 0.01 0.00 0.00 0.01 0.01 0.00 0.00 

0.995 50 6 1.00 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.995 50 7 1.00 0.15 0.10 0.09 0.08 0.17 0.11 0.09 0.08 

0.995 50 8 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

Average 0.77 0.47 0.36 0.33 0.31 0.47 0.37 0.33 0.31 

Group Maximum 0.77 0.47 0.47 

0.995 100 1 1.00 0.14 0.11 0.08 0.07 0.17 0.11 0.08 0.07 

0.995 100 2 1.00 0.66 0.52 0.49 0.47 0.62 0.52 0.49 0.47 

0.995 100 3 1.00 0.83 0.72 0.68 0.66 0.82 0.72 0.68 0.66 

0.995 100 4 1.00 0.98 0.75 0.69 0.66 0.93 0.75 0.69 0.66 

0.995 100 5 1.00 0.01 0.00 0.00 0.00 0.01 0.00 0.00 0.00 

0.995 100 6 1.00 0.03 0.02 0.01 0.01 0.03 0.02 0.01 0.01 

0.995 100 7 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

0.995 100 8 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

Average 1.00 0.33 0.27 0.25 0.24 0.33 0.27 0.25 0.24 

Group Maximum 1.00 0.33 0.33 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.995 150 1 1.00 0.44 0.32 0.25 0.21 0.56 0.32 0.25 0.21 

0.995 150 2 1.00 0.24 0.19 0.18 0.17 0.22 0.19 0.18 0.17 

0.995 150 3 1.00 0.39 0.34 0.32 0.32 0.38 0.34 0.32 0.32 

0.995 150 4 1.00 0.62 0.48 0.44 0.42 0.59 0.48 0.44 0.42 

0.995 150 5 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

0.995 150 6 1.00 0.04 0.02 0.02 0.02 0.04 0.02 0.02 0.02 

0.995 150 7 1.00 0.04 0.03 0.03 0.02 0.05 0.03 0.03 0.02 

0.995 150 8 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

Average 1.00 0.22 0.18 0.16 0.15 0.23 0.18 0.16 0.15 

Group Maximum 1.00 0.22 0.23 

0.995 200 1 1.00 0.61 0.43 0.33 0.28 0.77 0.43 0.33 0.28 

0.995 200 2 1.00 0.09 0.07 0.07 0.06 0.08 0.07 0.07 0.06 

0.995 200 3 1.00 0.25 0.22 0.21 0.21 0.25 0.22 0.21 0.21 

0.995 200 4 1.00 0.42 0.33 0.30 0.29 0.40 0.33 0.30 0.29 

0.995 200 5 1.00 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.995 200 6 1.00 0.04 0.03 0.02 0.02 0.04 0.03 0.02 0.02 

0.995 200 7 1.00 0.07 0.05 0.04 0.04 0.08 0.05 0.04 0.04 

0.995 200 8 1.00 0.01 0.01 0.01 0.01 0.01 0.01 0.01 0.01 

Average 1.00 0.19 0.14 0.12 0.11 0.21 0.14 0.12 0.11 

Group Maximum 1.00 0.19 0.21 

 

The following conclusions are drawn from Table 4.11 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗𝟓.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For any 𝑛 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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Results of the second order EVT simulation study for 𝒑𝟎 = 𝟎. 𝟗𝟗 

 

Tables 4.12 and 4.13 contain the RMSE (Step 6.2 in Algorithm 4.1) and absolute bias (Step 

6.4 in Algorithm 4.1) results respectively for 𝒑𝟎 = 𝟎. 𝟗𝟗 in the second order EVT 

environment. 

 

Table 4.12: Root mean squared error results of the second order EVT simulation study 

for 𝒑𝟎 = 𝟎. 𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.99 20 1 0.06 0.79 0.84 0.81 0.91 0.56 0.94 1.00 0.91 

0.99 20 2 0.00 0.00 0.00 0.64 1.00 0.00 0.00 0.67 1.00 

0.99 20 3 0.00 0.81 1.00 0.97 0.93 0.55 0.99 0.95 0.93 

0.99 20 4 0.01 0.83 1.00 0.97 0.92 0.84 0.98 0.95 0.92 

0.99 20 5 0.48 1.00 0.17 0.12 0.12 0.30 0.19 0.15 0.12 

0.99 20 6 0.42 1.00 0.14 0.10 0.10 0.26 0.16 0.12 0.10 

0.99 20 7 0.00 0.00 0.01 0.76 1.00 0.00 0.01 0.91 1.00 

0.99 20 8 0.00 0.00 0.00 0.16 1.00 0.00 0.00 0.18 1.00 

Average 0.12 0.55 0.40 0.57 0.75 0.31 0.41 0.62 0.75 

Group Maximum 0.12 0.75 0.75 

0.99 50 1 0.28 0.83 1.00 0.95 0.83 0.79 1.00 0.95 0.83 

0.99 50 2 0.15 0.74 1.00 0.98 0.96 0.84 1.00 0.98 0.96 

0.99 50 3 0.12 0.88 0.90 0.85 0.83 1.00 0.90 0.85 0.83 

0.99 50 4 0.29 0.82 0.91 0.86 0.82 1.00 0.91 0.86 0.82 

0.99 50 5 0.96 1.00 0.18 0.14 0.11 0.31 0.18 0.14 0.11 

0.99 50 6 1.00 0.91 0.17 0.13 0.10 0.30 0.17 0.13 0.10 

0.99 50 7 0.38 1.00 0.44 0.36 0.31 0.53 0.44 0.36 0.31 

0.99 50 8 1.00 0.51 0.11 0.08 0.06 0.20 0.11 0.08 0.06 

Average 0.52 0.84 0.59 0.54 0.50 0.62 0.59 0.54 0.50 

Group Maximum 0.52 0.84 0.62 

0.99 100 1 0.49 0.86 1.00 0.88 0.75 0.91 1.00 0.88 0.75 

0.99 100 2 0.36 1.00 0.97 0.93 0.89 0.98 0.97 0.93 0.89 

0.99 100 3 0.53 1.00 0.86 0.81 0.79 0.99 0.86 0.81 0.79 

0.99 100 4 0.61 1.00 0.84 0.78 0.75 0.97 0.84 0.78 0.75 

0.99 100 5 1.00 0.22 0.13 0.10 0.08 0.23 0.13 0.10 0.08 

0.99 100 6 1.00 0.21 0.12 0.09 0.08 0.22 0.12 0.09 0.08 

0.99 100 7 1.00 0.89 0.70 0.56 0.48 0.97 0.70 0.56 0.48 

0.99 100 8 1.00 0.13 0.08 0.06 0.05 0.14 0.08 0.06 0.05 

Average 0.75 0.66 0.59 0.53 0.48 0.68 0.59 0.53 0.48 

Group Maximum 0.75 0.66 0.68 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.99 150 1 0.56 1.00 1.00 0.83 0.69 1.00 1.00 0.83 0.69 

0.99 150 2 0.52 1.00 0.94 0.88 0.85 1.00 0.94 0.88 0.85 

0.99 150 3 0.86 1.00 0.87 0.82 0.80 1.00 0.87 0.82 0.80 

0.99 150 4 0.89 1.00 0.85 0.79 0.76 1.00 0.85 0.79 0.76 

0.99 150 5 1.00 0.19 0.11 0.08 0.07 0.19 0.11 0.08 0.07 

0.99 150 6 1.00 0.19 0.10 0.08 0.06 0.19 0.10 0.08 0.06 

0.99 150 7 1.00 0.81 0.56 0.44 0.37 0.81 0.56 0.44 0.37 

0.99 150 8 1.00 0.11 0.06 0.05 0.04 0.11 0.06 0.05 0.04 

Average 0.85 0.66 0.56 0.50 0.45 0.66 0.56 0.50 0.45 

Group Maximum 0.85 0.66 0.66 

0.99 200 1 0.57 1.00 0.93 0.74 0.61 1.00 0.93 0.74 0.61 

0.99 200 2 0.60 1.00 0.91 0.85 0.81 1.00 0.91 0.85 0.81 

0.99 200 3 1.00 0.84 0.73 0.69 0.67 0.84 0.73 0.69 0.67 

0.99 200 4 1.00 0.90 0.77 0.71 0.68 0.90 0.77 0.71 0.68 

0.99 200 5 1.00 0.17 0.10 0.07 0.06 0.17 0.10 0.07 0.06 

0.99 200 6 1.00 0.17 0.09 0.07 0.06 0.17 0.09 0.07 0.06 

0.99 200 7 1.00 0.72 0.48 0.38 0.32 0.72 0.48 0.38 0.32 

0.99 200 8 1.00 0.10 0.06 0.04 0.03 0.10 0.06 0.04 0.03 

Average 0.90 0.61 0.51 0.44 0.41 0.61 0.51 0.44 0.41 

Group Maximum 0.90 0.61 0.61 

 

The following conclusions are drawn from Table 4.12 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the RMSE results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 50 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 150 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 200 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 
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 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 50 the preferred choice is the empirical multiplier �̂�𝑝0,0.8,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝑛 ≥ 100 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(1) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

 for 

𝑛 ≤ 20, otherwise the asymptotic multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.9,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the empirical multiplier �̂�𝑝0,0.8,𝑛,𝑟
(𝐸𝑀+)

. for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(2) the preferred choice is the empirical multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐸𝑀+)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 
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Table 4.13: Absolute bias results of the second order EVT simulation study for 

𝒑𝟎 = 𝟎. 𝟗𝟗 

𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.99 20 1 0.17 0.24 0.55 0.37 0.48 1.00 0.88 0.63 0.48 

0.99 20 2 0.00 0.00 0.03 1.00 0.80 0.00 0.03 0.84 0.80 

0.99 20 3 0.01 0.62 0.70 0.65 0.61 1.00 0.68 0.63 0.61 

0.99 20 4 0.11 0.51 0.72 0.67 0.60 1.00 0.68 0.62 0.60 

0.99 20 5 1.00 0.10 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.99 20 6 1.00 0.11 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

0.99 20 7 0.00 0.00 0.28 0.79 0.84 0.00 0.30 1.00 0.84 

0.99 20 8 0.00 0.00 0.00 0.87 0.86 0.00 0.00 1.00 0.86 

Average 0.29 0.20 0.29 0.54 0.53 0.38 0.32 0.59 0.53 

Group Maximum 0.29 0.54 0.59 

0.99 50 1 1.00 0.11 0.22 0.15 0.12 0.51 0.22 0.15 0.12 

0.99 50 2 0.67 0.53 0.72 0.66 0.63 1.00 0.72 0.66 0.63 

0.99 50 3 1.00 0.78 0.78 0.73 0.71 0.95 0.78 0.73 0.71 

0.99 50 4 1.00 0.46 0.53 0.49 0.47 0.69 0.53 0.49 0.47 

0.99 50 5 1.00 0.24 0.03 0.02 0.02 0.06 0.03 0.02 0.02 

0.99 50 6 1.00 0.26 0.04 0.03 0.02 0.07 0.04 0.03 0.02 

0.99 50 7 1.00 0.27 0.05 0.04 0.03 0.09 0.05 0.04 0.03 

0.99 50 8 1.00 0.08 0.02 0.01 0.01 0.03 0.02 0.01 0.01 

Average 0.96 0.34 0.30 0.27 0.25 0.42 0.30 0.27 0.25 

Group Maximum 0.96 0.34 0.42 

0.99 100 1 0.91 0.66 0.41 0.28 0.22 1.00 0.41 0.28 0.22 

0.99 100 2 1.00 0.28 0.20 0.18 0.18 0.26 0.20 0.18 0.18 

0.99 100 3 1.00 0.11 0.09 0.08 0.08 0.11 0.09 0.08 0.08 

0.99 100 4 1.00 0.08 0.06 0.05 0.05 0.07 0.06 0.05 0.05 

0.99 100 5 1.00 0.06 0.04 0.03 0.02 0.07 0.04 0.03 0.02 

0.99 100 6 1.00 0.07 0.04 0.03 0.02 0.07 0.04 0.03 0.02 

0.99 100 7 1.00 0.06 0.04 0.03 0.03 0.06 0.04 0.03 0.03 

0.99 100 8 1.00 0.02 0.01 0.01 0.01 0.02 0.01 0.01 0.01 

Average 0.99 0.17 0.11 0.09 0.08 0.21 0.11 0.09 0.08 

Group Maximum 0.99 0.17 0.21 
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𝒑𝟎 𝒏 𝒓 �̂�𝒑𝟎,𝒓
(𝑾+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒏,𝒓
(𝑬𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟗,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖𝟓,𝒓
(𝑨𝑴+)

 �̂�𝒑𝟎,𝟎.𝟖,𝒓
(𝑨𝑴+)

 

0.99 150 1 0.48 1.00 0.35 0.24 0.19 1.00 0.35 0.24 0.19 

0.99 150 2 1.00 0.06 0.05 0.04 0.04 0.06 0.05 0.04 0.04 

0.99 150 3 1.00 0.10 0.09 0.08 0.08 0.10 0.09 0.08 0.08 

0.99 150 4 1.00 0.10 0.08 0.07 0.07 0.10 0.08 0.07 0.07 

0.99 150 5 1.00 0.08 0.04 0.03 0.03 0.08 0.04 0.03 0.03 

0.99 150 6 1.00 0.08 0.04 0.03 0.03 0.08 0.04 0.03 0.03 

0.99 150 7 1.00 0.11 0.06 0.05 0.04 0.11 0.06 0.05 0.04 

0.99 150 8 1.00 0.03 0.01 0.01 0.01 0.03 0.01 0.01 0.01 

Average 0.94 0.19 0.09 0.07 0.06 0.19 0.09 0.07 0.06 

Group Maximum 0.94 0.19 0.19 

0.99 200 1 0.41 1.00 0.33 0.23 0.18 1.00 0.33 0.23 0.18 

0.99 200 2 1.00 0.08 0.06 0.06 0.05 0.08 0.06 0.06 0.05 

0.99 200 3 1.00 0.19 0.16 0.15 0.15 0.19 0.16 0.15 0.15 

0.99 200 4 1.00 0.19 0.16 0.15 0.14 0.19 0.16 0.15 0.14 

0.99 200 5 1.00 0.08 0.05 0.03 0.03 0.08 0.05 0.03 0.03 

0.99 200 6 1.00 0.09 0.05 0.03 0.03 0.09 0.05 0.03 0.03 

0.99 200 7 1.00 0.15 0.09 0.07 0.06 0.15 0.09 0.07 0.06 

0.99 200 8 1.00 0.03 0.01 0.01 0.01 0.03 0.01 0.01 0.01 

Average 0.93 0.22 0.11 0.09 0.08 0.22 0.11 0.09 0.08 

Group Maximum 0.93 0.22 0.22 

 

 

The following conclusions are drawn from Table 4.13 in terms of the relative performance of 

the estimators over the range of distributions and sample sizes considered. Note that this 

table contains the absolute bias results for the quantile with 𝒑𝟎 = 𝟎. 𝟗𝟗.  

 

 Distribution view 

o For 𝐺, i.e. distributions with 0.2 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 20 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺1, i.e. distributions with 0.67 ≤ 𝛾 ≤ 1 and −2 ≤ 𝜌 ≤ −1: 

 For 𝑛 ≤ 20 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺2, i.e. distributions with 0.5 ≤ 𝛾 ≤ 0.8 and −0.3 ≤ 𝜌 ≤ −0.2: 

 For 𝑛 ≤ 20 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 50 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺3, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.3 and −0.8 ≤ 𝜌 ≤ −0.4: 
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 For any 𝑛 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For 𝐺4, i.e. distributions with 0.25 ≤ 𝛾 ≤ 0.57 and 𝜌 = −2: 

 For 𝑛 ≤ 20 the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

. 

 For 𝑛 ≥ 50  the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

 Sample size view 

o For smaller sample sizes, i.e. 20 ≤ 𝑛 ≤ 100: 

 For 𝐺 the preferred choice is the empirical multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the empirical multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐸𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.95,𝑛,𝑟
(𝐴𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the asymptotic multiplier �̂�𝑝0,0.85,𝑛,𝑟
(𝐴𝑀+)

 for 

𝑛 ≤ 20, otherwise the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

o For larger sample sizes, i.e. 100 ≤ 𝑛 ≤ 200: 

 For 𝐺 the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(1) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(2) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(3) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 For 𝐺(4) the preferred choice is the EVT estimator  �̂�𝑝0,𝑟
(𝑅𝐵𝑀𝑂𝑃)

. 

 

The results presented in both this and the previous sections are tedious, but these provide 

important information when attempting to understand the behaviour of the various quantile 

estimators. A summary of these results are given in the next section where the overall 

performance of the different estimators is highlighted.   
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4.1.3. Summary of the EVT simulation results 
 

A summary of the various quantile estimators is given in this section. This is made after an 

extensive investigation of the results presented in the previous sections. Furthermore, the 

summary is made taking different practical applications of the estimators into consideration 

in the sense that usually an OR analyst would know the values of both the required 𝑝0 and 𝑛. 

Thus, the performance of the various estimators are summarized for different values of 𝑝0 

and 𝑛. In addition, the results are compiled separately for first and second order EVT. 

 

It was found that in the first order EVT environment the empirical multipliers (and in particular 

those using 𝑝1 = 0.95 for the lower quantile) generally perform best for estimating the 

extreme quantiles (𝑝0 = 0.999), especially for the smaller sample sizes of 20, 50 and 100. As 

expected, the first order EVT quantile estimator performed better than the multipliers for 

larger sample sizes (150 and 200) due to its asymptotic nature/properties. Also, the 

empirical multipliers outperformed the EVT estimators for the underlying distributions 

contained within both groups  𝐺1 and 𝐺2, i.e. distributions having larger EVI’s which in turn 

relates to distributions with heavier tails.  

 

Remaining within the first order EVT environment, but moving to the 𝑝0 = 0.995 quantiles it 

can be noted that the empirical multipliers (and in particular those using 𝑝1 = 0.95 for the 

lower quantile) generally still perform best for estimating the high quantiles, especially for the 

smaller sample sizes of 20, 50 and 100. Again, as expected, the first order EVT quantile 

estimator performed better than the multipliers for larger sample sizes (150 and 200). In 

contrast to the case of the 𝑝0 = 0.999 quantiles, the empirical multipliers outperformed the 

EVT estimators for the underlying distributions contained within group 𝐺2 only, i.e. 

distributions having larger EVI’s. The conclusions drawn for the  𝑝0 = 0.99 case are similar to 

those of the 𝑝0 = 0.995 case. 

 

Moving to the second order EVT environment it was found that the empirical multipliers (and 

in particular those using 𝑝1 = 0.95 for the lower quantile) generally perform best for 

estimating the extreme quantiles (𝑝0 = 0.999), especially for the smaller sample sizes of 20, 

50 and 100. Note that although the empirical multipliers generally outperformed the 

asymptotic multipliers, the results are roughly similar in many cases as the multiplying factor 

used for both classes of multiplier estimators are the same. As expected, the second order 

EVT quantile estimator performed better than the multipliers for larger sample sizes (150 and 

200) due to its asymptotic nature/properties. Also, the empirical multipliers outperformed the 
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EVT estimators for the underlying distributions contained within both groups  𝐺1 and 𝐺2, i.e. 

distributions having larger EVI’s which in turn relates to distributions with heavier tails. In 

addition, it is worth mentioning that the EVT estimator outperformed the multiplier estimators 

regarding the bias. This is expected as the second order EVT estimators are developed with 

the aim to reduce bias in its estimates. The results for p0 = 0.995 and p0 = 0.99 are very 

similar to those of p0 = 0.999. 

 

These conclusions were drawn from the results obtained from the simulation study. One 

should of course be careful in generalizing these results, as is always the case in such a 

simulation study. However, the distributions in 𝐺 cover a wide range of (𝛾, 𝜌) values that are 

often encountered in practice.  

 

Remark: Even though second order EVT estimators should perform better than first order 

EVT estimators, the same amount of attention is given to the latter due to its relative 

simplicity and popularity in practice.  
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4.2. A simulation study used to compare the quantile estimation techniques 
based on the full-parametric approach (The full-parametric simulation study) 
 

In this section the LogNIG distribution’s ability to estimate extreme quantiles is tested by 

comparing it with other related distributions. The idea of this simulation study is to generate 

data from some predetermined distribution to which the distributions considered are then 

fitted. The fitted distributions are used to estimate the desired quantiles which in turn are 

used to calculate various statistical measures, together with their standard errors. The 

values of the statistical measures are used to compare the various distributions’ ability to 

estimate the quantiles. 

 

 

4.2.1. Simulation design 
 

The distributions used to test the LogNIG distribution are the Burr, LogGamma and 

LogNormal distributions. It was decided to use the Burr distribution since this distribution is 

widely used to model the severities often encountered in OR. Furthermore, both the 

LogGamma and LogNormal distributions were also included in this study to investigate the 

“Log” class of distributions. Initially the LogPh distribution proposed by Ahn et al. (2012) was 

also considered for this study, but was omitted due to the complexity of fitting the distribution 

to small sampled data. Further research on this distribution is suggested. 

 

Data was generated from the distributions listed in Table 4.14 These distributions are also 

illustrated graphically in Figure 4.2 by use of a scatterplot of the distributions’ 𝛾 and 𝜌. The 

following explanations are given to understand the content of Table 4.14. The first column 

(named 𝑟) contains the distribution reference number that comes in handy when interpreting 

the results. The second column (named group) indicates which distribution is used (the 

reader is referred to Table A.1, Table A.2 and Table A.3 in Appendix A for more on these 

groups). The third column (named distribution) contains the actual distribution, together with 

its parameters, used to generate the data. Lastly, the fourth (named 𝛾) and fifth (named 𝜌) 

columns contain the EVI and second order parameter of the corresponding distribution 

respectively. Columns 6, 7, 8 and 9 contain the true quantiles at probability levels 0.95, 0.99, 

0.995 and 0.999 respectively. It can be seen from Table 4.14 that data was generated from 

various Burr distributions only. Initially, other distributions such as the LogNIG and LogN 

were also considered for generating the sample data, but were omitted from the study as 

various computational challenges arose which will be discussed in Section 4.2.3.  

 



 

97 
 

Table 4.14: List of distributions used to generate data for the full-parametric 
simulation study 
𝒓 Group Distribution 𝜸 𝝆 𝒒𝟗𝟓 𝒒𝟗𝟗 𝒒𝟗𝟗.𝟓 𝒒𝟗𝟗.𝟗 
1 F1 Burr(1,5,1) 0.2 -1 1.80 2.51 2.88 3.98 

2 G6 Burr(1,1.6,2.5) 0.25 -0.4 1.69 2.84 3.47 5.40 

3 F2 Burr(1,5,0.5) 0.4 -2 3.31 6.31 8.33 15.85 

4 F6 Burr(1,3,2/3) 0.5 -1.5 4.46 10.00 14.14 31.62 

5 No group Burr(1,2,1) 0.5 -1 4.36 9.95 14.11 31.61 

6 No group Burr(1,1,2) 0.5 -0.5 3.47 9.00 13.14 30.62 

7 F3 Burr(1,2.5,0.5) 0.8 -2 10.98 39.81 69.31 251.19 

8 F5 Burr(1,1.25,1) 0.8 -1 10.54 39.49 69.04 250.99 

 
 

 
Figure 4.2: Scatterplot of the distributions used in the full-parametric simulation study 

 

The sample sizes considered were 200 and 500. Initially a sample size of 100 was also 

considered, but it was decided to exclude it from the study as fitting issues arose even at the 

200 level. On the other end of the scale, a sample size of 1000 was also considered but it 

was felt that the 1000 level does not conform to the typical problem area in operational risk 

regarding sample size.  

 

The distributions fitted to the simulated data (in order to estimate the high quantiles) are the 

Burr, LogNIG, LogGamma and LogNormal distributions. The probability levels of the 

quantiles estimated are 0.999, 0.995 and 0.99. It is well known that these are typical quantile 
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levels of concern in operational risk management. Lastly, the statistical measures used to 

compare the various quantile estimates are the root mean squared error (RMSE) and the 

absolute value of bias, denoted by |BiasA| where the expected value of the estimate is 

calculated using the average (BiasA). The mean squared error was also calculated but is not 

presented in this thesis as the RMSE is rather presented which is of the same order as the 

|BiasA| measure. The statistical measures were calculated using N = 10,000 quantile 

estimates. In addition, the standard errors of the statistical measure were also calculated 

using the N estimates, but these are not presented in this thesis. 

 

The aim of the simulation study is to compare the LogNIG distribution with other distributions 

when used to estimate extreme quantiles. The distributions used as competitors are the 

Burr, LogGamma and LogNormal distributions. The following section (4.2.2) discusses the 

simulation results. 

 

 

4.2.2. Simulation results 
 

The simulation results are presented in this section. It can be expected that the Burr 

distribution will perform the best due to the data being generated using the Burr distribution. 

Thus, the Burr distribution will be used as the benchmark when comparing the results. 

Before presenting the results it is worth mentioning that, as was the case for the EVT 

simulation study, it is difficult to compare the performance of the various quantile estimators 

using the raw results. For this reason the results are presented using an efficiency measure 

of the results where the results are transformed into relative measures of the best performing 

estimator.  
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Table 4.15 and Table 4.16 contain the RMSE and absolute bias results of the p = 0.999 

quantile estimates respectively.  

 
Table 4.15: RMSE results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗𝟗 

𝒑 𝒏 𝒓 Burr LogNIG LogGamma LogN 

0.999 200 1 1.00 0.72 0.79 0.78 

0.999 200 2 0.62 0.53 1.00 0.44 

0.999 200 3 1.00 0.46 0.53 0.51 

0.999 200 4 1.00 0.50 0.79 0.72 

0.999 200 5 0.78 0.44 1.00 0.83 

0.999 200 6 0.45 0.31 1.00 0.70 

0.999 200 7 0.96 0.25 1.00 0.89 

0.999 200 8 0.38 0.18 1.00 0.68 

Average over 𝒏 = 𝟐𝟎𝟎 0.77 0.43 0.89 0.70 

0.999 500 1 1.00 0.76 0.49 0.48 

0.999 500 2 0.80 0.68 1.00 0.37 

0.999 500 3 1.00 0.51 0.32 0.31 

0.999 500 4 1.00 0.59 0.45 0.41 

0.999 500 5 1.00 0.56 0.76 0.62 

0.999 500 6 0.54 0.36 1.00 0.54 

0.999 500 7 1.00 0.41 0.55 0.49 

0.999 500 8 0.64 0.41 1.00 0.53 

Average over 𝒏 = 𝟓𝟎𝟎 0.87 0.53 0.70 0.47 

 
Table 4.16: |BiasA| results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗𝟗 

p n r Burr LogNIG LogGamma LogN 

0.999 200 1 0.42 1.00 0.01 0.01 

0.999 200 2 0.95 1.00 0.31 0.10 

0.999 200 3 1.00 0.17 0.05 0.05 

0.999 200 4 1.00 0.33 0.11 0.10 

0.999 200 5 1.00 0.57 0.19 0.15 

0.999 200 6 0.25 0.21 1.00 0.12 

0.999 200 7 1.00 0.20 0.22 0.19 

0.999 200 8 0.87 0.45 1.00 0.36 

Average over 𝒏 = 𝟐𝟎𝟎 0.81 0.49 0.36 0.14 

0.999 500 1 0.10 1.00 0.00 0.00 

0.999 500 2 1.00 0.83 0.08 0.02 

0.999 500 3 1.00 0.10 0.02 0.02 

0.999 500 4 1.00 0.22 0.04 0.03 

0.999 500 5 1.00 0.57 0.08 0.06 

0.999 500 6 0.35 0.26 1.00 0.06 

0.999 500 7 1.00 0.16 0.07 0.07 

0.999 500 8 1.00 0.59 0.34 0.14 

Average over 𝒏 = 𝟓𝟎𝟎 0.81 0.47 0.20 0.05 
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Table 4.17 and Table 4.18 contain the RMSE and absolute bias results of the 𝒑 = 𝟎. 𝟗𝟗𝟓 
quantile estimates respectively. 
 
Table 4.17: RMSE results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗𝟓 

p n r Burr LogNIG LogGamma LogN 

0.995 200 1 1.00 0.86 0.95 0.96 

0.995 200 2 0.86 0.81 1.00 0.43 

0.995 200 3 1.00 0.67 0.54 0.52 

0.995 200 4 1.00 0.73 0.77 0.71 

0.995 200 5 0.78 0.64 1.00 0.89 

0.995 200 6 0.59 0.54 1.00 0.49 

0.995 200 7 1.00 0.57 0.87 0.76 

0.995 200 8 0.53 0.39 1.00 0.80 

Average over 𝒏 = 𝟐𝟎𝟎 0.85 0.65 0.89 0.70 

0.995 500 1 1.00 0.86 0.63 0.63 

0.995 500 2 1.00 0.93 0.90 0.34 

0.995 500 3 1.00 0.69 0.34 0.33 

0.995 500 4 1.00 0.76 0.47 0.43 

0.995 500 5 1.00 0.85 0.85 0.73 

0.995 500 6 0.65 0.19 1.00 0.36 

0.995 500 7 1.00 0.65 0.50 0.43 

0.995 500 8 0.70 0.48 1.00 0.59 

Average over 𝒏 = 𝟓𝟎𝟎 0.92 0.68 0.71 0.48 

 
Table 4.18: |BiasA| results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗𝟓 

p n r Burr LogNIG LogGamma LogN 

0.995 200 1 1.00 0.03 0.00 0.00 

0.995 200 2 0.70 1.00 0.10 0.03 

0.995 200 3 1.00 0.28 0.04 0.04 

0.995 200 4 1.00 0.63 0.08 0.07 

0.995 200 5 0.86 1.00 0.12 0.10 

0.995 200 6 0.34 0.40 1.00 0.05 

0.995 200 7 1.00 0.39 0.14 0.12 

0.995 200 8 1.00 0.84 0.87 0.30 

Average over 𝒏 = 𝟐𝟎𝟎 0.86 0.57 0.29 0.09 

0.995 500 1 1.00 0.06 0.00 0.00 

0.995 500 2 0.25 1.00 0.00 0.00 

0.995 500 3 1.00 0.15 0.01 0.01 

0.995 500 4 1.00 0.39 0.02 0.02 

0.995 500 5 0.82 1.00 0.05 0.04 

0.995 500 6 0.50 0.36 1.00 0.02 

0.995 500 7 1.00 0.26 0.05 0.04 

0.995 500 8 1.00 0.85 0.26 0.10 

Average over 𝒏 = 𝟓𝟎𝟎 0.82 0.51 0.17 0.03 
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Table 4.19 and Table 4.20 contain the RMSE and absolute bias results of the 𝒑 = 𝟎. 𝟗𝟗 
quantile estimates respectively. 
 
Table 4.19: RMSE results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗 

p n r Burr LogNIG LogGamma LogN 

0.99 200 1 0.90 0.83 0.98 1.00 

0.99 200 2 0.99 0.97 1.00 0.44 

0.99 200 3 1.00 0.78 0.58 0.56 

0.99 200 4 1.00 0.83 0.81 0.76 

0.99 200 5 0.76 0.68 1.00 0.95 

0.99 200 6 0.67 0.65 1.00 0.45 

0.99 200 7 1.00 0.72 0.85 0.75 

0.99 200 8 0.60 0.43 1.00 0.93 

Average over 𝒏 = 𝟐𝟎𝟎 0.87 0.74 0.90 0.73 

0.99 500 1 1.00 0.91 0.76 0.78 

0.99 500 2 1.00 0.96 0.79 0.30 

0.99 500 3 1.00 0.79 0.36 0.36 

0.99 500 4 1.00 0.85 0.50 0.47 

0.99 500 5 1.00 0.91 0.94 0.86 

0.99 500 6 0.72 0.68 1.00 0.32 

0.99 500 7 1.00 0.77 0.50 0.44 

0.99 500 8 0.72 0.40 1.00 0.70 

Average over 𝒏 = 𝟓𝟎𝟎 0.93 0.78 0.73 0.53 

 
Table 4.20: |BiasA| results of the full-parametric quantile estimators for 𝒑 = 𝟎. 𝟗𝟗 

p n r Burr LogNIG LogGamma LogN 

0.99 200 1 1.00 0.11 0.01 0.01 

0.99 200 2 0.63 1.00 0.06 0.02 

0.99 200 3 1.00 0.45 0.03 0.03 

0.99 200 4 0.97 1.00 0.07 0.06 

0.99 200 5 0.56 1.00 0.07 0.06 

0.99 200 6 0.41 0.57 1.00 0.03 

0.99 200 7 1.00 0.58 0.12 0.10 

0.99 200 8 0.99 1.00 0.81 0.29 

Average over 𝒏 = 𝟐𝟎𝟎 0.82 0.71 0.27 0.08 

0.99 500 1 1.00 0.05 0.00 0.00 

0.99 500 2 1.00 0.17 0.00 0.00 

0.99 500 3 1.00 0.23 0.01 0.01 

0.99 500 4 1.00 0.77 0.02 0.02 

0.99 500 5 0.46 1.00 0.02 0.02 

0.99 500 6 0.64 0.76 1.00 0.02 

0.99 500 7 1.00 0.40 0.04 0.03 

0.99 500 8 1.00 0.95 0.24 0.10 

Average over 𝒏 = 𝟓𝟎𝟎 0.89 0.54 0.17 0.03 
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As expected, the Burr distribution performed overall the best at estimating the extreme 

quantiles considered. This is mainly due to the data being generated from various Burr 

distributions. More specific results revealed that the LogGamma outperformed all of the 

other full-parametric quantile estimators (including the Burr distribution) when minimizing the 

RMSE (of all the quantiles considered, i.e. all 𝑝’s) for sample size n = 200. 

 

The conclusions drawn from Table 4.15 to Table 4.20 are summarized according to the 

statical measure of interest, i.e a first group summarizing the RMSE results (Table 4.15, 

Table 4.17 and Table 4.19) and a second group summarizing the absolute bias results 

(Table 4.16, Table 4.18 and Table 4.20). In addition to separating the results into two 

groups, the Burr distribution was excluded from the analysis in order to get an unbiased view 

of the results.  

 

When aiming to minimize the RMSE the LogGamma distribution is the preferred choice for 

all values of 𝑛 and 𝑝, apart from the case of 𝑝 = 0.99 where the LogNIG is preferred for 

𝑛 = 500. Also, the LogGamma appears to perform especially good (generally even better 

than the Burr distribution) when the sample data was generated from distributions 4 ≤ 𝑟 ≤ 8, 

i.e. heavier tailed Burr distributions. 

 

When aiming to minimize the |BiasA| the LogNIG distribution is the preferred choice for all 

values of 𝑛 and 𝑝. These general results also hold when focusing on more specific results, 

i.e. for each combination of 𝑛 and 𝑝 the LogNIG performed best, apart from the Burr 

distribution. In addition, the LogNIG distribution outperformed the other “Log-type” 

distributions when the sample data was generated from all of the distributions other than 

𝑟 = 6, where the LogGamma performed best. Note that the distribution 𝑟 = 6 is one of the 

heavier tailed distributions when compared to the other distributions used to generate the 

data. The tail of distribution 𝑟 = 6 is considered relatively heavier in the sense that 𝛾 = 0.5, 

but the second order parameter 𝜌 = −0.5 which is relatively close to zero. 

 

A wider set of simulation parameters was originally investigated but the scope of the 

simulation study was reduced due to various computational challenges. These challenges 

are discussed next. 
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4.2.3. Computational challenges 
 

It is worth mentioning that a number of other distributions were initially also considered as 

distributions to be used to generate the sample data. These distributions are listed in Table 

4.21. The distributions listed in this table were eventually omitted from this study due to the 

computational challenges that it presented.  

 
Table 4.21: Alternative distributions considered that had too many computational 
challenges 
𝒓 Group Distribution 𝜸 𝝆 𝒒𝟗𝟓 𝒒𝟗𝟗 𝒒𝟗𝟗.𝟓 𝒒𝟗𝟗.𝟗 
9 No group LogN(0,2) 0 0 26.84 104.87 172.72 483.22 

10 No group LogNIG(3,1,1,1) 0.5 0 11.68 23.51 31.73 63.94 

11 F4 Burr(1,0.25,5) 0.8 -0.2 0.45 5.23 12.64 78.98 

12 No group LogNIG(2,1,1,1) 1 0 23.77 79.51 136.39 496.79 

13 No group LogNIG(1,0.5,1,1) 2 0 44.95 347.51 910.42 9830.90 

 

The following explains the computational issues using distribution 𝑟 = 11 as an example. It 

was mentioned that 𝑁 × 𝐵 = 1000 × 10 = 10 000 repetitions will be used during the 

simulation study which in turn means that 10 000 quantile estimates for each case will be 

used. One therefore needs 10 000 fitted distributions to calculate the 10 000 quantile 

estimates. It was found that either the Burr distribution or the LogNIG distribution could not 

be fitted to the simulated data (due to parameters that do not converge for MLE) for roughly 

2/3 of the samples generated. Therefore, roughly 30 000 samples are required to obtain the 

desired 10 000 quantile estimates (at a specific probability level). It was decided to exclude 

the distributions 9 ≤ 𝑟 ≤ 13 from this study due to this reason. After investigating the reason 

for the convergence issues it was realized that the distributions that produced these 

challenges all have a common property, which is that their second order parameter 𝜌 is 

either equal to or very close to zero. It is well-known that distributions possessing this 

property can be challenging to work with (see e.g. Beirlant et al., 2004). 

 

 

4.2.4. Concluding remarks on the full-parametric approach 
 

A simulation study was conducted to compare the performance of the LogNIG distribution to 

(mainly) three different distributions when used to estimate various quantiles. The competing 

distributions are the Burr, LogGamma and LogNormal distributions. The quantiles of interest 

are those with probability 𝑝 = 0.999,0.995,0.99. Samples of two different sizes 𝑛 = 200,500 

were generated from eight different Burr distributions 𝑟 = 1,2,3,4,5,6,7,8 (see Table 4.14) with 

ranging values of 0.2 ≤ 𝛾 ≤ 0.8 and −2 ≤ 𝜌 ≤ −0.4. The quantile estimates were used to 

calculate various statistical measures, in particular the RMSE and absolute bias, to compare 
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the relative performance of the four statistical distributions considered. The results proved 

that the Burr distribution performed best from an overall point of view. This was expected as 

all of the distributions used to generate the sample data were from the Burr class of 

distributions. 

 

When excluding the Burr distribution from the analysis it was found/shown that generally the 

LogGamma performed best when the aim is to minimize the RMSE. The LogNIG 

outperformed the LogGamma for 𝑝 = 0.99 and 𝑛 = 500. In addition, the LogNIG generally 

outperformed both the LogGamma and LogNormal when aiming to reduce/minimize the 

absolute bias. The only exception regarding the absolute bias result is that the LogGamma 

performed best for data being generated from 𝑟 = 6, which is a Burr distribution having 

𝜌 = −0.5. 

 

Future research regarding the LogNIG distribution includes a comparison of the LogNIG 

distribution’s numerical properties to that of more recently proposed distributions, such as 

the LogPhase type of distributions proposed by Ahn et al. (2012) and the g-and-h distribution 

proposed by Degen et al. (2007). In addition, the possibility of using the LogNIG distribution 

to estimate the lower quantile of the multiplier quantile estimator seems viable. This is due to 

the LogNIG distribution’s relatively good performance at 𝑝 = 0.99 for the sample size 

𝑛 = 500. 
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4.3. An empirical study of the techniques used to estimate the severity 
distribution’s quantiles 
 

An empirical analysis was also conducted to measure the performance of the newly 

proposed quantile estimators’ ability to estimate extreme quantiles. Both the multiplier and 

LogNIG distribution was compared to their respective peers, i.e. the EVT quantile estimator 

proposed by Weissman and the Burr distribution. It is worth mentioning that it is difficult to 

conduct an empirical study on actual OR loss data as OR data samples are typically very 

small. In addition to the generally small samples, OR data is also heavy-tailed. Combining 

these two properties of OR loss data leads to questionable assumptions of the true quantile 

to be estimated. It is for this reason that insurance data will rather be used which can be 

assumed to have similar properties to OR loss data regarding the tail behaviour. Two 

samples of insurance claims data obtained from Berning (2010), which will be referred to as 

Sample1 and Sample2, were used to assess the newly proposed quantile estimators. The 

quantiles of interest are 𝑝 = 0.99,0.995,0.999. 

 

Let the observations in Sample1 be ordered as 𝑋1,𝑁 ≤ 𝑋2,𝑁 ≤ ⋯ ≤ 𝑋𝑁,𝑁 with 𝑁 = 18198 the 

sample size. Due to the large size of the sample it can be assumed that the ordered statistic 

𝑋[𝑝𝑁],𝑁 with [𝑘] the largest integer in 𝑘 is the true 𝑝𝑡ℎ-quantile of the underlying distribution. 

The same assumption is valid for Sample2 𝑌1,𝑀 ≤ 𝑌2,𝑀 ≤ ⋯ ≤ 𝑌𝑀,𝑀 with 𝑀 = 14197.  

 

The EVI (𝛾) was estimated for both samples using a list of estimators. The first is the Hill 

(1975) estimator discussed in Section 2.2 where the number of exceedances was taken at 

different percentages of the sample size. These percentages are 5%, 10%, 15%, 20%, 25%, 

30%, 35%, 40%, 45% and 50%. Both the perturbed Pareto distribution (PPD) (see e.g. 

Berning, 2010) and the robust technique proposed by Beran and Schell (2012) were also 

used to estimate the EVI. Lastly, both the Burr and LogNIG distributions were also used to 

estimate the EVI. Table 4.22 illustrates the EVI estimates obtained from the Hill estimator 

using all the listed percentages, as well as estimated values of the EVI using the PPD, Burr 

and LogNIG distribution. Note that the robust estimates are not presented as these varied 

widely for different choice of the required parameters. It can be noted from Table 4.22 that 

the EVI estimates obtained from the fitted distributions (PPD, Burr and LogNIG) are on the 

lower end of the range of EVI estimates compared to the Hill estimator. This is the case for 

both samples.  
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Table 4.22: Estimates of the empirical data’s EVIs 

EVI estimator Sample1 Sample2 

Hill (5%) 0.91 0.93 

Hill (10%) 0.93 0.98 

Hill (15%) 0.94 0.99 

Hill (20%) 0.96 1.01 

Hill (25%) 1.00 1.05 

Hill (30%) 1.01 1.07 

Hill (35%) 1.04 1.11 

Hill (40%) 1.08 1.16 

Hill (45%) 1.13 1.22 

Hill (50%) 1.17 1.27 

PPD 0.81 0.80 

Burr 0.74 0.81 

LNIG 0.95 0.73 

 

A long list of quantile estimators was considered to estimate the true quantiles. The following 

summarizes the estimators used for this empirical study: 

 The Burr distribution, referred to as Burr, 

 The empirical multipliers where the lower quantile (𝑝 = 0.95) was estimated using the 

Burr distribution, referred to as Multiplier (Burr), 

 The LogNIG distribution, referred to as LNIG, 

 The empirical multipliers where the lower quantile (𝑝 = 0.95) was estimated using the 

LogNIG distribution, referred to as Multiplier (LNIG), 

 Weissman’s quantile estimator with the number of exceedances takes as 

percentages of the sample size. The percentages considered were 10%, 20%, 30%, 

40% and 50%. These will be referred to as EVT (10%), EVT (20%), EVT (30%), EVT 

(40%) and EVT (50%) respectively, and 

 The empirical multipliers where the lower quantile (𝑝 = 0.95) was estimated using 

Weissman’s quantile estimator with the number of exceedances considered were 

once again taken as a percentage of the sample size. The percentages of 10%, 20%, 

30%, 40% and 50% were also considered for this. These will be referred to as Multi 

(10%), Multi (20%), Multi (30%), Multi (40%) and Multi (50%) respectively. 

 

Table 4.23 and Table 4.24 contain the quantile estimate values relative to the true quantiles 

of Sample1 and Sample2 respectively, whereas the raw values of the quantile estimates 

obtained for Sample1 and Sample2 are given in Table 4.25 and Table 4.26 respectively. 

These tables are presented and discussed next. 
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As mentioned, Table 4.23 and Table 4.24 contain the quantile estimate values relative to the 

true quantiles of Sample1 and Sample2 respectively. This can be written mathematically as 

follows. Let 𝑞𝑝 denote the assumed true quantile and �̂�𝑝
∗  any of its estimates, then the values 

presented in Table 4.23 and Table 4.24 are calculated as 
�̂�𝑝
∗

𝑞𝑝
. These values can be 

interpreted using 1.03 and 0.94 as examples. A value of 1.03 implies that the corresponding 

estimator over-estimated the true quantile with 3%, whereas a value of 0.94 implies under-

estimation of 6%. Furthermore, note that values closest to 1 imply better estimates. In these 

tables, as well as the tables that follow in this section, the three best and worst performing 

estimators are indicated in brackets as follows: 

 (1), (2) and (3) indicate the best, second best and third best where best implies that 

the quantile estimate is the closest/nearest to the true quantile, and 

 (-1), (-2) and (-3) indicate the worst, second worst and third worst where worst 

implies that the quantile estimate is the furthest from the true quantile.  
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Table 4.23: Quantile estimates relative to the true quantile of Sample1 

Quantile TRUE Burr LNIG 
Multiplier 

(Burr) 
Multiplier 

(LNIG) 
EVT 

(10%) 
EVT 

(20%) 
EVT 

(30%) 
EVT 

(40%) 
EVT 

(50%) 
Multi 
(10%) 

Multi 
(20%) 

Multi 
(30%) 

Multi 
(40%) 

Multi 
(50%) 

95% 1.00 1.37 0.99     0.99 0.99 1.02 1.09 1.22           

99% 1.00 1.09 0.85 1.10 0.80 
(2)   

0.98 
(3)  

1.05 1.15 
(-2) 
1.37 

(-1) 
1.80 

(-3) 
0.80 0.80 0.82 0.88 

(1) 
0.99 

99.5% 1.00 0.94 0.76 
(1)        

0.98 0.71 
(3)  

0.94 
(2)  

1.04 1.18 
(-2) 
1.47 

(-1) 
2.07 

(-3) 
0.71 0.71 0.73 0.78 0.87 

99.9% 1.00 
(1) 

1.07 
(1) 

0.98 1.21 0.88 1.43 1.68 
(-3) 
2.04 

(-2) 
2.85 

(-1) 
4.68 0.88 0.88 0.90 

(2) 
0.97 1.08 

 

From Table 4.23 it can be seen that the EVT quantile estimates with large values of 𝑘 perform poorly. This is expected as EVT rely heavily on 

the asymptotic properties implying that the underlying theories become increasingly more valid as the value of 𝑘 decreases. This statement is 

supported by the EVT quantile estimates with smaller values of 𝑘 producing a number of best performers for 𝑝 = 0.99 and 𝑝 = 0.995. Both the 

Burr and LogNIG distributions produced accurate estimates for the quantile that is of particular interest (i.e. 𝑝 = 0.999). The multiplier that uses 

EVT to estimate the lower quantile also produced a best performer for the most extreme quantile.  
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Table 4.24: Quantile estimates relative to the true quantile of Sample2 

Quantile TRUE Burr LNIG 
Multiplier 

(Burr) 
Multiplier 

(LNIG) 
EVT 

(10%) 
EVT 

(20%) 
EVT 

(30%) 
EVT 

(40%) 
EVT 

(50%) 
Multi 
(10%) 

Multi 
(20%) 

Multi 
(30%) 

Multi 
(40%) 

Multi 
(50%) 

95% 1.00 2.38 1.01     0.97 0.97 1.01 1.10 1.25           

99% 1.00 
(-2) 
2.11 0.83 

(-3)       
1.90 0.81 

(2)  
1.02 

(3)  
1.10 1.24 1.56 

(-1) 
2.14 0.77 0.78 0.80 0.87 

(1) 
1.00 

99.5% 1.00 
(-2) 
2.14 0.81 1.89 0.80 

(3)  
1.15 1.27 1.49 

(-3) 
2.00 

(-1) 
2.96 0.77 0.77 0.80 

(2) 
0.87 

(1) 
1.00 

99.9% 1.00 2.55 0.85 2.18 
(2)        

0.93 1.77 2.07 
(-3) 
2.66 

(-2) 
4.13 

(-1) 
7.30 0.89 0.89 

(3) 
0.92 

(1) 
1.01 1.15 

 

From Table 4.24 it can once again be seen that the EVT quantile estimates with large values of 𝑘 perform poorly, as well as the EVT quantile 

estimates with smaller values of 𝑘 produced a number of best performers for 𝑝 = 0.99 and 𝑝 = 0.995. In contrast to the results of Sample1 

presented in Table 4.23, Sample2 did not produce promising results for both the Burr and LogNIG distributions. Focusing again on the main 

quantile of interest (i.e. 𝑝 = 0.999), the multiplier that uses EVT to estimate the lower quantile produced two best performers for the most 

extreme quantile. In addition, the multiplier based on the LogNIG distribution also performed well. 
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In Table 4.25 and Table 4.26 the raw values of the quantile estimates of Sample1 and Sample2 are given respectively. 

 

Table 4.25: Quantile estimates of Sample1 

Quantile TRUE Burr LNIG 
Multiplier 

(Burr) 
Multiplier 

(LNIG) 
EVT 

(10%) 
EVT 

(20%) 
EVT 

(30%) 
EVT 

(40%) 
EVT 

(50%) 
Multi 
(10%) 

Multi 
(20%) 

Multi 
(30%) 

Multi 
(40%) 

Multi 
(50%) 

95% 61456 84004 60886     60709 61087 62592 66878 75104           

99% 275869 301512     234392 304716 220856 
(2) 

269291  
(3) 

288643  316965 
(-2) 

378419  
(-1) 

496886  
(-3) 

220216  221587 227044 242593 
(1) 

272430  

99.5% 542354 510720 414466 
(1)    

530557  384544 
(3) 

511511  
(2) 

563395  637412 
(-2) 

798249  
(-1) 

1121162  
(-3) 

383430  385817 395318 422391 474342 

99.9% 1585521 
(3) 

1702256  
(1) 

1558848  1922702 1393563 2268927 2662089 
(-3) 

3227860  
(-2) 

4516766  
(-1) 

7417613  1389526 1398177 1432606 
(2) 

1530716  1718984 

 

Table 4.26: Quantile estimates of Sample2 

Quantile TRUE Burr LNIG 
Multiplier 

(Burr) 
Multiplier 

(LNIG) 
EVT 

(10%) 
EVT 

(20%) 
EVT 

(30%) 
EVT 

(40%) 
EVT 

(50%) 
Multi 
(10%) 

Multi 
(20%) 

Multi 
(30%) 

Multi 
(40%) 

Multi 
(50%) 

95% 69545 165848 70317     67342 67795 70065 76389 87264           

99% 316739 
(-2) 

666949 263830 
(-3) 

601594 255065 
(2) 

324106 
(3) 

347033 392611 495272 
(-1) 

676626 244276 245920 254153 277094 
(1) 

316539 

99.5% 552919 
(-2) 

1185883 448589 1047467 444108 
(3) 

637647 701123 824721 
(-3) 

1107824 
(-1) 

1634715 425323 428184 442519 
(2) 

482463 
(1) 

551143 

99.9% 1737346 4424461 1472513 3795950 
(2) 

1609417 3068879 3588930 
(-3) 

4621344 
(-2) 

7182589 
(-1) 

12675269 1541341 1551710 
(3) 

1603660 
(1) 

1748413 1997306 

 

Note that the interpretation of the results in Table 4.25 and Table 4.26 are exactly the same as the results of Table 4.23 and Table 4.24, but 

these tables are given for the reader interested in the actual quantile estimates obtained. 
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Chapter 5: Quantile estimation of the compound distribution 
 

Under Basel III, banks are allowed to use the Advanced Measurement Approach (AMA) to 

calculate regulatory capital for operational risk. Currently many banks use the Loss 

Distribution Approach (LDA) when implementing the AMA. The LDA has been studied and 

researched extensively and although many authors pointed out deficiencies in this approach 

(see e.g. Cope et al., 2009 and Embrechts and Hofert, 2011), the approach remains being 

used in practice. One of the important building blocks of the LDA is to estimate the 

aggregate loss distribution in each operational risk category (ORC). In particular, an extreme 

quantile (0.999) needs to be estimated to determine the regulatory capital in that ORC. This 

has been shown to be notoriously difficult and typically the estimates are inaccurate (see 

e.g. Cope et al., 2009 and Nešlehová et al., 2006).  

 

The aggregate loss distribution is a compound distribution of a random sum of losses, where 

the number of losses follows a certain frequency distribution, usually assumed to be Poisson 

or Negative Binomial, and the individual losses a severity distribution which can take on a 

number of forms, depending on the characteristics of the losses observed in a particular 

ORC. As mentioned previously, popular distributions are the extreme value distributions, 

which include, amongst others, the Pareto, Burr, NIG, LogNormal and LogNIG (see e.g. 

Cope et al., 2009).  Because of the extreme nature of operational risk losses, these 

distributions are often, when fitted to a real dataset, of the infinite-mean type. Infinite mean 

distributions present a number of difficulties when used in practice and is discussed 

extensively in Nešlehová et al. (2006). For instance, infinite mean models can lead to 

ridiculously large capital estimates and the modeller is warned to handle such cases with 

care together with good judgement of the observed data. Nešlehová et al. (2006) discuss 

several cases of underestimation and overestimation of high quantiles and is a paper that 

must be read by operational risk modellers and decision makers.  

 

As stated previously, the aggregate loss distribution is a compound distribution of which the 

quantiles can typically not be calculated exactly and have to be approximated in some way. 

In practice, most banks use brute force Monte Carlo (MC) simulation methods to 

approximate these extreme quantiles. Depending on the accuracy required, these MC 

simulations are computer intensive and even utilising today’s computer power can become 

impractical when implemented. Of course, variance reduction techniques may be used to 

lessen the computational burden (see Asmussen & Kroese, 2006). However, a number of 

numerical approximation techniques have been proposed to overcome this difficulty. 
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Numerical approximation recursive techniques that can be used to approximate the quantile 

of the compound distribution include the Panjer recursion (PR) algorithm, introduced by 

Panjer (1981), and techniques using Fourier inversion and the fast Fourier transform (FFT), 

proposed by Heckman & Meyers (1983), as well as Feilmeier & Bertram (1987). Grübel & 

Hermesmeier (1999) have investigated the propagation of discretization errors through 

compounding and established an improved FFT-based procedure using an exponential 

change of measure also referred to as exponential tilting. The latter contribution is 

substantial since it essentially eliminates the so-called aliasing error, which is the 

fundamental deficit that arises through the use of the discrete Fourier transform. Embrechts 

& Frei (2010) evaluated and compared PR and FFT (with exponential tilting) and noted two 

main advantages of FFT, namely that it works with arbitrary frequency distributions and is 

much more efficient. Embrechts & Frei (2010) further mention that, in situations where both 

PR and FFT are equally applicable, and where one has to deal with a large number of lattice 

points, the FFT with suitable tilting is favoured because it is numerically cheaper. The above-

mentioned recursive techniques require several input parameters that have to be selected 

carefully to ensure convergence and are computationally intensive. 

 

Recently, closed-form approximation procedures have been introduced which include the 

single loss approximation (SLA) and the perturbative approximation (PA). Böcker & 

Klüppelberg (2005) derived a simple SLA that provides closed-form quantile estimates for 

the class of sub-exponential distributions (see e.g. Foss et al., 2011), which, according to 

Fasen & Klüppelberg (2006), contain most of the popular heavy-tailed distributions in 

practical use today. This makes the SLA method very popular amongst practitioners and a 

number of academics have done research on improving the method. However, the SLA 

method only performs accurately if certain conditions hold. Generally, when distributions are 

heavy-tailed and Poisson intensities are not too high, the approximation works well. Mignola 

& Ugoccioni (2006) showed that the SLA method can lead to an underestimation of the true 

quantiles, especially for light-tailed loss severity distributions (this is confirmed by the 

simulation study in Chapter 6). Böcker & Sprittulla (2006) constructed a formula that adds a 

multiple of the mean to the original formula as an improvement and Sahay et al. (2007) 

tested the SLA for a Generalised Pareto distribution tail. Degen (2010) provided an analytical 

framework to analyse the accuracy of the SLA on the basis of the relative approximation 

error and derived a second order SLA for the class of sub-exponential distributions, based 

on the work of Omey & Willekens (1986). Hess (2011) evaluated the SLA method for the 

SAS OpRisk Global data and reported a very good approximation performance of the SLA 

method. According to Hess (2011), the results of this method are even more reliable than the 

estimates obtained from a 1 million loss MC simulation. Hannah & Puza (2015) extend the 
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SLA adding another correction term to account for the effects of the two largest losses (over 

and above the contribution of the single largest loss).  

 

Hernandez et al. (2014) derived closed-form approximations for high percentiles of the 

aggregate distribution based on a perturbative expansion, which it is claimed to improve on 

the above-mentioned methods under certain conditions. The perturbative series introduced 

differs from previous approximations in that the terms in the series are expressed as a 

function of the moments of the right truncated distribution for the individual random variables 

in the sum. These censored moments exist even when the moments of the original 

distribution (without truncation) diverge. Consequently the same expression is valid for both 

the infinite and finite mean cases. For high percentiles the perturbative expansion provides a 

sequence of approximations that, up to certain order, has increasing quality as more terms 

are included. Beyond that order the convergence of the series deteriorates. Peters et al. 

(2013) provide a tutorial overview of heavy-tailed loss process modelling in operational risk 

under Basel III, with discussion on the implications of such tail assumptions for the severity 

model in a LDA structure. In particular, Peters et al. (2013) consider three key families of risk 

measures and their equivalent second order asymptotic approximations: VaR, ES and the 

Spectral Risk Measure. As a last note one should keep in mind that the closed-form 

approximation methods are computationally very efficient when compared to the recursive 

methods. 

 

The remainder of this chapter is organised as follows. In Section 5.1 the popular iterative 

approximation techniques (MC, PR and FFT) are discussed. Then, in Section 5.2, the 

closed-form approximation techniques (SLA and PA) are given in more detail. Concluding 

remarks on the theoretical aspects of the approximation techniques are given in Section 5.3. 

The approximation techniques’ numerical properties are given in Chapter 6 which were 

obtained by way of simulation. 

 

 

5.1. Popular approximation techniques 
 

It was mentioned that the MC, PR and FFT techniques are well-established methods for 

approximating the compound distribution within the LDA framework. These approximation 

techniques are discussed in this section. In Section 5.1.1 the MC technique is discussed. 

This is followed by giving an overview of both the PR and FFT techniques in Section 5.1.2 

and Section 5.1.3 respectively.  
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5.1.1. Monte Carlo 
 

As stated previously, one of the important building blocks of the LDA is to estimate the 

aggregate loss distribution in a particular unit of measure or operational risk category (ORC). 

The 𝑝𝑡ℎ-quantile (with 𝑝 large) of the aggregate loss distribution is then used as estimate of 

the regulatory capital (RC) in the particular ORC. This is done by first estimating the severity 

and frequency distributions of the annual losses and then by convoluting frequency and 

severities by means of the random sums method in order to obtain the compound 

distribution. Monte Carlo (MC) simulation is a well-established technique in the literature for 

this purpose. The following algorithm can be used to obtain MC approximations of the 

compound loss distribution’s quantiles: 

 

Monte Carlo algorithm: 

 

1. Let 𝑝 ∈ (0,1) be some probability level. 

2. Generate the number of losses 𝑁 from the frequency distribution 𝐵. 

3. Generate 𝑁 losses 𝑋𝑛 with 𝑛 = 1,2,… ,𝑁 from the severity distribution 𝐹. 

4. Calculate the total (aggregate) loss 𝑌 = ∑ 𝑋𝑛
𝑁
𝑛=1 . 

5. Repeat steps 2 - 4 𝑀 times to obtain 𝑀 total losses 𝑌𝑚 with 𝑚 = 1,2,… ,𝑀. 

6. Let 𝐿 = 𝑌[𝑝𝑀],𝑀 be the (𝑝𝑀)𝑡ℎ loss with 𝑌1,𝑀 ≤ ⋯ ≤ 𝑌𝑚,𝑀 ≤ ⋯ ≤ 𝑌𝑀,𝑀 and [𝑘] the 

largest integer in 𝑘. 

7. Repeat steps 5 and 6 𝑆 times to obtain 𝑆 of these quantiles 𝐿𝑠 with 𝑠 = 1,2,… , 𝑆. 

8. The 𝑝𝑡ℎ-quantile can then be approximated as  𝑞𝑝
(𝑀𝐶)

= Ε[𝐿] with Ε[𝐿] some expected 

value of 𝐿. 

 

Here, the choice of 𝑝 (in Step 1) does not create any problems since a financial manager will 

typically know the probability level that is necessary. In the case of OR, the probability level 

will usually be 𝑝 = 0.999 over a one-year time horizon.  

 

Although the MC simulation technique is relatively easy to implement, it does not come 

without pitfalls/disadvantages. In order to apply this algorithm, one should know both the 

frequency and severity distributions (𝐵 and 𝐹 in Steps 2 & 3 respectively). This is generally 

not true in practice. Estimating the frequency and severity distributions accurately is an 

essential part of this MC method. This can be done by fitting appropriate distributions to the 

sample data and choosing the distribution that fits the data the best based on various 

goodness-of-fit tests. Assuming that these distributions can be estimated accurately, the 
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next problem is choosing the values of 𝑀 and 𝑆 (in Steps 5 & 7). Hess (2011) discusses 

these choices. The idea is to choose 𝑀 (together with 𝑆) large enough so that 𝐿 = 𝑌[𝑝𝑀],𝑀  

(and therefore 𝐿𝑠) are not significantly volatile, but small enough to minimize the time 

necessary to calculate the quantile approximations 𝐿𝑠 accurately. Implementing the MC 

simulation procedure can easily be done once solutions to these problems are obtained. 

 

One major concern regarding this technique is the computational time necessary to obtain 

quantile approximations. It is easy to notice from the algorithm that this procedure will be 

time consuming, especially when the values of 𝑀 and/or 𝑆 are large. This can be 

problematic for financial risk managers when the regulatory capital amount should be 

updated on a regular basis.  

 

As mentioned earlier, Panjer recursion and Fast Fourier transformation are two other well-

known procedures used to approximate the compound distribution. The technique based on 

Panjer recursion is discussed in the next section, followed by the Fast Fourier 

transformation. 

 

 

5.1.2. Panjer recursion 
 

The procedure known as Panjer recursion (PR) was initially introduced by Panjer (1981). 

This technique can be applied to a certain class of frequency distributions only (Panjer 

class). This class is defined by 

𝑝𝑛 = (𝑎 +
𝑏

𝑛
)𝑝𝑛−1, 𝑛 ≥ 1. 

 

Fortunately, the distributions often used in practice to model the frequency fall within this 

class. These include the Poisson, Binomial and negative Binomial distributions. For the 

Poisson distribution, 𝑎 = 0 and 𝑏 = 𝜆 (in the Panjer class) with 𝜆 the intensity of the Poisson 

distribution. 

 

Another restriction on the PR method is that only discrete severity distributions can be used. 

Although the distribution used in practice to model the severity are usually continuous, this 

does not create major problems as the severity distribution can be ‘discretized’ in that the 

distribution itself can be evaluated at fixed values only. Hess (2011) mentioned that this can 

be done by using central difference approximation. The density function of the discrete 

version of the severity distribution is given as 
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𝑓0 = 𝐹 (
𝛿

2
) 

 

and 

 

𝑓𝑛 = 𝐹 (𝑛𝛿 +
𝛿

2
) − 𝐹 (𝑛𝛿 −

𝛿

2
), with 𝛿 > 0 and 𝑛 = 1,2,…. 

 

Given 𝑓0, 𝑓𝑛 and 𝑝𝑛, the compound distribution then satisfies the following recursion: 

 

𝑔𝑛 =
1

1−𝑎𝑓0
∑ (𝑎 +

𝑏𝑗

𝑛
) 𝑓𝑗𝑔𝑛−𝑗

𝑛
𝑗=1 , 𝑛 ≥ 1  

 

and 

 

𝑔0 = ∑ (𝑓0)
𝑘𝑝𝑘

∞
𝑘=0 . 

 

As mentioned, 𝑎 = 0 and 𝑏 = 𝜆 for the 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distribution so that 𝑔𝑛 and 𝑔0 can be 

simplified as 

 

𝑔𝑛 = ∑
𝜆𝑗

𝑛
𝑓𝑗𝑔𝑛−𝑗

𝑛
𝑗=1 ,  𝑛 ≥ 1 

 

and 

 

𝑔0 = 𝑒
𝜆(𝑓0−1) 

 

respectively.  

 

The following algorithm can be used to approximate the compound distribution’s quantiles in 

the case when the Poisson distribution is used to model the frequency.  
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Panjer recursion algorithm: 

 

1. Let:  

1.1. 𝑝 ∈ (0,1) denote the probability level, 

1.2. 𝛿 > 0 denote the increment value, 

1.3. 𝜆 denote the intensity of the Poisson distribution, and 

1.4. 𝐹 denote the severity distribution. 

2. Calculate: 

2.1. 𝑓0 = 𝐹 (
𝛿

2
), and 

2.2. 𝑔0 = 𝑒
𝜆(𝑓0−1). 

3. Set 𝐺0 = 𝑔0. 

4. Calculate the following for 𝑛 = 1,2,…: 

4.1. 𝑓𝑛 = 𝐹 (𝑛𝛿 +
𝛿

2
) − 𝐹 (𝑛𝛿 −

𝛿

2
), 

4.2. 𝑔𝑛 = ∑
𝜆𝑗

𝑛
𝑓𝑗𝑔𝑛−𝑗

𝑛
𝑗=1 , 

4.3. 𝐺𝑛 = 𝐺𝑛−1 + 𝑔𝑛, 

4.4. Stop if 𝐺𝑛 ≥ 𝑝. 

5. Approximate the 𝑝𝑡ℎ-quantile of the compound distribution as 𝑞𝑝
(𝑃𝑅)

= 𝑛𝛿. 

 

Let the true compound distribution be denoted by 𝐺, and its 𝑝𝑡ℎ-quantile by 𝑞𝑝 = 𝐺
−1(𝑝). 

Furthermore, if 𝑞𝑝
(𝑃𝑅)

 is calculated using the Panjer recursion algorithm presented above, 

then 𝑞𝑝
(𝑃𝑅)

→ 𝑞𝑝 as 𝛿 → 0 with 𝛿 > 0  the increment parameter. Choosing 𝛿 very small will 

provide accurate approximations of 𝑞𝑝, but this will be time consuming. In contrast, 

approximations of 𝑞𝑝 can be calculated in a fraction of the time for larger values of 𝛿, but 

these would/could be unreliable. Note that the size of 𝛿 is relative in terms of a couple of 

quantities, such as 𝐹 and 𝜆. Thus, there is an optimal balance between computational time 

and the accuracy of approximation when considering the choice of 𝛿. The same problem 

exists for the Monte Carlo algorithm presented in the previous section where 𝑀 and 𝑆 should 

be chosen with caution. 

 

Other procedures that provide accurate quantile approximations should therefore also be 

investigated. The Fast Fourier transformation procedure received a lot of attention in this 

regard. This technique is discussed in the following section. 
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5.1.3. Fast Fourier transformation 
 

Fast Fourier transformation (FFT) became very popular as a result of research done by 

Cooley & Tukey (1965). Since then, a number of researchers focussed on improving the 

techniques based on FFT. These provided good alternatives to MC techniques regarding 

computational time. Considering heavy-tailed severities and probability level 𝑝 = 0.999, 

Embrechts & Frei (2010) mention that the FFT procedure will then most definitely outperform 

(regarding computational time) the PR method when approximating the compound 

distribution’s 𝑝𝑡ℎ-quantile. Therefore, the FFT procedure can be considered as a serious 

alternative to the MC (and PR) techniques, depending on its approximation accuracy.  

 

Let 𝐹 denote the relevant severity distribution with 𝑓 its density function. 𝐹 will typically be 

continuous in an OR environment. The density function 𝑓 can be ‘discretized’ as 𝑓 =

(𝑓0, 𝑓1, … , 𝑓𝑇−1) with 𝑇 some truncation point. Note that ∑ 𝑓𝑗
𝑇−1
𝑗=0 = 1 indicates no truncation 

error. The discrete Fourier transform (DFT) of 𝑓 is given by 

 

𝑓 = (𝑓0, 𝑓1, … , 𝑓𝑇−1) 

 

with  

 

𝑓𝑗 = ∑ 𝑓𝑘𝑒
𝑖2𝜋𝑗𝑘𝑙𝑇𝑇−1

𝑘=0 ,𝑗 = 0,1, … , 𝑇 − 1. 

 

The discrete version of the original density function 𝑓 = (𝑓0, 𝑓1, … , 𝑓𝑇−1) can then be 

recovered by using the inverse discrete Fourier transform (IDFT) as 

 

𝑓𝑗 =
1

𝑇
∑ 𝑓𝑘𝑒

−𝑖2𝜋𝑗𝑘𝑙𝑇𝑇−1
𝑘=0 . 

 

Grübel & Hermesmeier (1999) suggest using a tilted version of the discrete density function. 

This tilted version of the discrete density 𝑓, denoted by 𝑓(𝜃), is obtained as 

 

𝑓𝑗
(𝜃) = 𝑒−𝜃𝑗𝑓𝑗 

 

with 𝜃 > 0 and 𝑗 = 0,1,… , 𝑇 − 1. The DFT can be applied to 𝑓(𝜃) in order to obtain 𝑓(𝜃), 

followed by the application of the IDFT to 𝑓(𝜃) which recovers 𝑓(𝜃). ‘Untilting’ 𝑓(𝜃) to obtain 𝑓 

is done by applying  
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𝑓𝑗 = 𝑒
𝜃𝑗𝑓𝑗

(𝜃)
. 

 

Now, let ℙ𝑁 denote the probability generating function of 𝑁 and 𝜙𝐾 denote the characteristic 

function of 𝐾. The characteristic function of the aggregate loss 𝑌~𝐺 can be expressed in 

terms of the characteristic function of the individual loss severities 𝑋~𝐹  (with 𝑌 = ∑ 𝑋𝑛
𝑁
𝑛=1 ) 

as 

 

𝜙𝑌(𝑡) = ℙ𝑁(𝜙𝑋(𝑡)). 

 

The compound distribution 𝐺 (and its density 𝑔) can be obtained by applying the DFT (and 

IDFT) to ℙ𝑁(𝜙𝑋(𝑡)). A tilted version of 𝑔, denoted by 𝑔(𝜃), can be obtained by  

 

𝑔𝑗
(𝜃)

= ℙ𝑁(𝑒
−𝜃𝑗𝑓𝑗) = ℙ𝑁 (𝑓𝑗

(𝜃)
), 𝑗 = 0,1,… , 𝑇 − 1. 

 

Note that the probability generating function of 𝑁 when using the 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distribution to 

model the frequency is ℙ𝑁(𝑡) = 𝑒
𝜆(𝑡−1). Applying the DFT to 𝑔(𝜃) produces 𝑔(𝜃). This is done 

as 

𝑔𝑗
(𝜃) = ℙ𝑁 (𝑓𝑗

(𝜃)) 

 

with 𝑓𝑗
(𝜃) = ∑ 𝑓𝑘

(𝜃)𝑒𝑖2𝜋𝑗𝑘𝑙𝑇𝑇−1
𝑘=0 . The IDFT can then be applied to 𝑔(𝜃) in order to recover 𝑔(𝜃) 

as 

𝑔𝑗
(𝜃) =

1

𝑇
∑ 𝑔𝑘

(𝜃)𝑒−𝑖2𝜋𝑗𝑘𝑙𝑇𝑇−1
𝑘=0 =

1

𝑇
∑ ℙ𝑁 (𝑓𝑘

(𝜃)) 𝑒−𝑖2𝜋𝑗𝑘𝑙𝑇𝑇−1
𝑘=0 . 

 

Finally, the discrete density of the compound distribution 𝑔 is obtained by ‘untilting’ 𝑔(𝜃)  as 

 

𝑔𝑗 = 𝑒
𝜃𝑗𝑔𝑗

(𝜃)
. 

 

The quantiles of the compound distribution can be approximated once its density is obtained 

(through approximation) using the FFT technique discussed above. Let 𝐺 and 𝑔 denote the 

approximated (using FFT) distribution and density functions respectively with 𝐺(𝑥) =

∫ 𝑔(𝑠)
𝑥

−∞
𝑑𝑠, then the 𝑝𝑡ℎ-quantile of 𝐺 is 𝑞𝑝

(𝐹𝐹𝑇)
= 𝐺−1(𝑝). This can be solved by using 

numerical integration. 
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Fast Fourier transformation algorithm (with Poisson frequencies): 

 

1. Let:  

1.1. 𝑝 ∈ (0,1) denote the probability level, 

1.2. 𝑇 be some truncation point, 

1.3. 𝜃 > 0 be some tilting factor, 

1.4. 𝜆 denote the intensity of the Poisson distribution, 

1.5. 𝐹 denote the severity distribution, and 

1.6. 𝑓 = (𝑓0, 𝑓1, … , 𝑓𝑇−1) be the discrete version of the density function of 𝐹. 

2. Calculate: 

2.1. 𝑓(𝜃) = (𝑓0
(𝜃)
, 𝑓1
(𝜃)
, … , 𝑓𝑇−1

(𝜃)
) by tilting 𝑓 using the tilting factor 𝜃 as 𝑓𝑗

(𝜃)
= 𝑒−𝜃𝑗𝑓𝑗, 

2.2. 𝑓(𝜃) = (𝑓0
(𝜃), 𝑓1

(𝜃), … , 𝑓𝑇−1
(𝜃) ) by applying the discrete Fourier transform, 

2.3. 𝑔(𝜃) = (𝑔0
(𝜃)
, 𝑔1
(𝜃)
, … , 𝑔𝑇−1

(𝜃)
) by using the probability generating function of 𝑁~𝑃𝑜𝑖𝑠(𝜆) 

as 𝑔𝑗
(𝜃) = 𝑒

𝜆(�̂�𝑗
(𝜃)
−1)

, 

2.4. 𝑔(𝜃) = (𝑔0
(𝜃)
, 𝑔1
(𝜃)
, … , 𝑔𝑇−1

(𝜃)
) by applying the inverse discrete Fourier transform, and 

2.5. 𝑔 = (𝑔0, 𝑔1, … , 𝑔𝑇−1) by untilting 𝑔(𝜃) using the tilting factor 𝜃 as 𝑔𝑗 = 𝑒
𝜃𝑗𝑔𝑗

(𝜃)
. 

3. The 𝑝𝑡ℎ-quantile of the compound distribution can then be approximated as 𝑞𝑝
(𝐹𝐹𝑇)

=

𝐺−1(𝑝) with 𝐺−1 the inverse of the compound distribution 𝐺 that should be calculated 

numerically as 𝐺(𝑥) = ∫ 𝑔(𝑠)
𝑥

−∞
𝑑𝑠. 

 

Embrechts & Frei (2010) suggest that if the compound distribution is to be investigated on 

{0,1,… , 𝑛}, then the truncation level 𝑇 should be chosen much larger than 𝑛 to obtain 

reasonable approximations. It is also mentioned that the titling parameter 𝜃 ≈
20

𝑇
 would be 

efficient if 𝑇 is chosen ‘correctly’. Embrechts & Frei (2010) further states that 𝑂(𝑛𝑙𝑜𝑔(𝑛)) 

operations are required for the FFT, whereas PR requires 𝑂(𝑛2) operations when 

approximating = (𝑔0, 𝑔1, … , 𝑔𝑛). Although FFT outperforms PR (regarding computational 

time), it can still be time consuming when 𝑛 is very large. Alternative approximation 

techniques are therefore required. Closed-form approximations are naturally considered in 

this regard and are discussed in the following section. 
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5.2. Closed-form approximation techniques 
 

It was mentioned that the popular approximation techniques do not come without any pitfalls 

and for this reason alternative methods are required. Recently proposed closed-form 

approximation techniques appear to be viable options and these are discussed in this 

section. Background on the relevant closed-form approximation techniques are given in 

Section 5.2.1. Then, both the SLA and PA are given in Section 5.2.2 and Section 5.2.3 

respectively.  

 

 

5.2.1. Overview of the closed-form approximation techniques 
 

Data in the OR environment is usually heavy-tailed where the concept of heavy-tails were 

defined in Chapter 3. That definition will help in identifying distributions that could be used to 

estimate the severity distributions. Another important definition for the purpose of discussing 

the content of this chapter is that of sub-exponential distributions, which is discussed next. 

 

Sub-exponential distribution 

 

Sub-exponential distributions are a special class of heavy-tailed distributions. A distribution 𝐹 

is sub-exponential if  

 

       lim𝑥→∞
𝐹
𝑁
(𝑥)

𝐹(𝑥)
= lim𝑥→∞

1−𝐹𝑁(𝑥)

1−𝐹(𝑥)
= lim𝑥→∞

𝑃(𝑋1+𝑋2+⋯+𝑋𝑁>𝑥)

𝑃(𝑋1>𝑥)
= 𝑁, ∀𝑁 > 1.          (5.1) 

 

Here, 𝑋1, 𝑋2, … , 𝑋𝑁 are i.i.d. random variables from 𝐹. 

 

If the distribution of individual losses is sub-exponential, then large values of the aggregate 

loss from 𝑁 events are dominated by the maximum loss in one of the 𝑁 events. 

 

It is known that  

 

𝑃[𝑚𝑎𝑥(𝑋1, 𝑋2, … , 𝑋𝑁  ) > 𝑥] = 1 − 𝑃[𝑚𝑎𝑥(𝑋1, 𝑋2, … , 𝑋𝑁  ) ≤ 𝑥] 

= 1 − 𝐹𝑁(𝑥) = 1 − (1 − 𝐹(𝑥))
𝑁

 

≈ 1 − (1 − 𝑁𝐹(𝑥)) (for large 𝑥) 

= 𝑁𝐹(𝑥). 
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Using this in the definition, gives 

 

lim𝑥→∞
𝑃(𝑋1+𝑋2+⋯+𝑋𝑁>𝑥)

𝑃[𝑚𝑎𝑥(𝑋1,𝑋2,…,𝑋𝑁 )>𝑥]
= 1, ∀𝑁 > 1. 

 

A number of theoretical approximation techniques were developed/derived from these 

definitions. These include the single loss approximation (SLA) and perturbative 

approximation (PA) techniques.  

 

The next section discusses the mathematics of the SLA methods, followed by a discussion 

of the PA techniques. 

 

 

5.2.2. Single loss approximation (SLA) up to second order 
 

Böcker and Klüppelberg (2005) introduced a 0𝑡ℎ order SLA technique. Let 𝑋~𝐹 and 

𝑌 = ∑ 𝑋𝑛
𝑁
𝑛=1  with 𝑌~𝐺. Then, the following can be obtained from the definition of sub-

exponential distributions: 

 

𝑃(𝑋1 + 𝑋2 +⋯+ 𝑋𝑁 > 𝑥) ≈
𝑥→∞

𝑃(𝑋1 > 𝑥)𝑁 

⇒ 1− 𝐺(𝑥)≈𝑥→∞[1 − 𝐹(𝑥)]𝑁. 

 

Recall the definition of the 𝑝𝑡ℎ-quantile 𝑞𝑝 of the aggregate distribution 𝐺 as 

 

𝑃(𝑌 > 𝑞𝑝) = 1 − 𝑝 ⇒ 𝑃(𝑌 ≤ 𝑞𝑝) = 𝑝 ⇒ 𝐺(𝑞𝑝) = 𝑝. 

 

Substituting 𝐺(𝑞𝑝) = 𝑝 into the definition of sub-exponential distributions leads to 

 

1 − 𝑝≈𝑥→∞[1 − 𝑞𝑝]𝑁. 

 

Solving for 𝑞𝑝 leads to 𝑞𝑝≈𝑥→∞ 𝐹
−1 (1 −

1−𝑝

𝑁
).  

 

Assuming the true underlying severity distribution is denoted by 𝐹 and the frequency if 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distributied, then the 0𝑡ℎ order single loss approximation (referred to as SLA) of 

𝑞𝑝~𝐺  is 
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          �̂�𝑝,𝐺
(𝑆𝐿𝐴)

= 𝐹−1 (1 −
1−𝑝

𝜆
).                    (5.2) 

 

Böcker and Sprittulla (2006) introduced a 1𝑠𝑡 order SLA technique by adding a mean-

correction to the SLA. Applying this in the case of sub-exponential distributions, gives 

 

1 − 𝐺(𝑥)≈𝑥→∞[1 − 𝐹(𝑥 − (𝑁 − 1)𝜇)] 𝑁. 

 

Substituting 𝑥 with 𝑞𝑝 and solving for the latter, leads to 

 

𝑞𝑝 = 𝐺
−1(𝑝) ≈

𝑥→∞
𝐹−1 (1 −

1−𝑝

𝑁
) + (𝑁 − 1)𝜇. 

 

This mean-corrected single loss approximation (SLAM) of 𝑞𝑝 is given as follows when the 

severity distribution is denoted by 𝐹 with 𝜇 its mean and the frequency distribution is 

𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆): 

 

�̂�𝑝,𝐺
(𝑆𝐿𝐴𝑀)

= 𝐹−1 (1 −
1−𝑝

𝜆
) + (𝜆 − 1)𝜇. 

 

Remark: Note that the mean-corrected single loss approximation (SLAM) can only be used 

when working with finite mean severity distributions as the mean is used in the 

approximation.  

 

Degen (2010) derived an improved single loss approximation using second order 

exponentiality. When the frequency 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distributed, and the frequency distribution 𝐹 

has a finite mean and is regularly varying with γ ≥ 0, then the 𝑝𝑡ℎ-quantile of the compound 

loss distribution may be approximated by 

 

𝐹−1 (1 −
1 − 𝑝

𝜆
) + 𝜆𝜇 

 

with 𝜇 the finite mean of 𝐹. Note that this equation is very similar to the SLAM approximation, 

but here 𝜆𝜇 is added to the original SLA instead of (𝜆 − 1)𝜇 as in the SLAM approximation. 
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For infinite mean models with γ > 1, the 𝑝𝑡ℎ-quantile of the compound loss distribution may 

be approximated by 

 

𝐹−1 (1 −
1 − 𝑝

𝜆
) + (1 − 𝑝)𝐹−1 (1 −

1 − 𝑝

𝜆
)
𝐶𝛾

1 −
1
𝛾

 

 

with  Cγ = (1 − γ)
Γ2(1−

1

γ
)

2Γ(1−
2

γ
)
 and Γ the gamma function. Note that when γ = 2 the ratio  

Γ2(1−
1

γ
)

2Γ(1−
2

γ
)
= 0. For the special case γ = 1, the 𝑝𝑡ℎ-quantile of the compound loss distribution 

may be approximated by 

 

𝐹−1 (1 −
1 − 𝑝

𝜆
) + 𝜆𝜇𝐹 (𝐹

−1 (1 −
1 − 𝑝

𝜆
)) 

 

with 𝜇𝐹(𝑥) = ∫ �̅�
𝑥

0
(𝑠)𝑑𝑠.  

 

If the underlying severity distribution is denoted by 𝐹 and the frequency is 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) 

distributed, then the 𝑝𝑡ℎ-quantile approximation of the compound distribution proposed by 

Degen (2010), referred to as SLAD, can therefore be given by 

 

           �̂�𝑝,𝐺
(𝑆𝐿𝐴𝐷)

=

{
 
 

 
 𝐹−1 (1 −

1−𝑝

𝜆
) + 𝜆𝜇 if 𝜇 < ∞

𝐹−1 (1 −
1−𝑝

𝜆
) + 𝜆𝜇𝐹 (𝐹

−1 (1 −
1−𝑝

𝜆
)) if 𝜇 = ∞, 𝛾 = 1

𝐹−1 (1 −
1−𝑝

𝜆
) + (1 − 𝑝)𝐹−1 (1 −

1−𝑝

𝜆
)
𝐶𝛾

1−
1

𝛾

if 𝜇 = ∞, 𝛾 > 1

                  (5.3) 

 

with 𝜇, 𝐶𝛾 and 𝜇𝐹 as above.  

 

Hannah and Puza (2015) extended the SLA by adding another correction term to account for 

the effects of the two largest losses. Once again, if the frequency is  𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distributed 

and the severity distribution 𝐹 has a finite mean, then solving for c in 

 

      1 − 𝑝 = 𝜆(1 − 𝐹(𝑐 − 𝜆𝜇)) +
1

2
𝜆2 (1 − 𝐹 (

𝑐−𝜆𝜇

2
))
2

                            (5.4) 
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leads to the 𝑝𝑡ℎ-quantile of the compound distribution. Although this solution does not exist 

in closed form, Hannah and Puza (2015) propose a solution by setting c(0) = 𝐹−1 (1 −
1−𝑝

𝜆
) +

λμ as an initial guess, and iterating according to  

 

 𝑐(𝑗) = 𝐹−1 (1 −
1

𝜆
[1 − 𝑝 −

1

2
𝜆2 (1 − 𝐹 (

𝑐(𝑗−1)−𝜆𝜇

2
))

2

] ) + 𝜆𝜇, 𝑗 = 1,2,….           (5.5) 

 

with 𝜆𝜇 in (5.5) approximated using Degen’s (2010) approximation thereof, i.e. 𝜆𝜇 ≈

𝜆𝜇𝐹 (𝐹
−1 (1 −

1−𝑝

𝜆
)) for 𝜇 = ∞ with 𝛾 = 1 and 𝜆𝜇 ≈ (1 − 𝑝)𝐹−1 (1 −

1−𝑝

𝜆
)
𝐶𝛾

1−
1

𝛾

 for 𝜇 = ∞ with 

𝛾 > 1. The quantile approximation suggested by Hannah and Puza will subsequently be 

referred to as SLAH. 

 

The perturbative approximation is discussed next. 

 

 

5.2.3. Perturbative approximation (PA) up to second order 
 

Inspired by the asymptotic relationship in Equation (5.1), Hernández et al. (2014) introduced 

a 𝑘𝑡ℎ-order perturbative approximation technique for calculating the 𝑝𝑡ℎ-quantile of 

compound distributions. Again, let 𝑋~𝐹 and 𝑌 = ∑ 𝑋𝑛,𝑁
𝑁
𝑛=1  be the aggregate loss with 𝑌~𝐺. 

Split the aggregate loss 𝑌(휀) = 𝑋𝑁,𝑁 + 휀 ∑ 𝑋𝑛,𝑁
𝑁−1
𝑛=1  with 𝑋1,𝑁 ≤ 𝑋2,𝑁 ≤ ⋯ ≤ 𝑋𝑁,𝑁. 

 

The 𝑝𝑡ℎ-quantile of the aggregate loss 𝑞𝑝,𝐺 = 𝐺
−1(𝑝) is expressed as a formal power series 

in 휀 as 

𝑞𝑝,𝐺(휀) = 𝑄0 + ∑
1

𝑘!
𝑄𝑘휀

𝑘∞
𝑘=1 . 

 

The 𝐾𝑡ℎ-order perturbative approximation of 𝑞𝑝,𝐺 is computed by taking the first 𝐾 + 1 terms 

and setting 휀 = 1 as 

𝑞𝑝,𝐺
(𝐾)

= 𝑄0 +∑
1

𝑘!
𝑄𝑘

𝐾

𝑘=1

 

 

leading to the following equations used for the 0𝑡ℎ, 1𝑠𝑡 and 2𝑛𝑑 order perturbative 

approximations of 𝑞𝑝,𝐺 respectively: 
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     𝑞𝑝,𝐺
(𝑃𝐴0)

= 𝑄0,              (5.6) 

     𝑞𝑝,𝐺
(𝑃𝐴1)

= 𝑄0 + 𝑄1,               (5.7) 

     𝑞𝑝,𝐺
(𝑃𝐴2)

= 𝑄0 + 𝑄1 +
1

2
𝑄2.              (5.8) 

 

If the frequency is 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝜆) distributed, then 

 

𝑄0 = 𝐹
−1 (

𝜆+𝑙𝑜𝑔(𝑝)

𝜆
), 

𝑄1 = (𝜆 + 𝑙𝑜𝑔(𝑝))Ε[𝑋|𝑋 < 𝑄0], 

𝑄2 = −(𝜆𝑓(𝑄0) +
𝑓′(𝑄0)

𝑓(𝑄0)
) (𝜆 + 𝑙𝑜𝑔(𝑝))Ε[𝑋2|𝑋 < 𝑄0] − 𝜆𝑓(𝑄0)𝑄0

2. 

 

with 𝑓 the probability density function of the severity distribution function 𝐹. 

 

In the next section some concluding remarks are made on the approximation techniques 

discussed in this chapter. This is followed by a discussion of the simulation results used to 

compare these techniques numerically in Chapter 6. 

 

 

5.3. Concluding remarks 
 

Various techniques exist for approximating high quantiles of the compound distribution. 

Those discussed in this chapter are the following: 

 Iterative procedures: 

o Monte Carlo, 

o Panjer recursion, and 

o Fast Fourier transformation. 

 Closed-form procedures: 

o Single loss approximation, and  

o Perturbative approximation. 

 

The iterative procedures generally produce accurate approximations if the number of 

iterations is sufficiently large. In theory, the actual (true) compound distribution can be 

obtained if an infinite number of iterations is used during these procedures. Choosing a 

sufficiently large number of iterations is often impractical as these procedures might take 

days to obtain the necessary approximations. The closed-form procedures provide good 

alternatives in this regard. These techniques can be used to obtain various quantities of the 
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compound distribution in seconds. Therefore the theoretical approximation techniques 

discussed in Section 5.2 may be viable alternatives to e.g. MC for practical purposes. These 

techniques, together with FFT, are investigated in the next chapter by comparing their 

approximation accuracy with one another. This is done by using the MC technique discussed 

in Section 5.1.1 as the benchmark. 
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Chapter 6: A (numerical) comparison of quantile approximation 
techniques for the compound distribution (The MC simulation 
study) 
 

In this chapter a Monte Carlo simulation study is discussed that was used to investigate the 

performance of the closed-form approximation methods using the Poisson as frequency 

distribution and the Burr, LogNormal and LogNIG as severity distributions. In order to limit 

the scope of this simulation study, the Poisson distribution was used as the frequency 

distribution, because of its popularity in practice and the fact that the estimated VaR 

depends critically on the choice of severity distribution rather than the choice of frequency 

distribution (see Cope et al., 2009). In the same vein, the only risk measure considered was 

the VaR since it is still the most popular risk measure in practice. As far as severity 

distributions are concerned, the LogNormal and Burr distributions, together with mixtures of 

them with the Generalised Pareto distribution, are amongst the most popular models used in 

practice for modelling single loss severities (see e.g. de Jongh et al., 2015 and Hess, 2011). 

Another popular distribution in financial applications is the normal inverse Gaussian (NIG) 

distribution (see e.g. Venter & de Jongh, 2002) having semi-heavy tails. Because loss data 

in operational risk are typically heavy-tailed it was decided to rather include the LogNIG, a 

heavy-tailed distribution. A possible alternative is the LogPhase distribution (see Ahn et al., 

2012) that has the disadvantage that the distribution function is difficult to calculate 

numerically, which is not the case for the LogNIG. From an extreme value theory (EVT) point 

of view, a further motivation for using the LogNIG is that this distribution provides an 

alternative to the Burr because its second order parameter 𝜌 = 0 whereas the Burr has 

second order parameter 𝜌 < 0. Of course many other choices of severity distributions are 

possible (e.g. the g-and-h distribution, see Degen et al., 2007), but it was decided to limit the 

scope of this study. Due to their simplicity and ease of calculation, the focus will be on the 

closed-form approximations, but a comparison of the best performing recursive method will 

also be compared to the best performing closed-form approximation method. 

 

 

6.1. Simulation design 
 

The parameter values considered in the simulation study are given in Table 6.1, Table 6.2 

and Table 6.3 below for each of the three severity distributions respectively. For each of the 

parameter sets, and for Poisson intensities λ = 10, 20, 50, 100, 200, 500 and probability levels 

𝑝 = 1 − 𝛼 = 0.999,0.995,0.99,0.975,0.95 the closed-form approximations were calculated (i.e. 

SLA, SLAD, SLAH, PA0, PA1 and PA2) and the results then compared with the 
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corresponding MC simulation results. This consisted of 1,000 VaR estimates, where each 

VaR estimate was based on 1,000,000 MC repetitions. The minimum, 5% percentile, 

median, mean, 95% percentile and maximum of the 1,000 MC VaR estimates were then 

calculated. 

 

Suppose 𝑉 represents the value obtained for a particular approximation technique in a 

particular severity distribution parameter set, intensity and probability level combination, then 

the following measures were used to compare the performance of the approximation 

techniques relative to the MC distribution: 

 𝐴𝑅𝐸 =
|𝑉−𝑚𝑒𝑑𝑖𝑎𝑛|

𝑚𝑒𝑑𝑖𝑎𝑛
, the absolute relative deviation from the MC median expressed as a 

percentage of the MC median, and 

 𝐶𝐼 = 𝐼(5% 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑖𝑙𝑒<𝑉<95% 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑖𝑙𝑒), an indicator which is one if 𝑉 is included in the 

90% MC confidence interval. 
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Table 6.1: Burr parameter sets selected for the Monte Carlo simulation study 

Burr 𝜼 𝝉 𝛋 𝜸 𝝆 𝚬[𝑿] 
Burr1 1 0.6 5 0.33 -0.2 < ∞ 

Burr2 1 4 0.5 0.5 -2 < ∞ 

Burr3 1 2 1 0.5 -1 < ∞ 

Burr4 1 1 2 0.5 -0.5 < ∞ 

Burr5 1 0.2 10 0.5 -0.1 < ∞ 

Burr6 1 0.6 2 0.83 -0.5 < ∞ 

Burr7 1 2 0.5 1 -2 ∞ 

Burr8 1 1 1 1 -1 ∞ 

Burr9 1 0.5 2 1 -0.5 ∞ 

Burr10 1 0.1 10 1 -0.1 ∞ 

Burr11 1 0.5 1.5 1.33 -0.67 ∞ 

Burr12 1 1.33 0.5 1.5 -2 ∞ 

Burr13 1 0.67 1 1.5 -1 ∞ 

Burr14 1 0.33 2 1.5 -0.5 ∞ 

Burr15 1 0.07 10 1.5 -0.1 ∞ 

Burr16 1 1.8 0.3 1.85 -3.33 ∞ 

Burr17 1 1 0.5 2 -2 ∞ 

Burr18 1 0.5 1 2 -1 ∞ 

Burr19 1 0.25 2 2 -0.5 ∞ 

Burr20 1 0.05 10 2 -0.1 ∞ 

Burr21 1 2.5 0.17 2.35 -5.88 ∞ 

Burr22 1 0.8 0.5 2.5 -2 ∞ 

Burr23 1 0.4 1 2.5 -1 ∞ 

Burr24 1 0.2 2 2.5 -0.5 ∞ 

Burr25 1 0.04 10 2.5 -0.1 ∞ 

 

Table 6.2: LogNormal parameter sets selected for the Monte Carlo simulation study 

LogNormal 𝝁 𝝈 𝜸 𝝆 𝚬[𝑿] 
LNor1 0 1 0 0 < ∞ 

LNor2 0 2 0 0 < ∞ 

LNor3 0 3 0 0 < ∞ 

LNor4 0 4 0 0 < ∞ 

LNor5 0 5 0 0 < ∞ 

LNor6 0 6 0 0 < ∞ 
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Table 6.3: LogNIG parameter sets selected for the Monte Carlo simulation study 

LNIG 𝜶 𝜷 𝝁 𝜹 𝜸 𝝆 𝚬[𝑿] 
LNig1 3 1 1 1 0.5 0 < ∞ 

LNig2 2 1 1 1 1 0 < ∞ 

LNig3 1 0.5 1 1 2 0 ∞ 

 

The results of the simulation study are discussed next. 

 

 

6.2. Simulation results 
 

The performance of the approximation techniques are discussed separately for distributions 

having finite and infinite means. The results for severity distributions with finite means are 

discussed in the next subsection, followed by the infinite mean severity distributions.  

 

 

6.2.1. Finite mean distributions 
 

In Table 6.4 below the results of the smallest ARE and percentage inclusions in the 90% MC 

CI over all the distributions having finite means and choices of intensities, 𝜆, are given. It 

was found that the effect of intensities is not dramatic (as will be seen later) and it was 

included to simplify interpretation. In order to understand the figures in the table, consider a 

probability level of 𝑝 = 1 − 𝛼 = 0.999 and the PA1 approximation, then in 11.9% of the cases 

considered PA1 had the smallest 𝐴𝑅𝐸 and the approximation was included in the MC CI in 

75% of the cases considered.  

 

 

Table 6.4: Smallest ARE and percentage inclusions in the MC CI over all finite mean 

distributions 

(𝒑) 
ARE MC IC 

SLA SLAD SLAH PA0 PA1 PA2 SLA SLAD SLAH PA0 PA1 PA2 

0.999 2.4% 8.3% 0.0% 2.4% 11.9% 75.0% 44.0% 72.6% 73.8% 41.7% 75.0% 91.7% 

0.995 0.0% 0.0% 1.2% 0.0% 8.3% 90.5% 16.7% 14.3% 6.0% 16.7% 48.8% 71.4% 

0.99 0.0% 0.0% 1.2% 0.0% 8.3% 90.5% 11.9% 2.4% 3.6% 8.3% 38.1% 59.5% 

0.975 0.0% 0.0% 3.6% 0.0% 4.8% 91.7% 6.0% 0.0% 0.0% 0.0% 25.0% 57.1% 

0.95 0.0% 7.1% 27.4% 0.0% 2.4% 63.1% 3.6% 1.2% 0.0% 0.0% 19.0% 35.7% 

Mean 0.5% 3.1% 6.7% 0.5% 7.1% 82.1% 16.4% 18.1% 16.7% 13.3% 41.2% 63.1% 

 

The results show that the PA2 approximation performs very well in terms of both 

performance measures. As far as smallest ARE is concerned, PA2 dominates the other 
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approximation methods at probability levels 0.995, 0.99 and 0.975 and is still better at 0.999, 

where PA1 is its closest contender, and at 0.95, where SLAH is its closest contender. The 

percentage inclusions in the MC IC is very good at 0.999 (almost 92%) but deteriorates (as 

do the other methods) as the probability level decreases to 0.95.  

 

In order to study the performance of the approximation techniques in more detail, Figure 6.1, 

Figure 6.2 and Figure 6.3 below illustrate some of the more interesting finite mean 

distributions, viz LNor1, Burr3 and LNig2. In each case the relative error is plotted for each 

approximation technique against the log-odds of the probability levels 𝛼 and this is done for 

intensities 20, 100 and 500. The 5% and 95% MC confidence bands are also depicted as 

lines in each plot. In all cases PA0 and SLA perform poorly, while the other measures 

struggle at the lower probability levels, especially at 0.95.  

 

 

Figure 6.1: Relative error plots for the (very) short-tailed LNor1 distribution (EVI=0) 
 

 

Figure 6.2: Relative error plots for the semi-heavy tailed Burr3 distribution (EVI=0.5) 
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Figure 6.3: Relative error plots for the heavy-tailed LNig2 distribution (EVI=1) 
 

For LNor1 (𝛾 = 0) the performance of the approximation methods are particularly poor and it 

is only PA2 that performs reasonably, but only at the higher probability levels. The 

performance of the higher order approximations (SLAD, SLAH, PA1 and PA2) improves 

significantly for Burr3 and LNig2 with PA2 clearly the preferred one. From an operational risk 

perspective, the focus is especially on the performance of the approximation methods at a 

probability level of 0.999. To this end Figure 6.4 was constructed below, which shows the 

relative error and approximation techniques for all finite mean distributions. It should be clear 

that, with the exception LNor1, the performance of the second order approximations is very 

good for all finite mean distributions considered. Given the performance of PA2 as observed 

in Figure 6.4 and Table 6.4, PA2 is the preferred choice.  

 

 

 

Figure 6.4: Relative error plots for all finite mean distributions at probability level 0.999 
 

As mentioned previously, other approximation techniques to consider include Panjer 

recursion and the Fast Fourier transform of which the latter is often preferred (see e.g. 
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Embrechts & Frei, 2010). Both these techniques require the input of a numerical expert 

necessitated by the required intelligent selection of input parameters. Therefore application 

of these recursive approximation techniques is time consuming as opposed to the closed-

form solutions. Assuming the notation of Embrechts & Frei (2010), four input parameters 

(𝑀, ℎ, 𝑘, 𝜃) need to be specified for the FFT algorithm. In order to automate the selection of 

input parameters a rule of thumb was applied in the following way. Take 𝑘 = 24 and solve for 

ℎ in 𝑘 = 𝑖𝑛𝑡 (
𝑙𝑛(1.1𝑃𝐴2/ℎ)

𝑙𝑛 (2)
) then take 𝑀 = 2𝑘 and 𝜃 = 𝑀/20. It was found that this rule of 

thumb provided good choices for approximating the cases considered here.  

 

Below the FFT (with tilting) is compared with the PA2 approximation for all finite mean 

distributions considered. In Table 6.5 below the results of the smallest ARE and percentage 

inclusions in the 90% MC CI over all the above-mentioned distributions and all intensities are 

given. 

 

Table 6.5: Smallest ARE and percentage inclusions in the MC CI over selected 

distributions 

(𝒑) 
ARE MC CI 

FFT PA2 FFT PA2 

0.999 72.6% 27.4% 100.0% 91.7% 

0.995 75.0% 25.0% 97.6% 71.4% 

0.99 88.1% 11.9% 97.6% 59.5% 

0.975 96.4% 3.6% 97.6% 57.1% 

0.95 94.0% 6.0% 96.4% 35.7% 

Mean 85.2% 14.8% 97.9% 63.1% 

 

For the distributions considered the FFT performs very well, and outperforms PA2 at all 

probability levels, except at 0.999. In order to study the performance in more detail, the 

relative error graphs for LNor1, Burr3 and LNig2 are depicted in Figure 6.5, Figure 6.6 and 

Figure 6.7 respectively. 
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Figure 6.5: Relative error plots for the short-tailed LNor1 distribution (EVI=0) 
 

 

Figure 6.6: Relative error plots for the semi-heavy tailed Burr3 distribution (EVI=0.5) 
 

 

Figure 6.7: Relative error plots for the heavy-tailed LNig2 distribution (EVI=1) 
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contenders at a probability level of 0.999 and it is noticeable that the performance of PA2 
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results for the other distributions confirm that PA2 only really struggles to approximate 

LNor1, and is a close contender for the others, especially for distributions with higher EVI’s 

and at a 0.999 probability level. 

 

The results of the infinite mean severity distributions are given next. 

 

 

6.2.2. Infinite mean distributions 
 

It is well-known that the FFT and Panjer approximation methods break down for infinite 

mean distributions with large EVIs, therefore these methods are excluded from this analysis. 

In Table 6.6 below the results of the smallest ARE and percentage inclusions in the 90% MC 

CI over all the distributions having infinite means and over all intensities are given. The 

performance of PA2 is remarkable since it obtain 100% inclusion in the MC CI for all 

probability levels, except 0.95 where it achieves the best performance (99.2%). It is 

interesting that as far as smallest ARE is concerned, PA2 is challenged by all approximation 

methods at the higher probability levels, and especially at 0.999. This is to be expected since 

the asymptotic theory suggests that all approximations should perform well for large EVI and 

large intensities at high quantiles. 

 

Table 6.6: Smallest ARE and percentage inclusions in the MC CI over infinite mean 

distributions 

(𝒑) 
ARE MC IC 

SLA SLAD SLAH PA0 PA1 PA2 SLA SLAD SLAH PA0 PA1 PA2 

0.999 11.9% 10.3% 23.0% 32.5% 16.7% 11.1% 90.5% 89.7% 89.7% 100% 100% 100% 

0.995 10.3% 9.5% 0.8% 15.1% 26.2% 44.4% 66.7% 84.9% 81.7% 80.2% 100% 100% 

0.99 5.6% 8.7% 0.8% 2.4% 41.3% 46.8% 61.1% 78.6% 51.6% 69.8% 100.% 100% 

0.975 0.0% 3.2% 1.6% 0.0% 27.8% 67.5% 42.1% 45.2% 5.6% 31.0% 84.1% 100% 

0.95 1.6% 5.6% 0.0% 0.0% 15.1% 79.4% 23.8% 38.1% 2.4% 9.5% 79.4% 99.2% 

Mean 5.9% 7.5% 5.2% 10.0% 25.4% 49.8% 56.8% 67.3% 46.2% 58.1% 92.7% 99.8% 

 

In order to study the quality of the approximations in more detail, it was decided to select the 

Burr12, Burr13 and Burr15 distributions having the same EVI (𝛾 = 1.5) but having different 

values of the second order parameter 𝜌. The results are depicted in Figure 6.8, Figure 6.9 

and Figure 6.10 for Burr12, Burr13 and Burr15 respectively. The results show that PA1 and 

PA2 is almost ‘spot-on’ in all cases, while SLA, SLAD and SLAH tend to overestimate 

slightly and PA0 underestimates slightly at especially the lower probability levels. Note how 

the MC CI increases as the probability level increases. As stated before, the probability level 

of interest when analysing the performance of the approximation methods is at 0.999. To this 
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end Figure 6.11 was constructed and is presented below, which shows the relative error and 

performance of the approximation techniques for all infinite mean distributions.  

 

 

Figure 6.8: Relative error plots for the Burr12 distribution (EVI=1.5, Rho=-2) 
 

 

Figure 6.9: Relative error plots for the Burr13 distribution (EVI=1.5, Rho=-1) 
 

 

Figure 6.10: Relative error plots for the Burr15 distribution (EVI=1.5, Rho=-0.1) 
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Figure 6.11: Relative error plots for all infinite mean distributions at probability level 0.999 
 

From Figure 6.11 it is clear that all the approximation methods, with the possible exception 

of SLA, SLAD and SLAH (for Burr12, Burr13, Burr14 and Burr15), perform very well. 

 

 

6.3. Summary of the approximation techniques 
 

The performance of the most recently proposed approximation methods for the quantiles of 

the compound distribution was analysed. This was done by assuming a Poisson frequency 

distribution and several severity distributions. It was found that the second order perturbative 

closed-form approximation method of Hernandez et al. (2014) performed very well in most 

cases considered. If the goal is to approximate an extreme quantile of the compound 

distribution (such as at a probability level of 0.999), then this method is recommended. 

However, for short-tailed distributions and at less extreme quantiles, the FFT method could 

be considered using the proposed rule of thumb for the choice of input parameters (which 

depends on PA2). In general, in an operational risk context, the PA2 approximation is 

recommended because of its accuracy, clear computational speed advantage and the fact 

that it requires no input parameters. 
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Chapter 7: Conclusions 
 

This final chapter is used to make some concluding remarks of this study in Section 7.1, 

discussing the main contributions of the thesis in Section 7.2, and lastly, to give a brief 

discussion in Section 7.3 of further research relevant to the topics covered in the thesis. 

 

 

7.1. Concluding remarks 
 

It was mentioned in Chapter 1 that operational risk (OR) is a relatively new risk category, 

compared to the well-established credit risk (CR) and market risk (MR) categories. All three 

of these risk categories are regulated locally by way of the BCBS guidelines for financial risk 

management. The latest published Basel accord, the BASEL III accord, focusses mostly on 

the management of OR. As is the case with CR and MR, OR is quantified using various risk 

measures. It was shown that the most widely used risk measures all rely heavily on the 

quantiles of the distribution underlying the loss data. Therefore, the focus of this thesis was 

on investigating different quantile estimators rather than the different risk measures.  

 

According to BASEL III, banks can use the more sophisticated advanced measurement 

approach (AMA) to calculate its regulatory capital (which is equal to the 99.9th quantile of the 

underlying distribution), as opposed to the simpler approaches such as the basic indicator 

approach and the standardised approach. Most banks use the loss distribution approach 

(LDA) under the AMA. The LDA comprises of estimating the regulatory capital as an 

extremely high quantile of the aggregate distribution where the aggregate distribution is 

obtained by convoluting both the severity and frequency distributions.  

 

The aggregate distribution cannot be obtained exactly and must therefore be approximated. 

Various well-known approximation techniques, such as Monte Carlo (MC) simulation, Panjer 

recursion (PR) and fast Fourier transformation (FFT), can be used to approximate this 

aggregate distribution. In addition, more recent approximation techniques were proposed, 

such as the single loss distribution (SLA) and perturbative approximation (PA). Both the SLA 

and PA were investigated with approximation orders up to two. Each of these approximation 

methodologies has their advantages and disadvantages. It was shown in Chapter 5 and 

Chapter 6 that the perturbative approximation (of order 2)  performs generally the best for 

estimating regulatory capital (at the 99.9th probability level) when the underlying severity 

distribution has an infinite mean. This was also the case for quantiles with lower probability 

levels such as both the 99.5th and 99th. For underlying severity distributions with finite means 



 

140 
 

it was found that the well-known FFT approximation performs best. As was mentioned in 

Chapter 5, an experienced user of the FFT is required to determine the parameter values 

used in this technique. A suggestion was made in Chapter 6 where the second order PA can 

be used to inform the FFT user of the parameter values to be selected which helps in 

improving the accuracy of the FFT approximation. 

 

As mentioned, the aggregate distribution is a combination of both the frequency and severity 

distributions. It is well-known that the frequency distribution does not have an adverse effect 

on the aggregate distribution and therefore the Poisson distribution was used throughout this 

thesis to model the frequency distribution. There are two approaches to modelling the 

severity distribution. The first approach is the full-parametric approach where a statistical 

distribution is fitted to the entire sample of loss data which is then used to estimate the 

desired high quantile. The second approach is referred to as the splice distribution approach 

where the sample is separated into two sub-samples using some splicing point. The one 

sub-sample comprises of the body-part of the original sample from which the empirical 

distribution is obtained and the other sub-sample consists of the tail-part of the original 

sample to which a statistical distribution is fitted. The distribution fitted to the tail-part of the 

original sample is then used to estimate the desired high quantile (this method was referred 

to as the EVT approach in the thesis). The conclusions drawn from both the full-parametric 

and EVT approaches are discussed next, starting with the full-parametric approach. 

 

Distributions traditionally used in the full-parametric approach are the Burr, LogNormal, 

Pareto and Normal Inverse Gaussian (NIG) distributions. While many of the distributions 

used in practice are heavy-tailed, some of them are not, even though loss data in OR 

possesses heavy tails. One such distribution that does not have heavy tails is the NIG 

distribution. Despite the NIG distribution having semi-heavy tails, it remains popular in OR 

quantification due to its large number of parameters (four) which gives it the ability to be 

flexible. Although these distributions are widely used, none of them perform uniformly the 

best when used to estimate the high quantiles used in practice. It is for this reason that 

alternative distributions are desired. This led to considering the LogNIG distribution where 

the LogNIG was derived from the NIG distribution just as the LogNormal is derived from the 

Normal distribution. This ‘exponentiation’ of the NIG distribution to the LogNIG distribution 

gave rise to another parameter-rich distribution (as is the case of the NIG) in the form of the 

LogNIG distribution. In addition to having four parameters, the LogNIG distribution also has 

heavy tails. The LogNIG distribution was then compared to the most widely used 

distributions by assessing their numerical properties obtained from a simulation study. The 

distributions that were compared to the LogNIG are the Burr and LogNormal distributions, 
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together with the LogGamma where the LogGamma is derived from the Gamma distribution 

just as the LogNormal (and LogNIG) was derived from the Normal (and NIG) distribution. 

The reason for the inclusion of the LogGamma was to have at least two other ‘Log’ type of 

distributions. The LogPhase distribution proposed by Ahn et al. (2012) was also considered 

but was found to be somewhat difficult to fit to samples of data. It is worth mentioning that 

the LogPhase distribution will be considered in future research. Returning to the simulation 

study, the distributions considered were fitted to simulated data that was generated from 

Burr distributions only making the Burr the benchmark distribution for this simulation study. It 

was found that the Burr distribution generally outperformed all of the other distributions, 

which was expected. Analyzing the simulation results without the Burr distribution gave rise 

to the LogNIG distribution being superior when aiming to minimize the bias. The LogGamma 

performed overall very well in the case of reducing the root mean squared error.  

 

As mentioned, the EVT approach consists (for the purpose of this study) mainly of estimating 

high quantiles by considering the tail-part of sample data only. Well-known quantile 

estimators under this approach are those derived from extreme value theory (EVT). These 

are both the first and second order Weissman quantile estimators where the second order 

Weissman estimator is a bias-reduced version of the first order Weissman estimator. Other 

quantile estimators derived from EVT also exist, but this study limited the EVT-based 

quantile estimators to just the well-known and widely used Weissman quantile estimator. 

The EVT-based estimators have two major drawbacks. The first is the choice of splicing 

point. The second drawback is that these estimators rely heavily on asymptotic assumptions 

where large samples are required, which is not the case in ORM. Other quantile estimators 

are therefore desired under this approach. This led to the development and investigation of 

what is called the multiplying factors (or multipliers). The idea of the multipliers is to estimate 

a quantile at a probability level lower than the desired level which is then extrapolated to the 

desired quantile by multiplying the lower quantile with an appropriate multiplying factor. A 

number of multiplier sets was developed using different methodologies. The first method 

relied on asymptotic properties where it was assumed that the lower quantile can be 

estimated perfectly. These multiplying factors were referred to as asymptotic multipliers. The 

second method consisted of developing the multiplying factors using simulation where the 

lower quantiles were estimated using the Weissman quantile estimators. Using, for example, 

the Weissman estimators for the lower quantiles would produce factors that are developed 

specifically in a practical setting, i.e. empirical multipliers. It was found that the multipliers 

(specifically the empirical multipliers) generally outperformed the Weissman quantile 

estimator for both the first and second order environments. Zooming in on the results 

revealed that, as expected, the Weissman quantile estimators performed better for the larger 
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sample sizes (100, 150 and 200) considered even though these are considered small 

samples in the EVT environment. It is well-known that loss data in ORM can typically be of 

sizes 50, 20 and even smaller than 20. This is the cases where the multipliers were far 

superior to the EVT-based quantile estimator. Although this study focused on small samples, 

it was shown in the severity distribution’s empirical study in Section 4.3 that the multipliers 

can be beneficial for larger samples when working with real loss data. The multipliers loosen 

the problem associated with the choice of the splicing point when using the Weissman 

quantile estimator to estimate the lower quantile. This challenge can even be avoided by 

using, for example, the full-parametric approach to estimate the lower quantile. 

 

This section was used to give concluding remarks regarding the findings of the study 

discussed in this thesis. The following section will highlight the contributions made by this 

thesis. 

 

 

7.2. Thesis contributions 
 

A summary of the three main contributions made by the thesis is given in this section. These 

are given in the following three paragraphs where each paragraph is dedicated to a specific 

contribution. The first paragraph deals with quantile approximation techniques of the severity 

distribution where the full-parametric approach is preferred. The second paragraph also 

addresses the estimation of the severity distribution’s quantiles, but here the focus shifts to 

the splice distribution approach. The third and final paragraph highlights the thesis 

contributions regarding approximation techniques that relate to the aggregate distribution. 

Note that the problem of estimating extreme quantiles (such as the 99.9th, 99.5th and 99th) of 

both the severity and aggregate distributions are not unique to operational risk management 

only. Various fields of academia and practice dedicate much time to this topic. 

 

Estimating high quantiles of the severity distribution under the full-parametric approach in 

ORM is traditionally done using heavy-tailed distributions such as the Burr, LogNormal and 

LogGamma distributions. These distributions were compared to the newly proposed LogNIG 

distribution using numerical results. It was found that the LogNIG distribution most certainly 

outperformed the LogNormal distribution in most cases. The LogNIG distribution also 

outperformed the LogGamma from a bias-reduction point of view. As expected, the LogNIG 

did not fair well against the Burr distribution. This is possibly because the sample data was 

generated from Burr distributions only.  
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Estimating high quantiles of the severity distribution under the EVT approach in ORM is 

traditionally done using the Weissman quantile estimator. Due to the heavy-tailed and small 

sample nature of operational risk loss data estimates of extreme qauntiles can be very 

volatile. This is especially true when using quantile estimators derived from extreme value 

theory as these estimators rely mainly on asymptotic assumptions. The idea of multiplying a 

lower (and less volatile) quantile with some factor to obtain an estimate of the extreme 

quantile was investigated. This class of estimators was referred to as multipliers. It was 

found that the multipliers generally outperformed the Weissman quantile estimator for a wide 

range of parameters selected for the simulation study. The multipliers’ ability to estimate the 

desired extreme qauntiles increased greatly for small samples (which is the area of most 

concern for operational risk managers) when compared to that of the Weissman estimators.  

 

Approximating extreme quantiles of the aggregate distribution under the LDA is traditionally 

done by banks using MC simulation, although other approximation techniques are discussed 

and proposed in the literature. All of these techniques have their advantages and 

disadvantages and it is for this reason that all of relevant techniques were investigated and 

compared with one another. This was done by comparing the techniques’ abilities to 

approximate, amongst other, the 99.9th quantile of the aggregate loss distribution by way of 

simulation. Taking the numerical results of the simulation study into consideration, together 

with the pitfalls of each technique, it was found that the perturbative approximation of the 

second order is generally the best approximation technique to use when the underlying 

severity distribution has an infinite mean. When the underlying severity distribution has a 

finite mean, then the fast Fourier transformation approximation technique generally performs 

best where the second order perturbative approximation is used to inform the parameter 

values used in the fast Fourier transformation approximation. 

 

 

7.3. Further research 
 

Since the content of this thesis was presented separately according to the various 

approaches considered, the planned future research will also be discussed separately. 

Firstly, research pertaining to quantile estimation techniques of the severity distribution 

under the full-parametric approach will be discussed. This is followed by further research 

ideas regarding the extreme value theory approach to estimating extreme qauntiles of the 

severity distribution. Lastly, ideas surrounding approximation techniques of the aggregate 

distribution’s quantiles will be discussed. 
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Some promising distributions proposed for estimating the severity distribution’s quantiles 

under the full-parametric approach are the LogPhase type of distributions proposed by Ahn 

et al. (2012) and the g-and-h distribution proposed by Degen et al. (2007). These will be 

compared numerically to the LogNIG distribution, as well as the distributions most widely 

used in practice.  

 

Two different classes of quantile estimators relating to the EVT approach were discussed in 

this thesis. These are the Weissman quantile estimators derived from extreme value theory 

and the multipliers where the lower quantiles were estimated using both the first and second 

order Weissman quantile estimator. For the EVT-based estimators it was mentioned that the 

choice of 𝑘 (the number of threshold exceedances) was varied as a percentage of the 

sample size, i.e. 𝑘 = 𝜔𝑛 with 𝜔 = 0.1,0.15,0.2,…. Berning (2010) proposed using 𝑘 = 2𝑛
2
3⁄  

which could possibly improve the Weissman estimator’s ability to estimate the extreme 

quantiles. An alternative to the Weissman quantile estimator is also an extreme value theory 

based estimator known as a mean-of-order 𝑝 (MOP) estimator proposed by Gomes et al. 

(2013). A reduced-bias version of the MOP estimator was also proposed and is referred to 

as the RBMOP estimator. A number of ideas that could potentially increase the multipliers’ 

performance is given next.  

 

The empirical multipliers were developed using both the MinMax and MinAve of the mean 

squared error (MSE) statistical measure. Instead, applying these arguments to the median 

absolute deviation (MAD) rather than the MSE could possibly lead to different multiplying 

factors due to the MSE being highly influenced by the presence of outliers. Also, the 

Weissman quantile estimator was used to estimate the lower quantiles during the 

development of the empirical multipliers. Alternatively, estimating the lower quantile using 

the full-parametric approach (i.e. fitting, for example, the LogNIG distribution to the sample) 

could lead to an improvement in the multipliers’ performance. This is possible since the 

lower quantile will generally be estimated more accurately under the full-parametric 

approach when compared to the EVT approach. Recall that the asymptotic multipliers were 

developed as a function of both the higher and lower quantiles, i.e. 𝐶𝑝1,𝑝0
(𝐴𝑀)

= 𝑓(𝑝1, 𝑝0) with 𝑓 

some function. The empirical multipliers added the sample size 𝑛 as another factor affecting 

the multipliers, i.e. 𝐶𝑝1,𝑝0,𝑛
(𝐸𝑀)

= 𝑓(𝑝1, 𝑝0, 𝑛). More advanced and sophisticated research 

regarding the multipliers would include the incorporation of the extreme value index 𝛾 as a 

factor of the multipliers’ values, i.e. 𝐶𝑝1,𝑝0,𝑛,𝛾
(𝐸𝑀)

= 𝑓(𝑝1, 𝑝0, 𝑛, 𝛾). This proves to be promising as 

increasing values of the extreme value index implies heavier tails and consequently, larger 

ratios between the higher and lower quantiles, i.e. larger multiplying factors. One proposal 
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would be to develop separate sets of multipliers for distributions with EVIs falling into 

predetermined ranges. Furthermore, the multipliers will be investigated for cases where the 

data is not i.i.d. but rather depends on various covariates. Also, the multipliers’ ability to 

estimate extreme quantiles in cases where data is censored will also be investigated in the 

future.  

 

It was mentioned that the aggregate distribution relies mainly on the severity distribution. In 

practice, estimating the severity distribution still remains challenging, escpecially when 

working with small samples. A deviation in the estimate of the severity distribution from the 

true underlying severity distribution can have an adverse effect on the extreme quantiles of 

the eventual aggregate distribution, irrespective of the technique used to approximate the 

aggregate distribution. It is therefore proposed to investigate the use of the multipliers when 

approximating extreme quantiles of the aggregate distribution. Due to the computational 

intensity of such a simulation study, it is proposed to estimate the higher quantiles using the 

second order perturbative approximation when the true underlying severity has an infinite 

mean, and the fast Fourier transformation approximation (where the second order 

perturbative approximation informs the researcher of the parameter values used in the fast 

Fourier transform) when the severity distribution’s mean is finite. Monte Carlo simulation can 

be used for the lower quantile with the number of simulations efficiently low.  
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Appendix A: Distributions used throughout this thesis 
 

The distributions, together with their parameter values, that were used throughout this thesis 

are listed in the following three tables. Table A.1, Table A.2 and Table A.3 list the 

LogNormal, Burr and LogNIG distributions respectively. The LogNIG distribution was 

discussed in more detail in Chapter 3. Various properties of these distributions such as the 

extreme value index, the second order parameter and the quantiles relevant to operational 

risk management are also given in these tables.  

 

Table A.1: Quantiles of the LogNormal distributions 

Group Distribution γ ρ 𝒒𝟗𝟓 𝒒𝟗𝟗 𝒒𝟗𝟗.𝟓 𝒒𝟗𝟗.𝟗 

No group LogN(0,1) 0 0 5.18 10.240 13.142 21.982 

No group LogN(0,2) 0 0 26.835 104.867 172.718 483.216 

No group LogN(0,3) 0 0 139.012 1073.891 2269.893 10622.15 

No group LogN(0,4) 0 0 720.118 10997.15 29831.41 233498.1 

No group LogN(0,5) 0 0 3730.39 112616 392050.7 5132798 

No group LogN(0,6) 0 0 19324 1153242 5152414 1.13E+08 

 

Table A.2: Quantiles of the Burr distributions 

Group Distribution γ ρ 𝒒𝟗𝟓 𝒒𝟗𝟗 𝒒𝟗𝟗.𝟓 𝒒𝟗𝟗.𝟗 
No group Burr(1,2,1) 0.50 -1 4.359 9.950 14.107 31.607 

No group Burr(1,1,2) 0.50 -0.5 3.472 9.000 13.142 30.623 

F1 Burr(1,5,1) 0.20 -1 1.802 2.507 2.883 3.980 

F2 Burr(1,5,0.5) 0.40 -2 3.313 6.309 8.325 15.849 

F3 Burr(1,2.5,0.5) 0.80 -2 10.975 39.809 69.314 251.189 

F4 Burr(1,0.25,5) 0.80 -0.2 0.453 5.225 12.636 78.975 

F5 Burr(1,1.25,1) 0.80 -1 10.544 39.492 69.037 250.988 

F6 Burr(1,3,2/3) 0.50 -1.5 4.455 9.997 14.140 31.622 

F7 Burr(1,6,2/3) 0.25 -1.5 2.111 3.162 3.760 5.623 

G2 Burr(1,1.5,1) 0.67 -1 7.120 21.400 34.085 99.933 

G3 Burr(1,2,0.5) 1.00 -2 19.975 99.995 199.997 999.999 

G4 Burr(1,0.375,10/3) 0.80 -0.3 2.726 18.407 37.718 175.458 

G5 Burr(1,0.4,5) 0.50 -0.2 0.610 2.811 4.881 15.344 

G6 Burr(1,1.6,2.5) 0.25 -0.4 1.690 2.839 3.472 5.399 

G7 Burr(1,2.67,1.25) 0.30 -0.8 2.368 3.937 4.865 7.911 

G8 Burr(1,3.5,0.5) 0.57 -2 5.535 13.895 20.648 51.795 

G9 Burr(1,8,0.5) 0.25 -2 2.114 3.162 3.761 5.623 

 
 
Table A.3: Quantiles of the LogNIG distributions 

Group Distribution γ ρ 𝒒𝟗𝟓 𝒒𝟗𝟗 𝒒𝟗𝟗.𝟓 𝒒𝟗𝟗.𝟗 
No group LogNIG(3,1,1,1) 0.5 0 11.675 23.507 31.733 63.938 

No group LogNIG(2,1,1,1) 1 0 23.767 79.5074 136.392 496.788 

No group LogNIG(1,0.5,1,1) 2 0 44.945 347.507 910.416 9830.896 
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Appendix B: Approximating the Modified Bessel Function 
 

The modified Bessel function (MBF) of the first kind 𝐼±𝑣(𝑧) and of the third kind (also called 

MacDonald functions) 𝐾𝑣(𝑧) with index 𝑣 are solutions to the differential equation 

 

𝑧2
𝑑2𝜔

𝑑𝑧2
+ 𝑧

𝑑𝜔

𝑑𝑧
− (𝑧2 + 𝑣2)𝜔 = 0. 

 

The function 𝐼𝑣(𝑧) can be written as  

𝐼𝑣(𝑧) = (
𝑧

2
)
𝑣

 ∑
(
𝑧2

4
)
𝑘

𝑘! Γ(𝑣 + 𝑘 + 1)

∞

𝑘=0

 

and 𝐾𝑣(𝑧) satisfies 

𝐾𝑣(𝑧) =
𝜋

2

𝐼𝑣(𝑧)−𝐼−𝑣(𝑧) 

𝑠𝑖𝑛(𝑣𝜋)
, 

 

where the right-hand side of this equation is replaced by its limiting value if 𝑣 is an integer or 

zero.  

 

The Bessel function 𝐾𝑣(𝑧) can also be written in integral form as 

 

𝐾𝑣(𝑧) =
1

2
∫ 𝑢𝑣−1𝑒𝑥𝑝 (−

1

2
𝑧(𝑢 + 𝑢−1)) 𝑑𝑢

∞

0
, 𝑥 > 0. 

 

Useful properties of the MBF include: 

 

 𝐾𝑣(𝑧) = 𝐾−𝑣(𝑧) 

 𝐾𝑣+1(𝑧) =
2𝑣

𝑧
𝐾𝑣(𝑧) + 𝐾𝑣−1(𝑧) 

 𝐾1

2

(𝑧) = √
𝜋

2
𝑧−

1

2𝑒𝑥𝑝(−𝑧) 

 𝐾𝑣
′(𝑧) = −

𝑣

𝑧
𝐾𝑣(𝑧) − 𝐾𝑣−1(𝑧) 

 

Abramowitz & Stegun (1972) provide polynomial approximations for both the first and third 

kind MBF with 𝑣 = 0 and 𝑣 = 1. Equations B.1 to B.4 provide approximations for the first 

kind MBF whereas equations B.5 to B.8 are related to approximations regarding the third 

kind. These are given in the following sections. 
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Polynomial approximations for the modified Bessel function of first kind  

Take 𝑡 =
𝑧

3.75
 in Equations B.1 to B.4 below. 

Equation B.1:  

For −3.75 ≤ 𝑧 ≤ 3.75,  

𝐼0(𝑧) = 1 + 3.5156229𝑡
2 + 3.0899424𝑡4 + 1.2067492𝑡6 

+0.2659732𝑡8 + 0.360768𝑡10 + 0.0045813𝑡12 + 휀  

with |휀| < 1.6 × 10−7. 

Equation B.2: 

For 3.75 ≤ 𝑧 < ∞,   

√𝑧𝑒−𝑧𝐼0(𝑧) = 0.39894228 + 0.01328592𝑡
−1 + 0.00225319𝑡−2 

−0.00157565𝑡−3 + 0.0091628𝑡−4 − 0.02057706𝑡−5 

+0.02635537𝑡−6 − 0.01647633𝑡−7 + 0.00392377𝑡−8 + 휀 

with |휀| < 1.9 × 10−7. 

Equation B.3: 

For −3.75 ≤ 𝑧 ≤ 3.75,  

𝑧−1𝐼1(𝑧) = 0.5 + 0.87890594𝑡
2 + 0.51498869𝑡4 + 0.15084934𝑡6 

 

+0.02658733𝑡8 + 0.00301532𝑡10 + 0.00032411𝑡12 + 휀 
 

with |휀| < 8 × 10−9. 

Equation B.4: 

For 3.75 ≤ 𝑧 < ∞,   

√𝑧𝑒−𝑧𝐼1(𝑧) = 0.39894228 − 0.03988024𝑡
−1 − 0.00362018𝑡−2 

+0.00163801𝑡−3 − 0.01031555𝑡−4 + 0.02282967𝑡−5 

−0.02895312𝑡−6 + 0.1787654𝑡−7 − 0.00420059𝑡−8 + 휀 

with |휀| < 2.2 × 10−7. 
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Polynomial approximations for the modified Bessel function of third kind  

 

Equation B.5:  

For 0 < 𝑧 ≤ 2 and 𝑧2 =
𝑧

2
, 

𝐾0(𝑧) = −𝑙𝑛(𝑧2)𝐼0(𝑧) − 0.57721566 + 0.42278420𝑧2
2 + 0.23069756𝑧2

4 

+0.03488590𝑧2
6 + 0.00262698𝑧2

8 + 0.00010750𝑧2
10 + 0.00000740𝑧2

12 + 휀 

with |휀| < 1 × 10−8. 

Equation B.6:  

For 2 ≤ 𝑧 < ∞ and 𝑧3 =
2

𝑧
, 

√𝑧𝑒𝑧𝐾0(𝑧) = 1.25331414 − 0.07832358𝑧3 + 0.02189568𝑧3
2 

−0.01062446𝑧3
3 + 0.00587872𝑧3

4 − 0.0025154𝑧3
5 + 0.00053208𝑧3

6 + 휀 

with |휀| < 1.9 × 10−7. 

Equation B.7:  

For 0 < 𝑧 ≤ 2 and 𝑧2 =
𝑧

2
, 

𝑧𝐾1(𝑧) = 𝑧 × 𝑙𝑛(𝑧2)𝐼1(𝑧) + 1 + 0.15443144𝑧2
2 − 0.67278579𝑧2

4 

−0.12156897𝑧2
6 − 0.01919402𝑧2

8 − 0.00110404𝑧2
10 − 0.00004686𝑧2

12 + 휀 

with |휀| < 8 × 10−9. 

Equation B.8:  

For 2 ≤ 𝑧 < ∞ and 𝑧3 =
2

𝑧
, 

√𝑧𝑒𝑧𝐾1(𝑧) = 1.25331414 + 0.23498619𝑧3 − 0.0365562𝑧3
2 

+0.01504268𝑧3
3 − 0.00780353𝑧3

4 + 0.00325614𝑧3
5 − 0.00068245𝑧3

6 + 휀 

with |휀| < 2.2 × 10−7. 
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Appendix C: Maximum likelihood estimation 
 

Consider a random sample 𝑋1, 𝑋2, … , 𝑋𝑛 that was obtained from a distribution with 

distribution function (𝑥; 𝜃), with 𝐹 known and 𝜃 unknown. Furthermore, denote the density 

function of 𝐹 by 𝑓. Maximum likelihood estimation (MLE) is perhaps the most well-known 

method to estimate the parameter(s) 𝜃 of the distribution 𝐹. This is obtained as the value for 

𝜃 obtained from maximising the log likelihood ℓ(𝜃;𝑋), i.e. 

 

𝜃𝑀𝐿𝐸 = 𝑎𝑟𝑔max  ; X ≡ 𝑎𝑟𝑔max∑ 𝑓(𝑋𝑖|𝜃)
𝑛
𝑖=1 . 

 

The value of 𝜃, denoted by 𝜃𝑀𝐿𝐸, that maximizes ℓ(𝜃;𝑋) is termed the maximum likelihood 

estimate. An estimate of the 𝑝𝑡ℎ-quantile 𝑞𝑝 can then be obtained as �̂�𝑝
𝑀𝐿𝐸 = 𝐹−1(𝑝; 𝜃𝑀𝐿𝐸). 

 

 

 

 

 

 


