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Abstract

In the present study we aim to further our understanding of charged particle transport in a mag-

netized medium. To this end, we perform direct numerical simulations of particle transport in

a turbulent magnetic field. From the particle trajectories we calculate diffusion and drift coef-

ficients. In contrast to previous numerical simulations of this nature, we also consider a back-

ground magnetic field that contains a gradient perpendicular to the magnetic field direction. By

using a non-uniform background magnetic field, we can investigate the simultaneous large scale

drift due to the gradient in the background magnetic field and the diffusion due to the turbu-

lence IWhich is superimposed on this background magnetic field. Upon comparison with the

simulated diffusion coefficients, the newly proposed weakly non-linear theory (WNLT) of Shalchi

et al. (2004b) seems to be the most appropriate theory for the simultaneous description of parallel-

and perpendicular diffusion over a wide range of fluctuation amplitude and particle rigidity. As

for the effect of large scale drift on perpendicular diffusion, we find that under conditions of

small amplitude turbulence and/ or high particle rigidity the transport perpendicular to the back-

ground field can exhibit super-diffusive behavior. Diffusive behavior seems to be recovered for

the cases when the turbulence amplitude is sufficiently large and/ or the particle rigidity is suffi-

ciently small. We furthermore find that both the drift coefficient and the drift speed are reduced

from their weak scattering counterparts in the presence of scattering, with the reduction becom-

ing more pronounced with increasing turbulence amplitude. For the drift coefficient in particular,

the reduction from its weak scattering counterpart behaves differently for the cases in which the

background magnetic field is either uniform or non-uniform. For the former case the reduction is

predominantly at small rigidities, while for the latter case the reduction is predominantly at large

rigidities. The latter result might be of significance for heliospheric modulation models in which

the background magnetic field is highly non-uniform. Finally, we use a two-dimensional steady-

state cosmic ray modulation model to see how our improved understanding of the underlying

transport processes influences the overall cosmic ray modulation in the heliosphere. We conclude

that in the absence of a theory which connects large scale drift with small scale diffusion, any

statements about the inadequacy of a two-dimensional steady-state modulation model might be

premature.

Keywords: diffusion, cosmic rays, modulation, numerical modulation model,

turbulence
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Opsomming
'n Eerste Beginsel Benadering tot die Heliosferiese Modulasie van Galaktiese Kosmiese Strale

In die huidige studie poog ons om ons kennis te verbreed aangaande gelaaide deeltjie beweging

in a gemagnetiseerde medium. Ons maak gebruik van direkte numeriese simulasies van deeltjie

in '~ turbulente magneetveld. Vanuit die deeltjiebane bereken ons diffusie- end dryfkoeffisiente.
In teenstelling met vorige numeriese simulasies van dieselfde aard, beskou ons ook simulasies

waarin die agtergrond magneetveld 'n gradient bevat wat loodreg is op die magneetveld rigt-

ing. Deur hierdie nie-uniforme magneetveld te gebruik, kan ons die gelyktydige verskynsel van

grootskaalse dryf as gevolg van die gradient in die magneetveld en diffusie as gevolg van die

turbulensie ondersoek. Tydens vergelyking met die numeries berekende diffusiekoeffisiente blyk

dit dat die swak nie-linieere (8NL) teorie van Shalchiet al. (2004b) die mees voldoende teorie is vir

die gelyktydige beskrywing van ewewydige- en loodregte diffusie vir verskillende magnetiese

fluktuasie amplitudes en deeltjie styfhede. Verder vind ons onder omstandighede van klein am-

plitude fluktuasies in die magneetveld en/of vir groot deeltjie styfhede dat die voorkoms van

grootskaalse dryf die beweging van die deeltjies loodreg op die magneetveld soms super-diffuse

gedrag kan laat toon. Diffusie blyk om herstel te word vir die geval wanneer die turbulensie

amplitude voldoende groot is en/of wanneer die deeltjie styfheid voldoende klein is. Verder

vind ons dat beide die dryfkoeffisient sowel as die dryfspoed 'n afskaling ervaar ten opsigte

van hul swak-verstrooing ewekniee in die teenwoordigheid van deeltjie verstrooing. Die af-

skaling blyk om beklemtoon te word vir toenemende magneetveld fluktuasie amplitude. Vir die

dryfkoeffisient vind ons dat die afskaling van sy swak-verstrooing eweknie verskillende gedrag

toon vir die gevalle waarin die agtergrond magneetveld uniform of nie-uniform is. In die geval

van 'n uniform agtergrond magneetveld blyk dit dat die afskaling hoofsaaklik by lae styfhede

plaasvind, terwyl in die geval van 'n nie-uniforme agtergrond magneetveld blyk dit dat die

afskaling hoofsaaklik plaasvind by groot styfhede. Hierdie verskynsel van afskaling by groot

styfhede kan van belang wees vir heliosferiese modulasie modelle waarin die magneetveld streng

nie-uniform is. Laastens gebruik ons 'n twee-dimensionele tyd-onafhanklike modulasie model

om te ondersoek hoe ons verbeterde kennis van die onderliggende transport prosesse die glob-

ale kosmiese straal modulasie bemvloed. Ons kom tot die gevolgtrekking dat in die afwesigheid

van 'n teorie wat die grootskaalse dryf koppel aan die kleinskaalse diffusie, enige uitspraak oor

die geloofwaardigheid van'n twee-dimensionele tyd-onafhanklike modulasie model prematuur

mag wees.

Sleutelwoorde: diffusie, kosmiese strale, modulasie, numeriese modulasie

model, turbulensie
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Chapter 1

Introduction

Since the ground-breaking work of E. N. Parker on the heliospheric magnetic field (Parker,1958)

and the modulation of cosmic rays in the heliosphere (Parker,1965), many studies have been un-

dertaken in this field to improve our understanding of the modulation process (e.g., Gleeson&

Axford, 1967;Jokipii et al., 1977; Potgieter & Moraal, 1985; Webberet al., 1990; McDonald et al., 1992;

Burger & Hattingh, 1995; Moraal et al., 1999; Ferreira& Potgieter, 2004). The typical approach to

modeling the modulation of cosmic rays in the heliosphere is to choose transport parameters in

the transport equation that, when solved, yields the best agreement with observed cosmic ray

intensities. This process has been fruitful in improving our understanding of how large scale

structures in particular influence the modulation process; e.g. the effect of a time-varying helio-

spheric magnetic field (see, e.g., Ferreira& Potgieter, 2004). However, this approach does not take

into account how the underlying small scale structure of the heliosphere influences the diffusion

and drift coefficients of the cosmic rays.

Jokipii(1966) showed that one can relate the power in the magnetic fluctuations of the heliospheric

magnetic field to the mean free paths of the cosmic rays interacting with these fluctuations. This

study initiated a new paradigm in cosmic ray modulation, now referred to as the ab initio ap-

proach to cosmic ray modulation. It is referred to as such, because it is now required to first

understand how the solar wind behaves before a more complete understanding of the cosmic ray

transport becomes evident. After we have an understanding of the temporal and spatial evolu-

tion of the solar wind turbulence (see, e.g., Zhou & Matthaeus, 1990; Matthaeus et al., 1996; Zank

et al., 1996; Matthaeus et al., 2004; Breechet al., 2005), we use this knowledge to specify the diffu-

sion coefficients of the cosmic rays throughout the heliosphere, based on our understanding of

charged particle transport in a turbulent magnetized medium (see, e.g., Jokipii,1971;Formanetal.,

1974;Bieber & Matthaeus, 1997; Ie Roux et al., 1999; Teufel & Schlickeiser, 2002; Matthaeus et al., 2003;

Shalchi et al., 2004b). Then after the diffusion coefficients have been specified in the underlying

turbulent solar wind, the transport equation for the cosmic rays in the heliosphere is solved (see,

e.g., Minnie, 2002; Parhi et al., 2002; Minnie et al., 2003; Parhi et al., 2003, 2004; Minnie et al., 2005).

1
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In this approach to the modeling of cosmicray modulation there still remains many uncertainties

and the one of particular interest to the present study is the effect of particle scattering on the
large scaledrift coefficient.

In the phenomenological approach to cosmic ray modulation it has been shown that at solar max-

imum conditions the computed cosmic-ray intensities are in closer agreement with the observed

intensities when drift effects are scaled down by reducing the drift coefficient ~A with respect to

its weak scattering value (see, e.g., Ferreiraet al., 2003; Ndiitwani et al., 2005). The reduction of

drift effects have also been found to result in better agreement with observed cosmic ray intensi-

ties during solar minimum conditions, especially in the modeling of the latitudinal gradients of

cosmicrays (see,e.g., Burger etal.,2000).

The principle motivation for the present study was to come to a better understanding of this re-

duction of drift effects and, if possible, come to some quantitative understanding of how large

scaledrift is influenced by diffusion in particular. In the ab initio approach to cosmic ray modula-
tion a quantitative understanding of large scale drift is still elusive, although a reduction of drift

effectshave been employed in phenomenological cosmicray models for some time (e.g.,Potgieter
& Burger, 1990).

The analysis of Giacaloneet al. (1999) is of particular interest to the present study. They discuss a

technique for the calculation of the large scale drift coefficient from the direct numerical simula-

tion of particle propagation in a turbulent magnetized medium. Their technique is particularly

useful, since it yields a non-zero drift coefficient even in the case when a uniform background

magnetic field is used in the simulation. In the present study we take these drift calculations

a step further and introduce a gradient in the background magnetic field. It is our intention to

study the differences between the drift coefficient and drift velocity for the cases of a uniform and

non-uniform background magnetic field, respectively. Then, since the present study is ultimately

concerned with the modulation of cosmic rays in the heliosphere, we aim to use the knowledge

that we obtained from these numerical simulations of the drift coefficient and drift velocity in the

cosmic ray modulation model.

In Chapter 2 we present the model that will be used to describe the evolution of the turbulence

throughout the heliosphere. The complete derivation of the model is not discussed, but it is

pointed out how the model originated and how it was subsequently refined to include effects

such as non-vanishing cross helicity in the solar wind. We then present model solutions and we

discuss the final set of parameters in the model for the solar wind turbulence that will be used in

the cosmic ray modulation model.

Then, in Chapter 3 we present a brief overview of some relevant theories describing particle

diffusion in turbulent magnetized media. These theories are not re-derived, but are just presented

in such a way as to highlight the differences between them. In this chapter there is also no direct
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comparison between the predictions of any of the theories. In the final section of this chapter we

discuss the analysis of Giacaloneet al. (1999) of the large scale drift coefficient calculation.

In Chapter 4 we present the direct numerical simulations of diffusion and drift coefficients. This is

a comprehensive chapter on the transport of charged particles in a turbulent magnetized medium

in which the amplitude and geometry of the turbulence is varied, as well as the rigidity of the par-

ticles under consideration. Finall~ the background magnetic field is also allowed to vary between

either a uniform or non-uniform prescription. The non-uniform magnetic field is prescribed in

such a way that there is a gradient in magnetic field strength perpendicular (x-direction) to the

field direction (z-direction). No curvature is introduced in the background magnetic field. In this

chapter the influence of particle scattering on the large scale drift coefficient and drift velocity is
also investigated in detail.

In Chapter 5 we present a comparison of the diffusion coefficients from the direct numerical sim-

ulations of the present study with theoretical predictions of some of the diffusion coefficients

discussed in Chapter 3. These comparisons are presented to come to a consensus about which

theoretical descriptions to use for the diffusion coefficients in the cosmic ray modulation model.

Then, in Chapter 6 the cosmic ray modulation model is solved. This cosmic ray model now

include ab initio descriptions of the solar wind turbulence and the diffusion coefficients of the

cosmic rays. We discuss possible adjustments to the modulation model which can improve the

agreement between the computed and observed cosmic ray intensities.

Finally, in Chapter 7 we present a summary of the conclusions made throughout the present study,

and we conclude with a view into the future of the ab initio cosmic ray modulation models.

-
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Chapter 2

A Model for the Spatial Evolution of
Turbulence in the Solar Wind

2.1 Introduction

The purpose of this chapter is to serve as a concise description of the way in which the evolution

of solar wind turbulence is modeled. This model is subsequently used in the ab initio cosmic ray

modulation model discussed in Chapter 6.

We start with the basic MHD equations and show how the necessary equations describing the evo-
lution of the solar wind turbulence can be constructed from them. The model includes nonzero

cross helicity effects and this extension is discussed in detail. We finally show some sample so-

lutions of the turbulence model for the heliosphere and discuss our final choice of parameters in

the model, paying specific attention to those that have significant influence on the behavior of the
model.

2.2 The MHD Equations

The typical starting point in the description of the evolution of fluctuations in the solar wind is

the MHD equations for a compressible, one-fluid plasma (e.g. Matthaeus & Goldstein, 1982;Mont-

gomery et al., 1987; Tu, 1988;Zhou & Matthaeus, 1990) which include the continuity equation

8p
8t = - V . (V p) , (2.1)

an induction equation (Faraday's law)

8B
at = - V X E = V x (V x B) , (2.2)

5
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and an equation of motion

(2.3)

where V is the plasma flow velocity, p ==mn is the mass density of the plasma, B is the embedded

magnetic field in the plasma, a ==qn is the charge density and Pth is the thermal pressure of the

plasma.

The next step is to decompose the velocity, magnetic field, density and total pressure into a slow-

and fast spatially varying component1. The fast-scale averages of the induction equation and

equation of motion are then determined and subsequently subtracted from the full equations in

equations 2.2 and 2.3 to obtain equations that describe the evolution of the fluctuating velocity-

and magnetic fields v and b, respectively.

To facilitate further manipulations the so-called Elsasser variables (Elsasser,1950)

z:J:==v::l::~
vlJ-top = v ::I::VA.

(2.4)

are introduced, where the second term VA above is the magnetic fluctuations in Alfven speed

units. One can then rewrite the equations for the rapidly fluctuating velocity- and magnetic fields

v and b, respectively, in terms of the Elsasser fields z:f:.

At this point the different treatments of how the z:J:fields interact with each other lead to differ-

ent descriptions for the evolution of the fluctuations. In the present study we employ a non-WKB

approach to the modeling of the solar wind fluctuations (e.g. Zhou & Matthaeus, 1990). A com-

parison between WKB and non- WKB models falls outside of the scope of the present study, but

the interested reader is referred to e.g. Miltthaeus et al. (1994b) and Oughton & Miltthaeus (1995) for

a comparison between these two approaches. The work of Hollweg (1990) and Oughton (1993) is

also insightful with regard to comparison between WKB and non-WKB models.

2.3 Non-WKB Turbulence Evolution

The model for the evolution of the solar wind fluctuations that we shall use is that of Matthaeus

et al. (2004). It follows a non-WKB approach that has been used previously by various authors (e.g.

Miltthaeus et al., 1996; Zank et al., 1996; Miltthaeus et al., 1999; Smith et al., 2001). The steady-state

equations for the "energy" (Zf ==(lz:J:12)in the Elsasser fields and the corresponding correlation

lSee ZOOu & Matthaeus (1990) for a discussion about the implications and validity of a two-scale decomposition approach to the
description of the solar wind fluctuations.
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scale A (equations 12 and 13 of Matthaeus et ai., 2004) are given by

dZ2 Z2 Z2 Z2 BpI Z3
- = --+Csh--MCTD-+--a-,
dr r r r Vo VOA
dA A A A A BPI Z
- = -Csh-+MCTD--(3--+(3-,
dr r r Z2 YO YO

where Csh and Csh = (3Cshare dimensionless constants embodying the magnitude of stream-

shear and compression effects in the solar wind, M = cos2'IjJcharacterizes the coupling (mixing) of

the turbulence with 'IjJdenoting the spiral angle of the magnetic field, CTD = (Ev - Eb)/ (Ev + Eb) =
(rA - 1)/ (rA + 1) denotes the amount of residual energy in the system with rA = Ev /Eb the Alfven

ratio and Ev and Eb the energy in the velocity- and magnetic fluctuations, respectively, and BPI

denotes the pickup-ion source term. The constants a and (3are of order 0(1), with typical values

of a = 2(3 = 0.8 (e.g. Hossain et al., 1995;Matthaeus et ai., 1996;Breechet al., 2005). Further inherent

assumptions present in equations 2.5 and 2.6 are that the Alfven speed VA == Bo/ v'J.LoPis much

less than the uniform flow speed YOat which the plasma is expanding and that the cross helicity
((V'VA)) is zero, implying Z~= Z:. == Z2.

(2.5)

(2.6)

These equations contain (WKB) expansion in the first term of equation 2.5, mixing and stream

interactions through the terms containing M CTD,and Csh and Csh, respectively, the excitation of

MHD fluctuations by pickup-ions through the source term BPI (e.g. Williams et al., 1995; Isenberg

et ai., 2003) and turbulence dissipation according to the Karman-Taylor phenomenology through

the terms a ~~ and (3~ (e.g.Hossainetai.,1995;Matthaeusetai.,1996).

Note also that due to the presence of a non-zero background magnetic field in the heliosphere, the

description of the solar wind as discussed above is more appropriate for the 2D component of the

turbulence rather than the slab component. Due to the presence of the background magnetic field

the spectral transfer parallel to the background magnetic field is suppressed and the resulting

small-scale structures are mainly of a quasi-2D type (e.g. Matthaeus et al., 1998, and references
therein).

2.4 The Pickup-Ion Source Term

The pickup-ion source term is (e.g. Williams & Zank, 1994; Zank et ai., 1996; Smith et ai., 2001)

yovAn~
[

AI(}

]BPI = fD 0 0 exp --;-- (}
,

nswTion r sm
(2.7)

where Vois the uniform speed of the expanding solar wind, VA is the Alfven speed, nJj is the

number density of neutral hydrogen at the interstellar boundary of the heliosphere, n~w is the

number density of the solar wind at some reference point, typically taken as 1AU, TPon is the

neutral ionization time at the same reference point, AI is the ionization cavity length scale and

--
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() is the angle between the observation point and the upstream direction. The quantity f D is a

phenomenological dimensionless constant to adjust the amount of energy injected by the pickup-
ions.

Detailed studies indicate that in an unmodified form (i.e. ID = 1 in equation 2.7) this source term

results in too much energy being deposited into the solar wind at large heliocentric distances,

resulting in modeled values for the solar wind temperature that are too large when compared

with the observed temperature (Matthaeus et aI., 1999; Smith et aI., 2001; Isenberget al., 2003). In

particular, the study by Smith et aI. (2001) shows that only a fraction of the available energy is

necessary to produce sufficient turbulence in the outer heliosphere such that the model results for

the temperature agree well with the observed values. They find that a deposition of as little as 4%

(Le. ID = 0.04) of the available energy is sufficient to achieve good agreement with the observed

values for the solar wind temperature. This number of 4% in Smith et aI. (2001) should, however,

not be taken as a fixed value, since their equation for the temperature evolution contains a factor

of two that should not be there. Instead of a few percent, a more appropriate value of ID is of the

order of a few tenths as we shall see below. Despite this "problem" they successfully showed that

the pickup-proton source term must be reduced, but their analysis was not capable of saying why
it should be reduced.

Recently Isenberget aI. (2003) studied from first principles how the presence of turbulence influ-

ences the deposition of energy from the pickup-ions into the solar wind. Using QLT and cal-

culating how the pickup-ions are scattered resonantly by the slab component of the turbulence,

they found quantitatively that in the presence of turbulence, the distribution of the pickup-ions

become more isotropic than in the absence of turbulence, resulting in less energy being injected

into the solar wind. To compare their work with that of Smith et aI. (2001),we note that Smith et aI.

(2001) use for the pickup-proton source term (see also Williams & Zank, 1994;Zank et al., 1996)

S - I
vAVodnpI

PI-D dt '
nsw

(2.8)

whereas Isenberg et al. (2003) use

s - i V02 dnpIPI - ." dt '
nsw

where dnPI/dt is the rate at which pickup-ions are created, VA is the Alfven speed, Vo is the

uniform flow speed of the solar wind and npI and nsw are the number densities of the pickup-

ions and solar wind protons, respectively. The factor ( is the analogue of I D, with the exception

of course that ( is determined ab initio by the interaction of the pickup-ions with the turbulent

fluctuations. Comparing these two equations one finds that

(2.9)

(2.10)

In the solar wind, and in the equatorial plane specifically, one can assume that VO/VA '" 10, im-
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plying

fD ,..., 1O( . (2.11)

In Isenberget ai. (2003) the authors find from first principles then that for typical solar wind con-

ditions in the equatorial plane (is of the order of a few percent. This implies that the factor fD of

Smith et ai. (2001) should actually be of the order of a few tenths, and not their mentioned value

of a few percent.

In summary, for the pickup-ion source term we use the model by Williams& Zank (1994)(see

equation 2.7), which is also used by e.g. Matthaeus et ai. (1999) and Smith et ai. (2001) and adjust

the pickup-ion source term with the phenomenological factor f D to account for observed solar

wind temperatures. We do not use the Isenberget ai. (2003) model, since although it proves to be

very promising in the ab initio approach to cosmic ray modulation, it is specialized to the case of

purely azimuthal fields, which might not be strictly applicable to the regions of the heliosphere

above the solar poles2.

2.5 Modeling the SolarWind Temperature

After this discussion of the pickup-ion source term, we can finally write down the equation that

describes the spatial evolution of the solar wind temperature T, which was presented by Williams

et ai. (1995). These authors start by considering the evolution of the solar wind internal energy

and upon assuming a radially expanding solar wind at speed Voand ignoring heat conduction

they find that
dT 4T 2 Q-=---+-- ,
dr 3 r 3 kBVOnsw

(2.12)

where Q denotes heat sources, kB is the Boltzmann constant and nsw is the solar wind proton

number density. Clearly, when there are no heat sources (Q = 0) the adiabatic expansion result

T ex r-4/3 is obtained. However, the solar wind does contain heat sources and in this model the

dissipation of the turbulent fluctuations is taken to be the major source of heat. In our nomencla-

ture, the heat source of Williams et ai. (1995) is Q = Er, where Er = Ev + Eb is the sum of the

energy in the velocity- and magnetic fluctuations, respectively. As we shall see below, however,

the total energy Er is related to the Elsasser energy Z2 through Z2 = 2Er, for the case of vanish-
ing cross helicity. This implies that ET = Z2/2. Note that the overdot denotes a time derivative

and that Z2 ==dZ2/dt.With this value for the heat source, equation 2.12 becomes

dT 4T 1 Z2
+--

dr - 3 r 3kBVonsw'
(2.13)

2See the discussion on the heliospheric magnetic field in Section 6.3.
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Note the factor of two difference in the source term with respect to that presented by Smithetal.
(2001).They use a temperature equation that reads

dT 4 T 2 Z2-
d

= --
3
- + _3k VI . (2.14)r r B onsw

This factor of two contributes to the discrepancy that arises when one compares the fD of Smith

etaI.(2001)with the ( of IsenbergetaI. (2003),as discussed above.

Finally, upon assuming that the turbulent dissipative heating term is given by (e.g. Williams et aI.,

1995; Zank et aI., 1996; Hossain et al., 1995)

dZ2 Z3

dt = aPT' (2.15)

where Pis the mass density of the solar wind protons, it follows that

dT 4 T 1mp aZ3+---
dr - 3 r 3 kB Vo>' .

(2.16)

Note that the dissipative term is positive, since it addsheat to the solar wind at the expense of the

energy in the turbulent fluctuations.

2.6 Elsasser Variable Representation

For future manipulations it is alsonow useful to relate the Elsasserenergies zl to the energies Ev

and Eb'Specificallyone has that

zl ==(z:l:.z:l:) = (v2 :f: 2(v .VA) + v~) = 2(Ev + Eb:f: 2He) = 2(Er :f: 2He), (2.17)

where we have made use of the fact that He ==(v' VA)/2 is the cross helicity of the velocity- and

magnetic fluctuations (e.g. Matthaeus & Goldstein, 1982) and Er == Ev + Eb is the total energy in

the velocity- and magnetic fluctuations. Note that for the present case of vanishing cross helicity

(He = 0, Z~ = Z:) the Elsasser energy Z2 is twicethe total energy in the magnetic and velocity
fluctuations.

After some algebra one can also write the total energy Er as

Z~+Z:ET= ,4 (2.18)

and the cross helicity He as

H _Z~ - Z2e- -8 (2.19)

We can then define the normalized cross helicity O"eas (e.g. Matthaeus & Goldstein, 1982)

2H Z2 - Z2e + -

0"e == Er = Z~+ Z: '
(2.20)
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and subsequently it also follows from equation 2.17 that

zl = 2(ET::I::2Hc) = 2~(1::1:: 2Hc/~) = Z2(l::l::CTc), (2.21)

where Z2 = Z~ = Z:. when CTc = o.

Finally, it also is instructive to see how the magnetic fluctuation variance 8B2 is related to the

Elsasserenergy Z2. Westart by setting equation 2.17equal to equation 2.21to obtain the relation

(2.22)

with Eb the energy in the magnetic fluctuations and rA = Ev/ Eb the Alfven ratio. After some

algebra and recalling that
8B2

Eb=-,
2/-Lop

where P is the plasma mass density and /-Lois the permeability constant in a vacuum, we find that

8B2 = ~ Z2 . (2.24)
rA + 1

(2.23)

2.7 Non-Zero Cross Helicity

To continue, we recall that the turbulence model that we are currently describing has been spe-

cialized to the case of vanishing cross helicity. Although this approximation of vanishing cross

helicity might be realistic in the outer heliospheric equatorial region (e.g. Roberts et al., 1987), it is

not a valid approximation in the inner heliosphere inside of rv 5AU (e.g. Bavassanoet al., 1998).

In order to use this simplified model for the case of non-zero cross helicity without reverting to

the more complex scenario of solving for the z:J:fields explicitly, one can modify the zero cross

helicity model to emulate cross helicity effects.

Such a modification is described by Matthaeus et al. (2004). The underlying mechanism involved

here is that in the presence of non-zero cross helicity, the nonlinear dissipation needs to be reduced

by an amount commensurate with the amount of cross helicity in the system. To see how this

comes about, we follow Matthaeus et al. (2004).

We start by restoring the zl notation in the equation 2.5 to obtain (e.g. Matthaeus et al., 1994a)

dzl zl Z2 Z2 BPI zlz'f
-=--+Csh--MCTD-+--a-. (2.25)
dr r r r Vo VOA

Note that for the case of vanishing cross helicity (Le. Z~ = Z:. = Z2) equation 2.25 reverts to

equation 2.5. Only the expansion and dissipative terms add cross helicity to the system, and

therefore only these two terms have the ::I::notation recovered. The source and mixing terms

do not add cross helicity, because these processes inject inward and outward traveling fluctua-

tions equally, although for distinctly different reasons. Mixing effects on Z~ and Z:. are equal
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up to order VA/VOfor a uniform expansion (Matthaeuset al.,1994a;Oughton& Matthaeus, 1995).

Furthermore, stream-shear drives large-scale nonlinear Kelvin-Helmholtz instabilities that inject

kinetic energy and thus have no preference for propagation direction. Finally, since the pickup-

ion source term (e.g. Isenberget al., 2003) is only of relevance beyond the ionization cavity, the

pickup-ions encounter an approximately transverse magnetic field and therefore coupling with

the magnetic field occurs equally for both inward and outward traveling pickup-ions, generating

equal amounts of z~ and Z:..

To see how the (normalized) cross helicity evolves as function of radial distance, we start with the

definition of the normalized cross helicity in equation 2.20 and form the necessary derivative to
obtain

(2.26)

(2.27)

(2.28)

In the last step we make use of equation 2.21 to remove the Z~ + z:. term in the denominator,

but we keep this form in the derivative. Using equation 2.25we obtain for the evolution of the

normalized cross helicity

duc = ~
[
_! (Z2 _ Z2 ) _ ~ (Z2 Z - Z2 Z

)]dr 2Z2 r + - VOA + - - +

uc

[

1
(

2 2 )
Z2 Z2 SPI a

(
2 2

)
]

-- -- Z +Z +2C h --2Mu D -+2--- Z Z_+Z Z+
2Z2 r + - S r r Vo VOA + -

Since 2z2 = Z~ + Z:., thisequationreadilybecomes

duc = -Uc
[

CSh _ MUD + SPI
]dr r r VOZ2

+ _~~.. [uc(Z~Z_ + Z:.Z+) - (Z~Z_ - Z:Z+)] .

We now have to eliminate the :f:quantities and as before we use equation 2.21. Using this identity

yields

(2.29)

(2.30)

Z~Z_ :f:Z:Z+ = [(1+ uc)(1- uc)1/2:f: (1- uc)(1 + Uc)1/2]Z3

= (1 - u~)1/2 [(1 + uc)1/2:f: (1- Uc)1/2]Z3

= 2f;!;(uc)Z3, (2.31)

(2.32)
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Figure 2.1: The functions f+(uc), r(uc) and f'(uc) defined in the text. Note that the function f' prime does not
denote any derivative.

For reference, the functions jj;(ere) are shown in figure 2.1.

With the aid of equation 2.31 we can rewrite equation 2.30 as

dere_
[

CSh M erD BPI

]

a
[ 3 + 3 _ ]dr - -ere -:;:- - ---:;:- + VoZ2 + 2Z2VOA2Z ere! (ere)- 2Z j (ere) (2.33)

and upon simplification we finally obtain

dere_ _
[

CSh _ MerD BPI
]

j
'
( )~

dr - ere r r + VOZ2 +a ere VOA'
(2.34)

with

(2.35)

The function j'(ere) is also shown in figure 2.1. With equation 2.34 one can now model the evo-

lution of (normalized) cross helicity as function of radial distance in the presence of stream-shear

(first term) and mixing (second term), MHD turbulence generated by pickup-ions (third term)

and dissipation (last term). Depending on whether the source(s) of the turbulence or the dissipa-

tion of the turbulence dominates, the behavior of the cross helicity can switch from decreasing to
increasing with radial distance.

To complete the discussion on the modification of the zero cross helicity model to accommodate

nonzero cross helicity, we have to look at the effect of this modification on the evolution of Z2 and
A.
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Startingwith equation 2.25we now form the sum of the + and - equations in such a way that

dZ2 =!
[
dZt + dZ~

]
.

dr 2 dr dr (2.36)

The reason for the factor of a half is that we want this sum to be valid for the case of vanishing

cross helicity (Zt = Z: = Z2) as well. Upon evaluating this sum we obtain

dZ2 1

[

1 Z2 Z2
- = - -- (Z2 + Z:) + 2Csh- - 2MqD-dr 2 r + r r

BPI a
(

2 2

)]+ 2 Vo - VOA Z+Z_ + Z_Z+
(2.37)

Here we make use of equations 2.21 and 2.31 to obtain

dZ2 Z2 Z2 Z2 BPI Z3
- = -- + Csh- - MqD- + - - aj+(qc)-.
dr r r r Vo VOA

This is the modified expression for Z2 (see equation 2.5) which includes the contribution of

nonzero cross helicity through the function j+(qc). It is evident from figure 2.1 that the presence

of crosshelicity alwaysreducesthe nonlinear term. The function j+(qc) has a maximum value of

unity for the case of vanishing cross helicity, showing that when there are equal amounts of Zt
and Z: the nonlinear interaction between the z:l::fields is at its most efficient level. However,

any finite amount of cross helicity reduces the nonlinear term. In the limit of purely Alfvenic

fluctuations (Le. qc = ::1::1)the dissipation term is switched off completely, indicating no inter-

action between the z:l::fields, since there is only one of the z:l::fields present by definition of the

(normalized) cross helicity.

(2.38)

Apart from different constants, equation 2.16 contains the same nonlinear dissipation term and

without writing out the calculations it should be evident that this term should be modified in

the same way as the dissipation term in equation 2.38, except for the minus sign of course. The

presence of finite cross helicity therefore modifies the temperature equation in such a manner that

dT 4 T 1 mp aj+(qc)Z3+--
dr - 3 r 3 kB VOA . (2.39)

We now consider the equation for the correlation scale A. In equation 2.6, the only term that will

be influenced by the presence of nonzero cross helicity is the nonlinear term N).. = (3Z/Vo, since

as discussed before, the source and mixing terms inject equal amounts of energy in the + and -

directions resulting in no net injection of cross helicity. This nonlinear term can be rewritten as

N = ~ (3Z = ~ dA
).. Vo Vo dt '

where dA/dt = (3Z is the vanishing cross helicity phenomenological description of the evolution

of the correlation scale in homogeneous turbulence (e.g. Hossain et al., 1995; Matthaeus et al., 1996).

(2.40)
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If we temporarily restore the two length scales A:i:,and define 2Z2A = A+Z~ + A_Z:, one can

write the time derivative of Aas (Matthaeus et al., 2004)

2 . 2 .
dA Z+A++ Z_A_
dt = 2Z2 ' (2.41)

where an overdot again denotes a time derivative. Wenow employ a finite crosshelicity general-

ization of I3Zsuggested by Hossainetal.(1995),namely ~:i:= I3ZT,and using these values for~:i:

in equation 2.41yields
dA 13

(
2 2

)dt = 2Z2 Z+Z_ + Z_Z+ .
By employing equation 2.31 we finally obtain

dA 13 + 3 +
dt = 2Z22f (O"c)Z = I3f (O"c)Z,

(2.42)

(2.43)

and with equation 2.40 it follows that equation 2.6 therefore becomes

dA A A A A BPI + Z- = -Csh- + MO"D- -13-- + I3f (O"c)-. (2.44)
dr r r Z2 Vo Vo

The effect of the finite cross helicity is to modify the nonlinear interaction I3Z through the function

f+(O"c)only. From figure 2.1 it is then again obvious that in the presence of an equal amount of

energy in the + and - directions (Le. 0"c = 0) and without any mixing or driving of the turbulence,

then the time evolution of the correlation scale is at its most efficient level. However, when the

fluctuations are purely Alfvenic, the correlation scale does not evolve as a function of time.

2.8 The Turbulence Model

We now have a set of three coupled differential equations that describes the evolution of the

"energy" Z2, correlation scale Aand (normalized) cross helicity o"cof the turbulence, as well as a

fourth equation for the radial evolution of the solar wind temperature T. For ease of reference we

show the complete set of equations:

dZ2 = _ Z2 + Z2 (CSh - MO"D)+ BPI _ af+(O"c) Z3
dr r r VO VOA

dA =
[

MO"D - CSh

]
A -13~ BPI + I3f+(O"c)~

dr r Z2 Vo Vo

dO"c_ _
[

CSh - M O"D BPI

]
f
'
( )~

dr - o"c r + VOZ2 + a o"c VOA

(2.45)

(2.46)

(2.47)

and

dT = _~ T ~mp af+(O"c)Z3 (2.48 )dr 3 r + 3 kB TT \ .
These equations embody the model for the turbulence in the heliosphere that we shall use in the

ab initio model for cosmic ray modulation in Chapter 6.
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This model in its present form (Matthaeus et al., 2004), as well as previous versions (Zank et al.,

1996;Mntthaeus et al., 1999; Smith et al., 2001) and a slightly revised version (Breechet al., 2005)

has been quite successful in accounting for all of the observed values that it models. The revised

model of Breechet al. (2005)has been particularly successful in accounting for the temperature
and cross helicity observed by Ulysses in the polar regions of the Sun. The model described in the

present study differs from the model described in Breechetal. (2005)only through a factor of 1/0:

in the pickup-ion source term of the equation for the correlation scale. The main reason why the

present study does not employ the exact model of Breechet al. (2005) is that the omission of 1/0:

in the pickup-ion source term in the Aequation leads to computed values of the correlation scale

that is in somewhat better agreement with observations.

All that remains now is to discuss the "free" parameters in this model. We use free in inverted

commas, since the parameters available for adjustment are heavily constrained by observational

data. Before we proceed, we briefly discuss the physical environment in which this model will be

applied.

This model does not include latitudinal transport effects of the turbulence, but does provide tur-

bulence that is varying in latitude. This means that at various co-latitudes the model is solved to

describe the radial evolution of the turbulence at that particularco-latitude. The inner boundary of

the heliosphere is placed at 0.3 AU and the outer boundary at 100AU. The heliosphere is assumed

to spherically symmetric with no termination shock. Typical solar minimum conditions are as-

sumed, therefore a tilt angle of 15° is used. This region swept out by the wavy current sheet is

characterized by a slow solar wind, which we take to expand at 400km/ s. The region above (and

below) the wavy current sheet is characterized by a faster expansion than in the equatorial region

and is assumed to occur at 800km/ s. In figure 2.2 we show the profile of the solar wind that is

used in the present study. The solar wind is assumed to be constant at a fixed helio-latitude.

Assuming the conservation of mass flux in the solar wind, a latitudinally varying solar wind

density is implied due to the latitudinally varying solar wind speed. Following McComas et al.

(2000) we use for the proton density in the slow wind region at 1AU a value of 9 protons/ ce. This

value varies with the same profile (but not the same value) than the solar wind speed as hmction

of latitude to 2.4 protons / cc in the fast wind region. The density is assumed to have an r-2 radial

dependence.

For the density of the neutral hydrogen on the outer boundary we assume a value of nri = 0.1/ cc

(e.g.Ajelloetal.,1987;Zanketal.,1996;Smithetal.,2001).The ionization cavity length scale is taken

as AI = 5.6 AU with an ionization time scale rPonat 1AU of 1.3 x 106 s (Ajello et al., 1987; Isenberg

et al., 2003). Furthermore, regarding the pickup-ion source term, we use a value of fD = 0.45.

Recall that this is consistent with Isenberget al. (2003), with fD f',J1O( (see page 8) and ( of the

order of a few percent. For the angle 8, which is the angle between the observation point and the
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Figure 2.2: The solid line denotes the solar wind profile as a function of co-latitude that is used in the present study. It
is further assumed that the speed at a particular helio-Iatitude remains constant as a function of heliocentric distance.

upstream direction, we use ()= 0° (e.g. Smith et al., 2001).

The next quantity that needs to be specified is the residual energy aD = (rA - 1)/(r A + 1). For

a constant Alfven ratio of 1/2 (Robertset al., 1987; Goldstein et al., 1995), the residual energy takes

on the value aD = -1/3. For the stream-shear constant Csh we assume a value of 1.0 in the

slow wind region and 0.5 in the fast wind region. The latter value takes into account the reduced

stream interactions at high latitudes (Breechetal.,2005).

In figures 2.3 through 2.5 we show solutions of the turbulence model outlined above. Of partic-

ular interest in these graphs is the sensitivity of the solution of this model to the dimensionless

Karman-Taylor constants a and (3and the importance of the equation for the correlation scale A.

The boundary conditions at r = 0.3 AU for the quantities that are being solved are:

Here the specification of a range of values indicate a latitudinal dependence of the boundary

conditions. The values specified first are for the slow wind region at low latitudes, which contin-

uously changes to the values specified second, which is the value of the quantity in the fast wind

region at high latitudes. The normalized cross helicity is assumed to have no latitudinal depen-

dence at the inner boundary and therefore only one value is specified. In what follows all of the

800
.......,

II)
"-
E

.=. 600
"U
coco
a.
U)

400

Z5 = 3000- 8000(km/S)2 (2.49)

AO = 0.02- 0.03AU (2.50)

To = 2.0X 105 - 8.5X 105K (2.51)

ac,o = 0.8. (2.52)
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Figure 2.3: The magnetic variance, correlations scale, normalized variance, solar wind temperature, and cross helicity
as function of heliocentric distance are shown in panels (a), (b), (c), (d), and (e), respectively. Solid lines denote model
results at co-latitude 90° (equatorial plane), dashed lines at co-latitude 45°, and dotted lines at co-latitude 0° (poles).
In all the panels symbols denote data in the equatorial plane, and the shaded regions in panels (d) and (e) denote data
ranges obtained in fast solar wind regions (see text for description). For these solutions 6.h = {3C.h and a = 2{3= 1
(see e.g., Matthaeus et ai., 1999;Smith et ai., 2001).

turbulence model solutions are calculated with these boundary conditions. Only the stream-shear

in the A equation and the Karman-Taylor constants a and (3are changed.

In figure 2.3 we show a solution of the turbulence model with parameters that have been typi-

cally used in previous studies (e.g. Smith et al.,2001; Isenberget al.,2003). Specifically, the Karman-

Taylor constants are a = 2(3 = 1.0. Also, in the A equation the effect of stream-shear is left

unaltered by retaining the relationship Csh = (3Csh(see the discussion following equation 2.6). In

the figure there are 5 panels. Panel (a) shows the magnetic field variance compared with observa-

tional data from Voyager (Zank et al., 1996). Panel (b) shows the correlation scale, also compared

with observational data from Voyager (Matthaeuset al., 1999;Smith et al.,2001). Panel (c) shows the

computed ratio 8B2/B6at various latitudes, where a Parker background magnetic field (Parker,

1958)has been assumed. Panel (d) shows the computed temperature of the solar wind in compar-

ison with Voyager data in the equatorial plane (Smith et al., 2001)and Ulysses data in the fast wind
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L......J
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region denoted by the shaded region, which is the region that encapsulates the data presented by

BreechetaI.(2005).Finally,panel (e)shows the computed normalized crosshelicity in comparison
with data in the equatorial plane (Roberts et aI., 1987) and the fast solar wind, where the shaded

region again encapsulates the Ulysses data presented by Breechet aI. (2005).

The most notable feature in this graph is the obvious disagreement between the modeled and ob-

served values for the correlation scale in panel (b). This behavior has been the focus of some new

research. In particular, it has been suggested recently that the driving of the turbulence through

stream-shear interactions can cause the correlation to increase or decrease (W. H. Matthaeus, pri-

vate communication 2005; W. H. Matthaeus and S. Oughton, manuscript in preparation), imply-

ing that the constant Csh can be either positive or negative. Of course any driving of the turbu-

lence leads to an increase in the energy Z2. This is in contrast to the present understanding of

the correlation scale, which always has the opposite behavior to that of Z2, where an increase

(decrease) in Z2 is accompanied by a decrease (increase) of >..This behavior is rooted in the con-

servation law Z2b>.= constant, with b = I, which is commonly used as a one-point closure for the

model of the evolution of the correlation scale (see e.g., Zhou& Matthaeus, 1990;Zank et aI., 1996;

Matthaeus et aI., 1996;Hattingh, 1998). However, it is evident that a family of solutions exists with
b any real value.

Following these suggestions, we use a value of Csh = 0 in the >.equation, which is appropriate

for driving at scale lengths comparable to the correlation scale itself (see also BreechetaI.,2005).
This has the effect of leaving the correlation scale>. unchanged due to shear driving, even though

the energy in the turbulence is driven through Csh' We still keep the Karman-Taylor constants as
a = 2f3 = 1.0 and in figure 2.4 we show the solution of the turbulence model for this scenario.

The agreement between the computed and observed correlation scales in panel (b) has improved

somewhat. The agreement between the observed and computed values for the magnetic field

variance in panel (a) also improved, mainly due to the larger correlation scale >.. This follows

from equation 2.45 for Z2 where one can see that the dissipative term is inversely proportional to
the correlation scale. Therefore, this increase in the correlation scale resulted in a reduced amount

of dissipation of the fluctuation energy. The agreement between the data and modeled values for

the remaining quantities are basically unchanged with this change in the stream-shear driving in
the equation for the correlation scale.

If we now change the Karman-Taylor constants to a = 2f3= 0.8 and introduce just a small amount

of shear driving in the >.equation by setting Csh = 0.2Csh, we obtain the solution shown in

figure 2.5. This small change in the Karman-Taylor constants leads to significant effects in the

behavior of the correlation scale in the outer heliosphere. It now shows the same behavior as

the observed values for the correlation scale, which is the tendency to increase as radial distance

increases. The agreement is, however, not perfect but it is much better than before. The agreement

with the observed values of the magnetic field variance improved, due to a further increase in the

--- - - --- -
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Figure 2.4: Sameas figure 2.3,but for 6.h = O.Seetext for more details.

correlation scale. The solutioR of the turbulence model presented in figure 2.5 is the solution

which we shall subsequently use in the modulation code.

At this point one may be tempted to increase the amount of shear driving to improve the. agree-
ment between the observed and modeled magnetic field variances. This does improve the agree-

ment, but with the increased shear driving, the normalized cross helicity is driven down to zero

too quickly and the temperature in the inner heliosphere also becomes too high.

2.9 Summary

We have outlined a model for the spatial evolution of turbulence in the solar wind and have

shown that solutions are heavily constrained by observations. We find that a choice of Csh =
0.2Csh for stream-shear driving and a = 2{3 = 0.8 for the Karman-Taylor constants gives reason-

ably good agreement with data for magnetic variance, correlation scale, solar wind temperature,

and cross helicity.
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Figure 2.5: Sameas figure2.3,but for ash = 0.2Cshand a = 2/3= 0.8.

We now have a model for the spatial evolution of the correlation scale and magnetic variance,

and the next step is to show how these quantities appear in the theoretical expressions for the
diffusion coefficients.
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Chapter 3

Particle Transport Theory

3.1 Introduction

In this chapter we present a brief discussion and overview of the transport theories that are rel-

evant to the ab initio modulation model that will be used in Chapter 6. In particular we shall

discuss how the most recent theories for particle diffusion in a magnetized medium are con-

structed. We shall present no comparison between the different theories, since this will be done in

Chapter 5, where we shall compare the theoretical predictions with numerical simulations. These

comparisons will guide us towards a set of transport coefficients that should be used in the ab
initio modulation model.

Minnie (2002) followed a similar approach to that of the present study. However, in that study

we did not perform any direct numerical simulations of diffusion coefficients, but were guided

by the results of simulations performed by others. In the present study we use our own direct

numerical simulations of diffusion- as well as drift coefficients to guide us toward an ever more

realistic diffusion tensor to be used in the cosmic ray transport equation. However, before we

get to the direct numerical simulations we have to discuss some diffusion theory which can be

compared with our numerical simulations of the transport coefficients.

We start with a discussion of quasi-linear theory (QLT), after which we shall present an introduc-

tory discussion of the velocity correlation function (VCF) approach to the modeling of transport

parameters. We then move on to the discussion of theories that make specific use of the VCF ap-

proach and finally we discuss a method that was proposed recently to calculate drift coefficients

from the direct numerical simulations of charged particle transport.

23
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3.2 Quasi-Linear Theory

Standard QLThas been the leading paradigm in particle transport for the past four decades (e.g.
Jokipii,1966; Forman et al., 1974; Schlickeiser, 1989; Chuvilgin & Ptuskin, 1993; Bieber et al., 1994;

Shalchi & Schlickeiser,2004a, and references therein). Probably the most notable feature of QLT

is that the diffusion coefficients can be derived independently of one another. The diffusion of

particles perpendicular to the background magnetic field is unaffected by scattering that may be

occurring parallel to the field and vice versa.

The diffusion of cosmic rays parallel to the background magnetic field takes place by means of

pitch angle scattering. Due to the presence of irregularities in the magnetic field, the helical paths

of the cosmic rays are constantly altered as they travel along a line of force. Thus, when a par-

ticle's pitch angle increases / decreases through 90°, the particle's direction of motion parallel to

the mean magnetic field changes and effectively the particle is undergoing diffusion parallel and

anti-parallel to the direction of the background magnetic field.

Pitch angle scattering is a resonant process. This is due to the fact that this process is most efficient

when the particle's Larmor radius is comparable with the length scale of the fluctuations (see, e.g.

Jokipii,1971) and the particle resonates with the fluctuation in the magnetic field.

The relativistic cyclotron frequency of a charged particle in a magnetized medium is given by

n = IqlBo,,m
with q the charge of the particle, Bo the magnitude of the magnetic field, m the rest mass of the

particle and I the Lorentz factor. The time it takes to spiral once about the magnetic line of force

is given by

(3.1)

27r 1m

T = n = 27rIqlBo . (3.2)

For resonant scattering to occur, the particle has to cover the distance Ares(the length scale of the

fluctuation) in the same time that is needed for the particle to spiral once about the line of force,
thus

with vIIthe velocity component of the particle in the direction of magnetic field, J.L==cos () the

cosine of the pitch angle and rM the particle's (maximal) Larmor radius.

Ares = TVII
,m=

27rIqlBo v cos()
,mv=

27rIqlBo COS()
= 27rrM J.L , (3.3)
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The wavenumber corresponding to the wavelength or length scale Ares is given by

271" 1
kres=-=-,

Ares rM J.l
(3.4)

where kres (Ares)denotes the wavenumber (wavelength) at which a particle with (maximal) Lar-

mor radius rM will be resonantly scattered. In this equation one of the "problems" with parallel

scattering in the QLT paradigm is also exposed and that is the 90° "problem". Note that when J.l

is zero (i.e. 90° pitch angle), the resonant wavenumber kres tends to infinity. With any power law

spectrum the amount of power in the wave mode at infinity is zero and therefore QLT actually

predicts that it should not be possible to scatter through 90° pitch angle. Nonetheless, the main

appeal of QLT is that it yields tractable results for the diffusion coefficients, and Zank et al. (1998)

find for the parallel mean free path that (see also Jokipii, 1966; Schlie keiser, 1989; le Roux et al., 1999;

Teufel& Schlickeiser,2002)

_ Bg/3 (
P

)1/3 2/3

[

~[(1 + 82)5/6 - 1]

]
All- 3.1371 AB

2 - Ac x 1 + ( 1)( 7)U x,sl c q + 3" q + 3"

where Bo is the magnitude of the background magnetic field. Here

582/3
q = ,

1 + 82 - (1 + 82)1/6
8 == 0.746834rMIAc,

(3.5)

r is the heliocentric distance, rM is the maximal particle Larmor radius, OB;,sl is the variance of

the x component of slab geometry fluctuations and P ==~ is the particle rigidity (p momentum, c

the speed of light, and Ze particle charge). Finally, Acis the correlation length for slab turbulence.

Note that in equation 3.5 we have the ratio Pic. We can write this as Pic = rMBO where rM is the

Larmor radius of a particle with rigidity P spiraling in a magnetic field with a magnitude given

by Bo. This follows directly from the definition of the Larmor radius of a charged particle in a

magnetized medium, rM ==lc' Making this substitution in equation 3.5 we obtain

r~3 A~/3

[

~[(1 + 82)5/6- 1]

]AII=3.1371 A2 x 1+ ( 1)( 7) ,x,sl q + 3" q + 3"
(3.6)

where Ax,sl = oBx,sz/ Bo is the normalized amplitude of the x component of the slab geometry
fluctuations to the background field Bo.

Equation 3.6 yields the parallel mean free path of a particle with rigidity P when it is resonant

with the inertial range (rMIAc < 1) or the energy range (rMlAc > 1) of the power spectrum of the
slab turbulence.

For diffusion perpendicular to the background magnetic field, QLT provides the so-called field-

line random walk (FLRW) diffusion coefficient (e.g. Jokipii, 1966; Forman et al., 1974). Since it is
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a particle's tendency to follow the magnetic field, the perpendicular transport of the particle is

governed by the diffusive spreading of the field lines. If the turbulence is purely one-dimensional

(Le. slab turbulence) an exact solution can be obtained as (e.g. Jokipii,1971;Forman et al., 1974)
1 8B2

~.L= 4VAc B2 ' (3.7)o

with v the particle speed, Acthe correlation length of the (slab) turbulence, 8B2 the variance of the

magnetic fluctuations and Bo the magnitude of the background magnetic field. This expression

is valid for weak scattering, which implies that pitch angle scattering must be negligible. If this

is not the case, then the particles will experience scattering along the background magnetic field

which will result in the particles to trace their original paths back to their starting points, since the

field lines are similar due to the assumption of slab turbulence. The resulting effect is that at large

times the particles will experience no net diffusion perpendicular to the background magnetic

field. This phenomenon is known as sub-diffusion (or sometimes known as compound diffusion),

even though the field lines themselves are separating diffusively (e.g. Urch, 1977; Kota & ]okipii,

2000; Qin et al., 2002b).

The FLRW formalism above, under the assumption of weak scattering, is again a tractable and

physically appealing result to describe perpendicular diffusion of particles, but in most cases

unrealistic. For completeness we also present a diffusion coefficient for the magnetic field in

composite turbulence, consisting of axisymmetric slab- and 2D turbulence. Matthaeus et al. (1995)

find that (see also Gray et al., 1996)

_ (Llx.L?_ 1 1 I 2 2
D.L= A -"2Dsl+"2yDsl+4D2D' (3.8)

where

(3.9)

In equations 3.8 and 3.9 Dsl is the magnetic field diffusion coefficient for slab turbulence, Asl =

8Bsz/ Bo is the normalized amplitude of the slab turbulence, and Acis the correlation length along

the background magnetic field. Also, D2D is the magnetic field diffusion coefficient for 2D fluctu-

ations, A2D = 8B2D/ Bo is the normalized amplitude of the 2D turbulence and); is the ultra-scale

of the 2D turbulence (measured perpendicular to the mean field).

The QLT approach is a standard mathematical paradigm to reduce the complexity of the original

problem to an analytically solvable problem. The fundamental premise upon which QLT calcu-

lations are based is the assumption that a particle's trajectory is only weakly perturbed from it's

helical trajectory about a magnetic field line. Physically one can think of the case where the am-

plitude of the magnetic fluctuations is very small, such that the trajectory is almost unperturbed.

For this reason the particle's unperturbed trajectory is used in the calculations of the diffusion co-

efficients. A further simplification is the use of slab geometry turbulence, which is then called

standard QLT.
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Even though standard QLT produces mean free paths that are in general not compatible with

observed (e.g. Palmer, 1982; Bieberet al., 1994) or numerically computed (e.g. Giacalone& Jokipii,

1999; Qin, 2002) mean free paths, several modifications / additions can be applied to achieve better

agreement with especially observed values of the mean free paths. Only the slab component of

the turbulence results in resonant scattering, and one can include only this component when

one calculates the mean free paths (Bieber et al., 1994). Since the solar wind is dominated by

2D-turbulence (e.g. Bieberet al., 1996), the use of only the slab component results in a favorable

increase of the predicted parallel mean free paths, improving the agreement with the observed

values, but decreasing the agreement with numerical simulations (Giacalone& Jokipii,1999)1.

For a further improvement of the agreement between the observed mean free paths at low en-

ergies and the calculated mean free paths from QLT, the effect of dynamical turbulence on the

particle transport is included (e.g. Bieberet al., 1994; Droge, 2003). It has been quite successful

in describing the transport of solar energetic particles in particular (e.g. Droge,2000, 2003). This

addition to standard QLT is only of real importance for very low energy particles, and since the

present study is concerned with the propagation of galactic cosmic ray protons, this effect is ne-

glected and therefore not discussed any further. From Bieberetal. (1994)Wenotice that for typical

conditions near Earth the dynamical effects are only of interest below", 100~ which is below

the energies that we consider in this study.

3.3 The Velocity Correlation Function Approach

The velocity v(t) of a particle is formally given by2

dr(t) _ ( )~-vt,

where r(t) = x(t) i + y(t)J + z(t) k is the positionat time t. This can be integrated to yield

~~ t

J dr'(t) = r(t) - r(O)= J dt' v(t').
r(O) 0

The net displacement in time t is therefore

(3.10)

(3.11)

t

~r ==r(t) - r(O)= J dt' v(t'),
o

1In this paper the authors show that there is a reasonable agreement between QLT and their particle simulations for the parallel
diffusion coefficient. However, instead of using only the slab component of the turbulence to obtain the QLT value, they use the total
variance of both the slab- and 2D turbulence. If only the slab component is used, then the agreement is not very good, resulting in
theoretical value of the parallel diffusion coefficient that is almost an order of magnitude larger at small energies than the numerically
computed values.

2See for example MIT course #22.103 at http://ocw.mit. edu/OcwWeb/Nuclear-Engineeringlindex.htm for a detailed
discussion in this regard.

(3.12)
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and the square of the displacement is given by

[

t

]

2 t t

~r2=~r'~r= jdt'v(t') = jdt'fdtllv(t')'V(tll).
000

(3.13)

The mean-square displacement is given by

t t

(~r2) = j dt'j dt"(V(t')'V(t")),
o 0

(3.14)

where the averaging is to be understood as an ensemble average. The quantity (V(t'). V(t")) is

known as the velocity correlation function, involving the velocityat two different times t' and t".
One can now make the simplifying assumption of time translation invariance, meaning that the

correlation function depends only on the differencebetween the two times. The time translation
invariance therefore implies that (v(t') .V(t")) = (v(t' - t") .v(O)) and one can therefore shift the

time origin by any amount without affecting the value of the correlation function.

To evaluate the integral in equation 3.14 without knowing the correlation function itself, one can

introduce a change of variable, namely r = t' - t", with dr = -dt". One then obtains

t t'

(~r2) = j dt'j drf(r},
o t'-t

(3.15)

with f(r) = (v(r).v(O)).

We can change the order of integration and split the integration over r into two intervals, ranging

from -t ::; r ::; 0 and 0 ::; r ::; t. It then follows that

o t+'T t t

(~r2) = j dr f(r) j dt' + j dr f(r) j dt'
-t 0 0 'T

o t

= j dr (t + r)f(r) + j dr (t - r)f(r)
-t 0

-t t

= - j dr (t + r)f(r) + j dr (t - r)f(r)
o 0

t t

= jdr(t-r)f(-r)+ jdr(t-r)f(r)
o 0

t

= 2j dr(t - r)f(r),
o

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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where in equation 3.19 we made a change of variable (T = -T and dT = -dT) and in equation 3.20

we made the assumption that the VCF is symmetric (f (T) = f (-T». In equation 3.20 the time
coordinateis denotedby t.

3.3.1 Diffusion Approximation

If we now take the limit of very large times (t --+(0) in equation 3.20 and assume that this time

is much larger than the correlation time T, we obtain diffusive behavior for the mean-square

displacements (e.g. Kota & Jokipii,2000), namely

t

(~r2) = 2tj dT f{T) = 2tK,
o

(3.21)

with
t

K = Hm j dT f{T).t-+oo
o

(3.22)

The only restriction on the correlation function f{T) to obtain a finite diffusion coefficient K is

that it must decrease to zero faster than lit at large times. Also, the relationship given in equa-

tion 3.22 is known as the Taylor-Green-Kubo (TGK) relation (e.g. Kubo, 1957). It therefore remains

to appropriately model the correlation function f{T) in order to obtain a tractable form for the

diffusion coefficient K and this is where the various theories based on the VCF approach start to
differ.

By definition (~r2) = (~x2 + ~y2 + ~z2) and f{T) = (V{T) .v{O») = (Vx{T)Vx{O) + Vy{T)Vy{O) +
Vz{T)Vz{O»).If we now assume that the three Cartesian components of the trajectory are uncorre-
lated, then (~x2+~y2+~z2) = (~x2)+(~y2)+(~z2) and (Vx{T)Vx{O)+Vy{T)Vy{O)+Vz{T)Vz{O»)=
(Vx{T)Vx{O») + (Vy{T)Vy{O»)+ (Vz{T)Vz{O»),yielding finally

(~x2) (~y2) (~z2)
"'xx + "'yy+ "'zz = U- + U- + U- ' (3.23)

with
t

"'ii = lim j dT(Vi{T)Vi{O»), i = x,y,z.t-+oo
o

(3.24)

As was mentioned in the introduction, this VCF approach has become a standard starting point
for many theories for particle diffusion (e.g. Forman, 1977; Bieber & Matthaeus, 1997; Matthaeus

et ai., 2003; Shalchi et ai., 2004b; Stawicki, 2005). In the following sections we shall see how this
approach can be applied to various scenarios.

--
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3.4 Applications of the Velocity Correlation Function Approach

In the previous sectionwe introduced the VCFapproach. In what followswe discuss four theories

that use this approach to determine diffusion coefficientsdirectly from the particle trajectories.

3.4.1 Bieber & Matthaeus (1997)

In this paper - also referred to as "BAM"- the authors use simple descriptions of the VCF's in

order to obtain tractable forms for the diffusion coefficients.They assume that the initial correla-

tion of the individual velocitycomponents decays exponentially as

with 0 the relativistic cyclotron frequency of the particle and Ti (i = x, y, z) the correlation times in

the respective Cartesian directions. It was assumed that the background magnetic field is aligned

along the z-axis of the Cartesian coordinate system and that the velocity distribution is isotropic.

Note that in their original form in Bieber&Matthaeus(1997)the correlationfunctionsabovecon-
tain only two decorrelation constants, namely T.l and TII'We choose to keep the correlation func-

tions more general at this stage of the calculations, but we do make simplifying assumptions on

page 32 regarding the decorrelation constants.

Using the correlation functions above (see also Appendix B) in the TGK formula in equation 3.24,

the resulting integrals are elementary and the diffusion coefficients are

(3.28)

(3.29)

(3.30)

with TM = vjO again the maximal Larmor radius.

Note that there is no constraint placed on Ti. That is, there is no a priori reason why a particular

Ti should be small or large. These correlation functions behave equally well when the Ti are small

as when they are large. For example, assume that the trajectory is unperturbed. In this case the

correlation times will tend to infinity, since the trajectory is never decorrelated from its previous

v2
(3.25)(vx(t)vx(O» = "3 cosOt exp( -tjTx},

v2
(3.26)(vy(t)Vy(O» = "3cosOtexp(-tjTy),

v2
(3.27)(vz(t)vz(O» = "3 exp( -tjTz),

v OTx
/'i,xx - TM- ,

3 1 + 02T;
v OTy

K.yy =
3l+02TJ'
V

/'i,zz = -T MOTz,3
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trajectory. In this case the scattering parameters OTx,y,z-+ 00, and consequently

(3.31)

(3.32)

(3.33)

which is the expected behavior when the trajectories are unperturbed; ordinary gyromotion about

a magnetic field that is aligned along the z-direction. Here the particles are tied to the magnetic

field line that they started on and therefore experience no perpendicular diffusion, but the gyro-

centers stream freely along the background field, yielding the infinite diffusion coefficient along

the background field.

Assume now that the environment in which the particles are propagating decorrelates their tra-

jectories very rapidly. This corresponds to small Ti. Assume that OTx,y,z-+ 0 which implies that

(3.34)

(3.35)

(3.36)

One can think of this scenario as one where the collisions of the particles with the scattering agents

are so frequent that the particles are essentially trapped and cannot go anywhere.

For the drift coefficients "'xyand K.yxone can proceed similarly as above. Bieber& Matthaeus (1997)

assume that the VCF's are given by (see also Appendix B)

v2

(vx(t)vy(O») = -(vy(t)vx(O») = 3" sin Ot exp( -tITA),

and the integration in equation 3.24 readily yields

v 02T2
"'xy = -K.yx = '3TM 1 . r-.~? == "'A,

with TA the time scale over which the respective velocity components become decorrelated. No-

tice that we distinguish between decorrelation times for the perpendicular diffusion and drift

coefficients. For the case of unperturbed transport (Le. TA -+ (0), it follows that

(3.37)

(3.38)

(3.39)

This is the familiar weak scattering value for the drift coefficient. Also, for the case of rapid decor-
relation (Le. TA -+ 0) it follows that

"'A -+ O. (3.40)

It of course remains to determine what the scattering parameters OTx,y,z,Aactually look like, be-
cause these values determine the diffusion and drift coefficients.

"'xx -+ 0,

K.yy -+ 0,

"'zz -+ 00,

"'xx -+ 0,

K.yy -+ 0,

"'zz -+ O.
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As an aside it is interesting to note that by using the definition of the drift coefficientgiven in
equation 3.38,one can place a restriction on the maximum allowable drift scale. To see this, we

define the drift scale as AA= 3"-A/Vand then equation 3.38can be written as

AA = 02T1 . (3.41)
rM " r>?_2

It is now obvious that since 02T1 can only be within the range 0 ~ 02T1 < 00, the value of >'A/rM

can only be within the range 0 ~ AA/rM < 1, indicating that the drift scale AA cannot exceed the

maximal Larmor radius rM.

In the numerical calculations of the drift coefficient it will prove to be insightful to calculate the

ratio AA/rM and show this as function of energy. By using this approach one essentially maps a

region of 02T1 that spans from zero to infinity to the much more manageable region of zero to

one. By doing this, deviations from weak scattering is very easily observed. In the [0 : 00) -t

[0 : 1) mapping, the weak scattering region (OTA > 1) falls within 1/2 < AA/rM < 1 and strong

scattering (OTA < 1)within 0 ~ AA/rM < 1/2.

To conclude, we note that Bieber& Matthaeus (1997) suggest that the scattering parameter OT is

appropriately modeled by
2rM

OT = 3"D.1 ' (3.42)

with D.1 the diffusion coefficientof the random-walking field lines (e.g.Jokipii,1966;Matthaeus

etal.,1995).The focus of their paper was on perpendicular diffusion and subsequently also made
the simplifying assumption that Tx = Ty = T.1 = TA = T,whence the single decorrelation time T in

equation 3.42. They argue that the random-walking of the field lines is the dominant mechanism

that decorrelates the velocity perpendicular to the background field. We know now that this

assumption may not be always appropriate (e.g. Giacalone& Jokipii,1999; Qin, 2002; Matthaeus

et al., 2003), since the pitch angle scattering of particles as they travel along the background field

also influences the diffusion process perpendicular to the background field (see also lirch, 1977).

With this value for the scattering parameter, the drift coefficient scales as p3 when the Larmor

radius of the particle is significantly less than D.1, whereas the weak scattering rigidity depen-

dence of P is recovered when the particle Larmor radius is significantly larger than D.1' This p3

reduction of the drift scale is important for cosmic ray modulation models. In the present study

wepayspecialattentionto theso-calledII drift reduction at low energies" when we study the drift

coefficient in Chapter 4 through direct numerical simulation of the particle transport parameters.

3.4.2 Matthaeus et al. (2003)

This is a nonlinear theory for the perpendicular diffusion of charged particles in a turbulent mag-

netized medium. The basic premise upon which this theory is based is that a particle's guiding
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center follows a magnetic field line - whence nonlinear guiding center, or "NLGC" theory. The
authors then use the ansatz

Vx = avz 8~x , (3.43)

for the guiding center velocity perpendicular to the background field in the x-direction3, where

a is a numerical factor to be determined a posteriori,Vz the particle speed along the background

field, 8Bx the amplitude of the magnetic fluctuations in the x-direction and Bo the amplitude of

the background magnetic field which lies along the z-direction in Cartesian space.

This guiding center velocity is then used in the TGK-formula given in equation 3.24,

"'xx = 100 dt' (vx(O)vx(t'»), (3.44)

to obtain a value for the diffusion coefficient"'xx perpendicular to the background field in the
x-direction. It then remains to make the necessary assumptions about the correlation ftmction

(vx(O)vx(t'») in order to come to a tractable form for the diffusion coefficient. Before we continue,

we note that (vx(O)vx(t'») results in a fourth-order correlation ftmction

(vz(O)8Bx(x(O), O)vz(t')8Bx(x(t'), t'»), which must be modeled appropriately.

The key assumptions and approximations are:

· Assume that the particle velocities are uncorrelated with the local magnetic field. This as-

sumption causes the resulting fourth-order correlation ftmction that originates from

(vx(O)vx(t')) to be split up into the product of the two second-order correlation ftmctions

(vz(O)vz(t'») and (8Bx(x(O), O)8Bx(x(t'), t'»).

· Approximate the correlationftmction (vz(O)vz(t')) by (v2/3) exp( -vt' / All)'using the assump-

tion of an isotropic velocity distribution. In this assumption v is the total particle speed and
Allis the parallel mean free path.

· In the correlation ftmction (8Bx(x(O), O)8Bx(x(t'), t'»), the particle's trajectory x(t') is

needed. Instead of using the unperturbed trajectory as in QLT, assume that x(t') is a ran-

dom variable, thus retaining the stochastic character of the particle position vector. This
results in

(8Bx(x(O),O)8Bx(x(t'),t'») = J d3y Rxx(Y, t')P(ylt'), (3.45)

with Rxx(Y, t') the two-point, two-time correlation and P(ylt') the probability density of the
particle having a displacement y at time t'.

. Introduce the spectral amplitude

(3.46)

3See Shalchi et al. (2004b) for a detailed discussion of the relation between the actual particle velocity and the guiding center velocity.

- -
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with Sxx{k, t') = Sxx{k)r xx{k, t'), where r xx{k, t') = e-,,(k)t' can include dynamical effects
of the turbulence.

. Assume that the components of the trajectory have uncorrelated axisymmetric Gaussian dis-

tributions P{ylt') and furthermore that the distribution of displacements is always diffusive.

With all of these assumptions one then finally arrives at

(3.47)

with d3k ==dkxdkydkZl kl = k; + k; and Kzz = vAzz/3 the parallel diffusion coefficient. From this

equation one thus observes that the value of Kxx is determined subject to one's understanding of

the parallel diffusion coefficient and the structure of the power spectrum Sxx{k). Note that this

theory presupposes that the parallel diffusion coefficient is already a known quantity before the

perpendicular diffusion coefficient is calculated.

Before the analytical work of Shalchi et al. (2004a) and Zank et al. (2004) it was necessary to solve

equation 3.47 numerically. This entails iteratively integrating over k-space, because of the nonlin-

earity that exists due to the fact that Kxx depends upon itself. Fortunately, the analytic solutions
from the authors mentioned above makes the implementation of the NLGC theory in an ab initio

model for cosmic ray modulation totally feasible.

It is noteworthy that an equivalent expression for Kyycan be derived such that Kyy ex:Syy if the

equivalent ansatz vy = aVzoBy/ Bo for the guiding center velocity in the y-direction is used. It is

then obvious that in the case of non-axisymmetric turbulence where Sxx t- SYY'a larger (smaller)

Sxx (Syy) will lead to a larger (smaller) Kxx (Kyy), and vice versa. This conclusion is rooted in

the original premise upon which this theory is based, namely the tendency of the particle's guid-

ing center to follow the magnetic field line. If a field line experiences more random-walk in a

particular direction than another, then the particle's diffusion coefficient in this direction will be

enhanced. This has been a common foundation for the motivation of anisotropic perpendicular

diffusion in the heliosphere, where it is observed that as one moves in latitude from the equato-

rial plane towards to poles, the amplitude of the transverse magnetic fluctuations increases (e.g.

Baloghet al., 1995;Forsyth et al., 1996), therefore implying increased latitudinal diffusion with re-

spect to the perpendicular diffusion in the radial direction.

In Section 3.4.4 we revisit this issue of enhanced perpendicular diffusion in the latitudinal direc-

tion in the heliosphere when we discuss a derivation of the perpendicular diffusion coefficient

starting from the Newton-Lorentz equation of motion.
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3.4.3 Shalchi et al. (2004)

The theory by these authors describes the coupled nonlinear diffusion of charged particles parallel

andperpendicular to the background magnetic field. This theory still employs QLT,but it includes

nonlinear effectsand is known as the weakly-nonlinear theory,or "WNLT".

The following is an outline of how this theory is constructed:

. The primary aim is to calculate the Fokker-Planck coefficients DJ.IJ.Iand D.1, which govern

the diffusion of the particles parallel and perpendicular to the mean field, respectively.

. Fokker-Planck coefficients are quadratic forms of the turbulent magnetic fields 8Bi, with

i = x, y, z the three Cartesian directions, through typical correlation functions of the form

(8Bdr(t), t]8Bj [r(O),0]) =

Jd3kJd3k' (8Bdk(t), t]8Bj[k'(0),O]x exp[ik.r(t) - ik'.r(O)]), (3.48)

with k the w~ve vector and r the particle position. It now remains to specify the particle

position, and in QLT one would use the particle's unperturbed trajectory. In the WNLT it is

treated differently.

. The particle position r is assumed to be given by

r = rc + rQ, (3.49)

where rc = (xc, Yc, 0) is the random displacements of the guiding centers perpendicular

to the background field and rQ is the unperturbed trajectory used in standard QLT. The

addition of the random displacement of the guiding centers leads to the first nonlinearity in
the WNLT.

. The magnetic fluctuation correlation functions are then evaluated using the particle position

in equation 3.49.

· The turbulence is furthermore assumed to be homogeneous and one can then continue to

calculate the pitch angle Fokker-Planck coefficient DJ.lW

. The second nonlinearity arises when the velocitycorrelation function (vz(t)vz(O»)= V2J.L2is

encountered. This correlation function results in DJ.IJ.I-+ 0 and D.l.. -+ 00 for the Fokker-

Planck coefficients in magnetostatic two-dimensional geometry turbulence (e.g. Bieberet ai.,
1994; Shillchi & Schlick£iser, 2004a,b). To get past this, it is assumed that this correlation func-

tion decays over time as (vz(t)vz(O») = v2J.L2e-wt,with

for perpendicular diffusion,

for pitch angle diffusion.
(3.50)
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Here one can see that the unperturbed trajectory is recovered for small times and that for

very large times the correlation function approaches zero, effectively describing the pitch
angle isotropization process.

· Before calculating the Fokker-Planck coefficient D.1, it is assumed that the distribution of the

random guiding center displacements perpendicular to the background field is Gaussian.

. Finally, the power spectrum of the turbulence is assumed to be described by a composite

spectrum of slab- and 2D geometry turbulence, where both spectra become constant at small

wave numbers and change into a Kolmogorovinertial range at large wave numbers.

With all of these assumptions and various other mathematical approximations the nonlinear

Fokker-Planck coefficients D~~, D~~, Df and DiD can be calculated and are given by

D~~ = 7rC(I/)(1-J.£2)1J.£1211-IR211-28:;I(J.£2R2+1)-II, (3.51)o
2 2 00 - 2 2 2 -II

D~~ = 2C(I/)1-: 8B~DJ dX D.1~ x (l+_X) 2 ' (3.52)

R Bo 0 [(1-J.£2)/2]ex2+(D.1~2x2) +R-2
00

Dsl - 2C( )
2 8B;1

J d w(l + X2)-1I (353 )
.1 - 1/ J.L B2 X w2 + J.£2x2 ' .

o 0

2 00

DiD = 2C(I/)J.£28~~D J dx (1 + X2)-IIV x H(V, TV). (3.54)
o 0

Here the tilde indicates that the Fokker-Planck coefficient has been normalized to be dimension-

less, and the superscripts sL and 2D refer to slab- and 2D geometry turbulence, respectively. In

these equations the function C(I/) is given by

1 r(l/)
C(I/) = 2.finl 1 In\' (3.55)

with 21/the spectral index of the inertial range of the power spectrum and r(x) the Gamma func-

tion. The quantity J.£is the cosine of the pitch angle, 8B;1and 8B~Dare the variances of the slab
and 2D magnetic fluctuations, respectively,and Bo is the magnitude of the background magnetic

field. The quantity R = r MILslis the normalized maximal Larmor radius and Lslis the length scale

at which the slab turbulence spectrum bends over from the energy range into the inertial range.

The quantity ~ is the ratio between the slab and 2D-turbulence bend-over scales Lsland bD, re-

spectively.TheFokker-Planckcoefficientsarenormalized as DJLJL= DJLJLLsz/vand D.1 = D.1!(VLsl),

with v the particle speed. The quantity w is related to the w in equation 3.50through w = wLsZ/v.

Finally, the quantities V and TV are given by

V = RD.1t;,2x2 + RW,

W = ~xJ1 - J.£2,

(3.56)

(3.57)
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and the function H (V,W)by

+00 J~(W)
H(V,W)= 2: V2+n2'n=-oo

(3.58)

The total Fokker-Planck coefficients DJi-Ji-and Dol are then obtained by merely forming the sums
D = Dsl + D2Dand Dol = Dsl + D2DJi-Ji- Ji-Ji- Ji-Ji- olol .

To conclude, it is of interest to note how the diffusion coefficients are calculated. One first has

to calculate the Fokker-Planck coefficients, which involves iteratively integrating over k-space,

since the coefficients are nonlinearly dependent upon each other. For a given turbulence spectral

index, magnetic fluctuation energy and correlation scales, background magnetic field amplitude

and particle energy the Fokker-Planck coefficients, one then eventually obtains the Fokker-Planck

coefficients as function of J.Lonly.

Then the pitch angle integration needs to be performed to calculate the diffusion coefficients (e.g.
Jokipii, 1966; Earl, 1974)

(3.59)

(3.60)

where the normalized Fokker-Planck coefficients have been used. This is obviously a very time-

consuming process, which will make its implementation troublesome in advanced cosmic ray
modulation models.

3.4.4 Stawicki (2005)

The theory proposed by this author is also for the nonlinear perpendicular diffusion of charged

particles. He still employs the TGK-formula ~ii = Jooo dt' (Vi(O)Vi(t')) with i = x, y,but insteadof
assuming that the particle's guiding center follows a particular magnetic field line, the particle's

velocity is obtained directly from the Newton-Lorentz equation. This theory is referred to as the
strongly nonlinear theory, or SNLT.

The key assumptions in this theory are:

· Neglect the helical orbit completely, and assume that the particle's motion is influenced

only by the random component of the magnetic field. This implies that the influence of the

background magnetic field is neglected, making this theory applicable to the regime where
8B2 » Bg.
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. The rest of the assumptions are equivalent to that of the NLGCderivation; i.e. assuming that

the process under investigation is actually diffusiveand the particle position is described by
a Gaussian distribution.

In the absence of a random electric field, the general expressions for "-xxand "'w are then

"-xx (3.61)

"-yy - (3.62)

where B = k;,,-xx + k~K.yy + k;,,-zz,Sii(k) with i = x, y, z the power spectra in the respective
Cartesian direction, ,(k) a function to include dynamical effectsof the turbulence. Finally, the
constants ax = S1Txand ay = S1Tyare equivalent to the constant a in the NLGCtheory.

It is noteworthy that as a direct consequence of using the Newton-Lorentz equation to deter-

mine the particle velocity, the perpendicular diffusion coefficient in the x-direction (y-direction)

depends on the power spectrum of the fluctuations in the y-direction (x-direction). This is in

contrast to the NLGC result in Section 3.4.2, where the power of the fluctuations in a particular

direction determines the transport of the particles in thesamedirection.Thisdifferencebetween the

SNLT and the NLGC theory might prove of significance when one starts to consider anisotropic

turbulence, as mentioned in Section 3.4.2. In the present study we consider only axisymmetric

turbulence, but it should be very clear that in the presence of non-axisymmetric turbulence the

SNLT and NLGC theory will give two distinctly different answers.

This theory in its present form might not be directly applicable in the heliosphere, since it requires

that the influence of the background magnetic field be negligible. The Newton-Lorentz approach

does, however, provide for interesting future studies regarding anisotropic perpendicular diffu-

sion. It will also provide a basis to elaborate on the significance of the random-walking of the

field lines on particle transport.

To conclude, we note that the author simplifies his results to compare directly with the NLGC

result. For the case of axisymmetric turbulence and Szz = 0 in equations 3.61 and 3.62, the author

shows that the functional form of the SNLT is identical to that of the result from the NLGC theory.

It is then concluded by the author that since the SNLT is based upon the premise that 8B2 » BZ,

and since the SNLT yields a result that is functionally identical to that of the NLGC theory, that

the NLGC theory is probably realistically applicable only to scenarios of strong turbulence. This

conclusion is also supported by Sha1chietal. (2004b). We shall also comment on the applicability

of the NLGC theory when we compare numerical simulations with theory in Chapter 5.
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3.5 Drift

Giacaloneet al. (1999) point out that to calculate the drift coefficients the standard Fokker-Planck

approach does not work. From the definition of the drift velocity (VD) = V x ""AeB, with ""A the

anti-symmetric drift coefficient in the diffusion tensor and eB the unit vector aligned along the

background field, one can see that in a uniform magnetic field the drift velocity will always be

zero, but it does not necessarily imply that ""A= O. They propose a novel technique to calculate

""Athat also works for a uniform magnetic field.

The starting point is the equation for the streaming flux Pi in a simple system with no convection,

(3.63)

where ""ijis the diffusion tensor and f is the particle distribution function. Giacaloneet al. (1999)

show that ""ij = (vib.Xj),with Vithe instantaneous speed in the i-direction at the position where

the particle experienced the displacement flxj in the j-direction. Their analysis is as follows.

Consider the distribution function f(Xi, Pi,t) at a time t. At a later time t' such that b.t = t' - t is

long enough to allow many scatterings, but where the corresponding displacement D.Xi= x~- Xi

is much smaller than the scale of spatial variations of f, the distribution function is f(x~,p~, t').

This implies that b.x/}f /OXi « f. Assume that f is nearly isotropic so that the spatial gradient

of /OXi is approximately the same in all directions. One can then approximate the distribution

function at time t' by f(x~,p~, t') ~ f(Xi,pi, t) + b.XiOJ(Xi, Pi, t)/OXi through a Taylor expansion.
The diffusive flux at Xi at time t is then

Fi(p,Xi,t) = J viJ(Xi,Pi,t)dS1

J f(
' , '

)d
r\

J
A of (Xi, Pi, t) dr\

~ Vi Xi' Pi' t H - ViUXj _ H

To proceed, note that the first integral on the right hand side is zero because the velocity Viat Xi is

unrelated to the velocity v~at x~. Since the spatial gradient of /OXi is approximately the same in
all directions, it follows that

(3.64)

(3.65)

Following Giacaloneet al. (1999), the brackets (. . .) is interpreted as an ensemble average over all

particles with a given momentum, properly weighted by of/ox j.

- --
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In order to test this result, we can compare "'ij = (viI:1Xj)with a known value. The obvious value

to compare with is the classical weak scattering value "'A = vrM /3, where v is the particle speed

and rM = v/D. is the maximal Larmor radius. The upper limit of weak scattering is of course

when there is no scattering, and this can be achieved by letting particles propagate in a uniform

magnetic field in the absence of any magnetic fluctuations. For this case we know the particle

trajectories exactly, and if we substitute these trajectories into "'ij = (vib.Xj),we can calculate the

drift coefficient analytically. This is done in detail in Appendix B. We find that in the case of no

scattering the drift coefficient is exactly "'A = vrM /3, and furthermore that the coefficients "'xy and

Kyxare anti-symmetric. This is confirmed numerically and discussed in detail in Section 4.6.1.

When one now introduces a non-uniform background magnetic field, but still in the absence of

random magnetic fluctuations one would not expect a deviation from the weak scattering result

"'A = vrM /3, since there is no scattering. ltis, however, not possible to calculate "'ij = (vib.Xj) ana-

lyticallyas in the previous case, since although the particles are not being scattered, their trajecto-

ries cannot be determined analytically. For this we resort to the numerical solution of the Newton-

Lorentz equation and we find, as expected, that the calculated drift coefficients "'ij = (vit::..Xj)in
the case of a non-uniform magnetic field in the absence of random magnetic fluctuations agree

exactly with "'A = vr M /3. This is discussed in Section 4.6.2.

The tests discussed above give us confidence that the description "'ij = (viI:1Xj)for the calculation

of the anti-symmetric drift coefficients yields correct results. We feel that the values from this

description in the presence of turbulent magnetic fluctuations, as already performed by Giacalone

et al. (1999) for a uniform background magnetic field, should then also be realistic when we look

at the case of a turbulent magnetic field with a non-uniform background magnetic field.

Finally, we note that one may be tempted to replace the Vi in "'ij with I:1xdI:1t in an attempt to

generate a Fokker-Planck coefficient. This is, however, not a valid substitution, since Vi is the

instantaneous particle velocity and not an average velocity after many scatterings.

3.6 Summary

In this chapter we started with a description of parallel and perpendicular diffusion based on

quasi-linear theory.

We then proceeded with a general discussion about velocity correlation functions and showed

how these velocity correlation functions can be used to determine spatial diffusion coefficients

using the so-called Taylor-Green-Kubo formalism.

We considered four different theories for particle diffusion using the velocity correlation function

approach. Of particular interest is the drift coefficientfrom Bieber& Matthaeus(1997)which is
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based on very general assumptions. From the expression of the drift coefficient it follows that the

drift scale cannot exceed the Larmor radius of the particle to the extent that the expression for the

drift coefficient holds. The three subsequent theories that were discussed are non-linear theories.

The first one discussed is the non-linear guiding center theory of Matthaeus et aI. (2003). This

theory yields an integral expression for the perpendicular diffusion coefficient which depends on

itself, as well as the parallel diffusion coefficient. The second non-linear theory that was discussed

is the weakly non-linear theory of Shalchi et al. (2004b). These authors propose a theory which is

in essence still a quasi-linear theory, but which contains non-linear extensions that results in the

parallel and perpendicular diffusion coefficients to become dependent upon each other. The final

non-linear theory that is discussed is that of Stawicki (2005). He proposes a strongly non-linear

theory for the perpendicular diffusion of charged particles in an environment in which the energy

of the magnetic fluctuations is much larger than the energy in the background magnetic field. The

final result of his theory for axisymmetric turbulence is functionally the same as the non-linear

guiding center theory, but was derived from a completely different starting point.

Finally we discussed the calculation of the drift coefficient from direct numerical simulations as

proposed by Giacaloneet al. (1999).They describe a technique with which to determine the anti-

symmetric drift coefficient even for the case in which the net drift velocity is zero; i.e. for the

case of a uniform background magnetic field. We discussed a preliminary verification of their

approach for the case of unperturbed particle transport, which will be discussed in more detail in
Section 4.6.1.
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Chapter 4

Direct Numerical Simulation of Particle
Transport

In tills chapter we present direct numerical simulations of charged particle transport in turbulent

magnetic fields. We calculate diffusion coefficients parallel and perpendicular to the background

magnetic field, as well as drift coefficients and drift velocities. The latter arise when we use a

non-uniform background magnetic field.

4.1 Introduction

A variety of studies have been performed to calculate transport coefficients numerically and have

led to a better understanding of the diffusion of particles in turbulent magnetic fields. In Giacalone

& Jokipii (1994) the authors show that for the case of particles propagating in a region which

contains a uniform background magnetic field and a random component of two-dimensional

nature, perpendicular diffusive transport is suppressed. This suppression of diffusion is also

studied in detail by Qin et al. (2002b) where they look at the transport of particles in a region

containing a uniform background magnetic field, as well as a turbulent magnetic field of one-

dimensional (slab) nature. They find that the perpendicular transport is actually sub-diffusive,

confirming the conclusion of Jokipiiet al. (1993) that if the turbulence is not fully three-dimensional

then the particles will not leave the field line they started on. The recovery of diffusion when the

turbulence is fully three-dimensional is shown by Giacalone& Jokipii(1994)and Qin et al.(2002a).

Sub-diffusive perpendicular transport is also reported by Michalek & Ostrowski (1997) where the

perturbed magnetic field is the result of parallel and anti-parallel propagating Alfven waves.

The purely diffusive transport of charged particles has become a quite well studied field, at least

as far as numerical simulations are concerned (see, e.g. Giacalone& Jokipii, 1999; Casse et al., 2001;

Qin, 2002). One feature in particular that is evident from almost all of the more recent particle

43
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simulations that include fully 3D-turbulence is that the perpendicular diffusion coefficient is sys-

tematically smaller than the predicted field-line random walk value (e.g. Jokipii, 1966; Matthaeus

et al., 1995), but larger than the predicted value from classical scattering theory (e.g. Forman &

Gleeson,1975). This has led to the recent development of non-linear theories (e.g. Matthaeus et aI.,

2003;Shalchiet al., 2004b) to describe perpendicular diffusion. As stated before, these simulations

were mostly concerned with the diffusion coefficients of the particles.

Specific investigations of the largescaledrift coefficients were performed by Giacaloneet al. (1999)

and Candia& Roulet (2004), but they used very different techniques in calculating the drift coef-

ficients from the particle trajectories. However, these simulations are in qualitative agreement.

They both show that there is a particular regime where the computed drift coefficient should be

reduced with respect to its weak-scattering value. This reduction of the drift coefficient with re-

spect to the weak-scattering value is sometimes used, if not required, by numerical modulation

models to properly account for observed cosmic ray intensities (e.g. Burger et al., 2000; Ferreira

et al., 2003, and references therein). The cosmic ray models usually fair better in accounting for

observed cosmic ray intensities if the drift coefficient is reduced at low energies with respect to

the weak-scattering value. In the direct numerical simulations of Giacaloneetal.(1999)and Candia
& Roulet (2004) this is found to be the case for the drift coefficient when the particles interact with

turbulent magnetic fluctuations.

All of the simulations discussed above, although very instructive in their own right, have been

performed for the case of a uniform background magnetic field. We wanted to build on this base

of simulations already performed and see what happens to especially the drift coefficient in the

presence of a non-uniform background magnetic field.

The code that is employed in the present study was developed at the Bartol Research Institute at

the University of Delaware in the U.S.A. It was originally designed to include slab turbulence only

(Maceet al., 2000) with a uniform background magnetic field, and it was subsequently expanded

to include 2D turbulence as well (Qin, 2002).

Since our ultimate goal with the present study is to develop a diffusion tensor that can be used in

numerical modulation models for the transport of cosmic rays in the heliosphere, we expanded

the original Bartol code to include a non-uniform background magnetic field. As a first step,

only a gradient in one direction is introduced. Apart from calculating diffusion coefficients for

transport parallel and perpendicular to the background field, we apply the formalism of Giacalone

et al. (1999) to calculate drift coefficients in non-uniform fields, and also calculate drift velocities

to show how turbulence affects drift.

We use a parallelized version of the Bartol particle code, which allowed us to cover a fairly large

parameter range. The code requires dedicated computing resources, which were not always read-

ily available. As a result, we are unable to study transient effects during early stages of particle
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transport, but rather focus on the asymptotic behavior of all of the parameters. Approximately

210GB of data were generated during the course of this study.

A detailed description and discussion of the code and its parameters is given by Qin (2002).

4.2 Equation of Motion

The transport of charged particles as function of position r and time t is described by the Newton-
Lorentz equation

d d
dt [p(t)] = dt [rmv(t)] = q [E(r, t) + v(t) x B(r, t)] , (4.1)

with p the relativisticparticle momentum, , the Lorentz factor,m the particle rest mass, v the par-

ticlevelocity, q the particle charge and E and B the electric-and magnetic field in the laboratory
frame, respectively.

In the present study we consider particle speeds which are a factor of ten larger than the Alfven

speed in all cases, and therefore restrict ourselves to magnetostatic fields, while also neglecting
electricfields. Equation 4.1can then be written as

dd [v(t)] = ..!Lv(t) x B(r) .t ,m (4.2)

In order to increase numerical accuracy, equation 4.2 is normalized. The time coordinate t is

normalized to the Alfven crossing time TA, which is the time that it takes to travel a characteristic

length A at the Alfven speed VA. The characteristic length A is the bend-over scale of the slab

turbulence power spectrum and is related to the correlation scale Ac, which will be discussed in

Section 4.3. Also, the particle velocity v is normalized to the Alfven speed VA and the magnetic

field B is normalized to the magnitude Bo specified at a specific point in the box. Finally, the

position vector r is normalized to the characteristic length A. The normalized quantities denoted
by the primes are therefore

Equation 4.2 can now be re-written as

dd, [v'(t')] = qBoTA[v'(t') x B'(r')] = -
,

q

IOOTA[v'(t') x B'(r')] ,t,m q (4.3)

--- - - -

t' = tiTA with TA = AjVA

r' = riA

v' = vivA

B' = BIBo.
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with no =: IqIBo/{/m) the relativistic cyclotron frequency at that position in the box where the
magnitude of the magnetic field is Bo. The quantity

IqlBo Aa=:nOTA=--
,m VA (4.4)

is varied to change the rigidity of the particles.

It should be emphasized that a magnetostatic representation of the magnetic field is employed

and that the introduction of the Alfven speed merely acts as a base unit of velocity in the simula-
tions.

The particle trajectories are then computed by numerically integrating equation 4.3, using a fourth

order Runge-Kutta scheme with adaptive time stepping and fifth order error-estimate. Inter-

particle correlations are neglected, making it possible to parallelize the code. The trajectories of

the particles were typically calculated on a lO-node cluster, where each node calculates a single

trajectory in a specified magnetic environment.

4.3 Numerical ExperimentDesign

In all cases 2000 particles are injected impulsively in the middle of a box with dimensions

= 9.768A

= 9.768A

= 10000A,

where the x, y and z subscripts denote the respective Cartesian direction and A is the characteristic

length scale.

The particles are injected with random (cosine of) pitch angle and phase to prevent any bias, and

are essentially isotropic in velocity space if a large enough number of particles are used. (That

this is in fact the case, is illustrated in Section 4.6.1.)

The simulation box is filled with a magnetic field which consists of a background component Bo

and a randomly fluctuating component b"B,such that

B(r) = Bo(r) + b"B(r). (4.5)

The magnetic field with its fluctuating component is generated anew for each run. The number

of magnetic field realizations for a particular experimental setup (Le. fixed energy and magnetic

fluctuation amplitude) was typically between 8 and 35. The larger number of realizations were

typically reserved for runs at particularly low particle energy and/ or large amplitude fluctuation

settings.
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Before we continue with the specification of the magnetic field, we note that the magnetic field

B(r) is stored on a grid with spacings of (6.x, 6.y, 6.z) = (Lx/Nx, Ly/Ny, Lz/Nz), where Nx, Ny

and Nz are fixed integer numbers with the values of Nx = Ny = 4096 and Nz = 4194304. These

spacings therefore are

6.x = 9.768A/4096= 2.385x 10-3A,

6.y = 9.768A/4096= 2.385x 10-3A,

6.z = 10000V4194304= 2.384x 10-3A.

To obtain the magnetic field on inter-grid spacings, linear interpolation is used.

It is common practice to assume that the background field is uniform, but in the present study we

relax this assumption and include a gradient in the field, such that

Bo(x) = Bo(l + 1Cx)z, (4.6)

indicating that the field is oriented in the z-direction with the gradient in the x-direction. Here 1C

determines the magnitude of the gradient in the field. In all of the simulations with a gradient in

the magnetic field, the value of 1Cis 0.1/ A. In this prescription of the magnetic field, the value Bo

is merely a reference value at x = O.Clearly this field switches direction if x < -lOA. We elected

to accept this limitation, due to the simplicity of the field and for the sake of ease of comparison

with the case of a uniform field. Although in some cases particles did move into this region of

oppositely directed magnetic field, their numbers are small enough not to adversely affect average
values.

For future manipulations we also note that the gradient of this field is therefore

VBo = Bo1Cx. (4.7)

We now continue with the specification of the random component oB (r) of the magnetic field. A
composite slab/2D turbulence model is used which states that

(4.8)

where the sl and 2D subscripts denote slab- and 2D-turbulence, respectively. The random com-

ponent oB is further specified in such a manner that oB .z = 0and axisymmetry is also imposed.

For the slab turbulence component oBs1(z) the spectrum of the fluctuations in k-space is given by

(4.9)

where Cs1is a normalization constant chosen in such a manner that the ratio (oB;l) 1/2/ Bo takes on
the desired value, kz the wave number along the z-direction and Athe so called bend-over scale

of the spectrum. The spectrum is normalized in such a way that A= 1. This spectrum is constant

---
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at wave numbers smaller than the bend-over scale, but becomes a k-5/3 Kolmogorov spectrum

at large wave numbers for the value v = 5/6. The bend-over scale A is related to the correlation

length of the slab turbulence through

1I"1/2f(v)
Ac = f(1I _ 1/2)A, (4.10)

with f(x) the Gamma function and v the value that determines the spectral index in the power

spectrum. It is this bend-over scale A which is the characteristic length scale in the numerical
simulations.

The fluctuations in k-space are then specified as

8Bx,sl(len,z)

8By,sl(kn,z)

= S(kn,z) 1/2 exp(itPn),

= S(len,z) 1/2 exp(i1/Jn),

where len,z = 211"n/Lz with -Nkz,max/2 :::; n :::; Nkz,max/2 is the discrete wave number along

the z-direction with spacing t::.kz = 211"/Lz and 1/Jn and tPnare randomly selected phases. The

maximum wave number to which the spectrum is extended is Nkz,max = Nz. The actual 8Bx(z)'s

and 8By(z)'s are then generated by calculating the inverse FFT of the 8Bx(kz)'s and 8By(kz)'s.

For the 2D turbulence component c5B2D(X,y) the fluctuations are determined by

(4.11)

where a = az is the vector potential of the 2D fluctuations along the z-direction given by

a(k-L) = C2Dk~3/2(1+ klA~D)-v/2(Rl + iR2)Z, (4.12)

where C2Dis a normalization constant again chosen in such a manner that the ratio (8B?D)1/2/Bo

takes on the desired value, k-L ==(k~ + k~)1/2, A2D is the bend-over scale for the 2D spectrum and

Rl and R2 are random numbers in the range [0 : 1]which determines the phase of the perpendic-
ular wave number.

Furthermore, since the spectrum for the 2D fluctuations is given by

S2D(k-L) = L 1c5B2D(k-L)12 , (4.13)

a Kolmogorov spectrum of k~5/3 is obtained at scales larger than the bend-over scale A2D and

becomes constant at scales smaller than the bend-over scale.The discrete wave numbers len,xand

kn,y are determined as

len,x = 211"n/Lx with

len,y = 211"n/Ly with

- Nkz,max/2 :::; n :::; Nkz,max/2,

- Nk'll,max/2 :::;n :::;Nk'll,max/2,

with Nkz,max = Nx and Nk'll,max= Ny. The spacing in wave numbers are then also t:::.kx=

211"/Lx and t::.ky= 211"/Ly. Again, the configuration of the fluctuations in real space is obtained by

calculating the inverse FFT of the 8Bx(kx, ky)'s and 8By(kx, ky)'s.
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4.4 Parameters and Program Units

In this section we discuss the quantities that are adjusted and computed in the code. Weshall also

describe the relevant quantities, rewritten in terms of the normalized units used in the code.

Tostart with, the diffusion coefficientsare given by

V \ .th .
K-ii = '3"ii WI ~ = x,y,z, (4.14)

where Aiiis the corresponding mean free path in the i direction. Similarly, for the drift coefficient
we can write

v
KA = '3AA,

with AA the drift scale. In program units we write this as

(4.15)

(4.16)

with vA the Alfven speed, which is the unit of speed in the code, and Acis the correlation length of

the slab turbulence, which is related to the length scale in the code through equation 4.10. When

the diffusion and drift coefficients are shown in subsequent sections, we refer to these normalized

values. Note that because the ratio vivA is constant, the normalized transport coefficients have

the same rigidity dependence as the corresponding mean free paths.

In the present study we use a non-uniform background magnetic field and this influences various

parameters. The maximal Larmor radius is given by

v ,m
rM ==n = v IqlB '

(4.17)

with v the magnitude of the particle velocity and n the relativistic cyclotron frequency. Clearly

the (maximal) Larmor radius depends upon the value of the background magnetic field, and if

the magnetic field changes, then rM changes. The magnetic field used in the present study is
given by equation 4.6and using this value of the magnetic field in the Larmor radius yields

,m 1 v 1 rt.rM=V- =- =-
IqlBo1 + Kx no 1 + Kx - 1 + Kx '

(4.18)

with rt. = vIno the maximal Larmor radius at that position in the box where the magnitude of
the magnetic field is Bo. If we normalize this maximal Larmor radius rM we obtain

rM rt. 1 1 (
A

)(
V

)
1

~ = Ac 1 + Kx =; Ac VA -:;-:- V" ,

where we used equation 4.4 to introduce a. Here we clearly see that for a particular rigidity

(fixed a) a stronger (weaker) magnetic field with K > 0 leads to a decreased (increased) Larmor

(4.19)

- - -
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radius and in the case of a uniform magnetic field (JC = 0) the Larmor radius remains constant.

Note that this quantity is directly proportional to rigidity P.

Since the ratio ViVA = 10 is kept constant for all the simulations considered and A!>..cis also

constant for a constant spectral shape determined by v = 5/6, the ratio TM/ Acis varied by varying

the parameter a. We interpret the variation in TM/Acas a variation in rigidity.

It is also of particular interest to convert the drift coefficient and drift speed to program units, since

the non-uniform background magnetic field is involved here as well. The generic drift coefficient
is

v 02r2
~A == 3"TM 1 . r>.'> '>, (4.20)

with Or the scattering parameter determining the drift coefficient. At the present time we defer

the discussion of the actual form of this scattering parameter to a subsequent section. In program

units this coefficient is written as

~A 1

(
02r2

)(
V

)
2

(
A

)(
1

)VAAc = 30: 1+02r2 VA Ac l+lCx'

The weak-scattering (Or» 1) form of the drift coefficient then easily follows as

~A 1 (
v

)
2

(
A

)(
1

)VA Ac = 3a VA Ac 1 + lCx .

(4.21)

(4.22)

In subsequent comparison with theoretical values of the drift coefficient, equations 4.21 and 4.22
will be used. It will become evident when we look at the simulations that equation 4.21 is very

useful in accounting for the computed drift coefficient, provided that an appropriate value of the

scattering parameter is used. When reference is made to the weak-scattering form of the drift

coefficient, equation 4.22 is implied.

We now continue with the specification of the theoretical drift speed in program units. We know

that in a magnetic field with a gradient, a proton will experience a drift velocity given by
1 B x VB

VD = "2V-LTL B2 ' (4.23)

with TL = V-L/Othe Larmor radius of the particle. Using equations 4.6 and 4.7 we find that

VD,x = 0, (4.24)

1 JC vi A JC v2 A lC
VD,y = "2V-LTL 1 + JCx = 2a VA (1 + lCx)2 = 30: VA (1 + lCx)2 , (4.25)

where again a = OorA and it was assumed that the velocity distribution is isotropic. If we now

normalize to the Alfven speed, we finally obtain

(4.26)

(4.27)

VD,x = 0,
VA

VD,y

1 (v)2 AlC
=

3a VA (1 + lCx)2 .VA
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These are the values that will be used when the numerically calculated drift speeds are compared

with theoretical drift speeds.

Finally, a comment on the time scales involved in the simulations. Each simulation is performed

for a given time interval, and to see how this time is related to the number of gyrations the parti-

cles undergo in this time, we first note that the gyroperiod 7g is given by

27r ,m 27r 1

7g = n = 27rIqlB = a 1 + Kx 7A , (4.28)

where 7g is in units of the Alfven crossing time 7A. Furthermore, since we follow the particles for

a fixed total time interval of t = 1507A, the number of gyrations nTg in this time is different for

different energies considered. Specifically,

_ 1507A _ 150
(1

V'
)nT ---a- +f\vX.

9 7g 27r
(4.29)

This implies that for the lowest (a = 1000) to highest (a = 10) rigidities considered in the absence

of a gradient in the magnetic field, the number of gyrations are in the range from

2.39 x 104 ~ nTg ~ 2.39 x 102. These numbers increase somewhat when a gradient is included,

since the particles finish on average with a positive final position (x > 0).

To conclude, the background magnetic field is taken to be either uniform or with a gradient

in the x-direction, which is determined by the parameter K. Particle rigidities are adjusted by

varying the parameter a. Furthermore, the particle speed is kept constant such that the ratio

vivA = 10 remains unchanged. The entire parameter space that is covered in this study is out-
lined in Table 4.1.

-- -
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Table 4.1: Parameters for the respective runs. Seetext for description.

RUN a r /Ac B/Bo B;l : BD K RUN a r /Ac B/Bo B;l :BD K

1.... 1000 0.0134 0.0 - 0.0 31... 1000 0.0134 0.0 - 0.1

2.... 350 0.0383 0.0 - 0.0 32... 350 0.0383 0.0 - 0.1

3.... 100 0.134 0.0 - 0.0 33... 100 0.134 0.0 - 0.1

4.... 35 0.383 0.0 - 0.0 34... 35 0.383 0.0 - 0.1

5.... 10 1.34 0.0 - 0.0 35... 10 1.34 0.0 - 0.1

6.... 1000 0.0134 0.2 20:80 0.0 36... 1000 0.0134 0.2 20:80 0.1

7.... 350 0.0383 0.2 20:80 0.0 37... 350 0.0383 0.2 20:80 0.1

8.... 100 0.134 0.2 20:80 0.0 38... 100 0.134 0.2 20:80 0.1

9.... 35 0.383 0.2 20:80 0.0 39... 35 0.383 0.2 20:80 0.1

10... 10 1.34 0.2 20:80 0.0 40... 10 1.34 0.2 20:80 0.1

11... 1000 0.0134 0.6 20:80 0.0 41... 1000 0.0134 0.6 20:80 0.1

12.. . 350 0.0383 0.6 20:80 0.0 42... 350 0.0383 0.6 20:80 0.1

13.. . 100 0.134 0.6 20:80 0.0 43... 100 0.134 0.6 20:80 0.1

14.. . 35 0.383 0.6 20:80 0.0 44. .. 35 0.383 0.6 20:80 0.1

15.. . 10 1.34 0.6 20:80 0.0 45... 10 1.34 0.6 20:80 0.1

16.. . 1000 0.0134 1.0 20:80 0.0 46... 1000 0.0134 1.0 20:80 0.1

17.. . 350 0.0383 1.0 20:80 0.0 47... 350 0.0383 1.0 20:80 0.1

18... 100 0.134 1.0 20:80 0.0 48... 100 0.134 1.0 20:80 0.1

19.. . 35 0.383 1.0 20:80 0.0 49... 35 0.383 1.0 20:80 0.1

20... 10 1.34 1.0 20:80 0.0 50.. . 10 1.34 1.0 20:80 0.1

21... 1000 0.0134 1.0 9999:1 0.0 51.. . 1000 0.0134 1.0 9999:1 0.1

22... 350 0.0383 1.0 9999 :1 0.0 52.. . 350 0.0383 1.0 9999 :1 0.1
tI1

trl
23... 100 0.134 1.0 9999 :1 0.0 53.. . 100 0.134 1.0 9999 :1 0.1

24... 35 0.383 1.0 9999:1 0.0 54... 35 0.383 1.0 9999:1 0.1

25.. . 10 1.34 1.0 9999 :1 0.0 55... 10 1.34 1.0 9999 : 1 0.1

26... 1000 0.0134 5.0 20:80 0.0 56... 1000 0.0134 5.0 20:80 0.1

27... 350 0.0383 5.0 20:80 0.0 57... 350 0.0383 5.0 20:80 0.1
'1:1

28.. . 100 0.134 5.0 20:80 0.0 58... 100 0.134 5.0 20:80 0.1 8
29... 35 0.383 5.0 20:80 0.0 59.. . 35 0.383 5.0 20:80 0.1

30... 10 1.34 5.0 20:80 0.0 60... 10 1.34 5.0 20:80 0.1

2
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Figure 4.1: Schematic representation of the particle displacements as a function of time. The first subscript denotes
the time step and the second the trajectory number.

4.5 Calculation of Transport Parameters

We first discuss how the net displacements are calculated and how the ensemble averaging is per-

formed. In figure 4.1 the incremental displacements 8ri,j are shown as a function of the incremen-

tal time steps 8t. The subscripts i and j denote the time step and trajectory number, respectively.

After n time steps the net displacement for every trajectory j is given by

n

flrn,j = L8ri,j with j = 1,...,N,
i=1

(4.30)

where N is the total number of trajectories/particles being considered, in this case 2000. The

total time is then fltn = n8t, since the time grid is uniformly spaced. The displacements 8ri,j can
obviously be positive or negative in any given time step 8t. In the simulations performed in the

present study, the total number of time steps used is T = 1500 and the size of every time step at

which data is written to disk is 8t = O.IrA. The trajectories are thus followed for the total time

A A v Ac
ttot = TDt= 150TA = 150- = 150---.

VA Ac VA V

The normalized total time therefore becomes

vttot = 150~ ~ = 2008.48.
Ac AcVA

In the graphs as function of time the data is only shown up to 2000 in units of vtj Ac.

This choice for the time grid was influenced by the available computer resources, as well as the

constraint of letting the particles travel no more than 10%of the total box length in the z-direction.
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The square of the displacements is given by

b.r~,j= (t 5ri,j )
2 ,

t=l

(4.31)

which is of course always positive.

The ensemble averaging process is then performed by taking the average over all trajectories for

a specific time step. One then ends up with average values for the displacements and square-

displacements as a function of time. Specifically,

(4.32)

and

(4.33)

where 1 ~ n ~ T.

We now proceed with the specification of how the transport parameters are calculated from the

known ensemble-averaged displacements and square-displacements. The diffusion coefficients

are calculated using the standard Fokker-Planck description. Of course, when the mean-square

displacements increase linearly with time, diffusive behavior has been attained and comparison

with theoretical values of the diffusion coefficients should occur at these large times. Specifically,

where the time dependence is introduced through n which is the number of the time step being
considered as described above.

The drift coefficients are calculated in a different way, since the Fokker Planck coefficients

(b.xnb.Yn)
2b.tn

(b.ynb.xn)
2b.tn

are obviously symmetric. Here we rather compute the drift coefficients as proposed by (Giacalone

et al., 1999) and discussed in Section 3.5, using

K-xy,n -

"-yx,n =

K-xy,n = (vx(t)b.Yn),

K-yx,n= (vy(t)b.xn))

(4.37)

(4.38)

(b.x)
(4.34)- -,

(4.35)

K-xx,n
2b.tn

(b.Y)= -,

(4.36)

"-yy,n 2b.tn
(b.z)= -,K-zz,n
2b.tn
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where the displacements ..6.xnand ..6.Ynare computed as above and vx(t) and vy(t) are the instan-

taneous speeds in the x and Y direction at t = ..6.tn,respectively. The ensemble average is again

performed over all the trajectories at a given time step.

Finally, since we introduce a gradient in the background field, the particles will drift perpendicu-

lar to both the gradient and the mean field at a distinct velocity. The drift velocity of the particles
is calculated as

where again 1 ::;n::; T. This drift velocity will then be compared with a standard gradient drift

value from any standard plasma physics text. Note that for a nearly-isotropic pitch angle distri-

bution the drift velocity vD and the antisymmetric drift coefficient KA,as defined in equation 3.38,
is related by (see, e.g. Forman et aI., 1974)

(4.41)

with eB a unit vector in the direction of the background magnetic field.

In what follows the subscript n on the transport parameters will be dropped, with the under-

standing that the coefficients are still time-dependent.

Before we proceed with the simulations, we discuss how the error bars are calculated on all of the

transport parameters. For an ensemble of 2000 particles, the transport parameters are calculated

for a specific magnetic field realization, as discussed above. The run is repeated for different mag-

netic field realizations keeping all run parameters fixed. The average x of the transport parame-

ters are then determined from the.different values employing different magnetic field realizations.
The error 8mon this average is determined as

8

8m = ynreal
(4.42)

Here 8 is the standard deviation on a single value of the transport parameter and nreal is the
number of magnetic field realizations that were used.

4.6 Simulations

In this section we present and discuss the numerical simulations for 6 different scenarios. They
are the propagation of charged particles in a magnetized medium with

1. no turbulence, and a uniform background field,

---

(..6.xn)
(4.39)VD,x,n -

..6.tn
,

(..6.Yn)
(4.40)VD,y,n -

..6.tn
,
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2. no turbulence, and a gradient in the background field,

3. 20% slab and 80% 2D turbulence, and a uniform background field,

4. 20% slab and 80% 2D turbulence, and a gradient in the background field,

5. 99.99% slab and 0.01% 2D turbulence, and a uniform background field,

6. 99.99% slab and 0.01% 2D turbulence, and a gradient in the background field.

The ordering from 1 to 4 is chosen to describe the transport of the particles in an increasing com-

plex environment. The inclusion of simulations in the case of nearly pure slab turbulence is moti-

vated by ]okipii et al. (1993). In this paper the authors show that when the turbulence contains an

ignorable coordinate (i.e. if the turbulence is not three dimensional), then perpendicular diffusion

is suppressed. We revisit this issue in the presence of a gradient in the background magnetic field.

The results of all of the simulations are given in Tables A.2 through A.4 in Appendix A.

4.6.1 No Turbulence and Uniform Background Magnetic Field

This scenario is for the purely unperturbed transport of the particles in a uniform background

magnetic field. In the absence of turbulence and collisions, the particles will stay fixed on a par-
ticular field line and never leave it.

This scenario is also the least interesting, barring one exception. For unperturbed particle trans-

port, there is no scattering. This scenario is therefore the perfect limit of weak scattering. The weak

scattering form of the large-scale drift coefficient is of particular interest in modulation studies,

and we shall now show that by using the unperturbed trajectory of a particle, this form is recov-
ered.

We first note that for unperturbed transport the perpendicular displacement of a particle in a time

t is given by (d. Appendix B)

.6.x (t)

.6.y(t)

= TL(sin <1>(t)+ sin <1>0),

= TL( cos <1>(t) - cos <1>0),

(4.43)

(4.44)

with rL the Larmor radius and <1>(t)= Ot - <1>0,where 0 is the relativistic cyclotron frequency and

<1>0is the initial phase of the particle. Also, the velocity in plane perpendicular to the background

field is given by

= V.l cos <1>(t),

= -V.l sin <1>(t),

(4.45)

(4.46)
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with v.L the speed in the plane perpendicular to the background field. From the previous section

the drift coefficients are (Giacaloneet al., 1999)

= (vx(t)b.y(t)) = (V.LrL(cos2~(t) - cas~(t) cas~o)) ,

= (vy(t)b.x(t)) = -(V.LrL (sin2~(t) +sin~(t)sin~o)),

(4.47)

(4.48)

and from Appendix Bwe conclude that

v
/\'xy = "?/MJ(t),

v
/\'yx = -"?/MJ(t),

(4.49)

(4.50)

with rM = v/n the maximal Larmor radius and J(t) = [1- cos(nt)]. The drift coefficientsare

anti-symmetric, even in the presence of a uniform magnetic field when the particles' trajectories
are unperturbed. Moreover, the function J(t) causes the average value vr M/3 to oscillate at a

frequency equal to the cyclotron frequency, and the amplitude of the oscillation is equal ~rM, so

that /\'xyvaries between 0 and 2~rM, and /\'yxbetween 0 and -2~rM' This behavior is seen in the
particle simulations, as will be shown below.

We now show the simulations for this scenario in figures 4.2 through 4.6. The values of the trans-

port parameters shown in Tables A.2 through A.4 are the values at the final time step in these

graphs, except for the drift coefficients which are the final points of the running averages. This is
the case for all of the data that will be shown from here on.

Time evolution of "'xx and "'yy

Panels (a) and (b) of figures 4.2 to 4.6 show that the diffusion coefficients in the x and the y-

direction attain their expected values of zero for large times, since the particles are tied to the
magnetic field.

Time evolution of "'zz

Particles are streaming freely along the background field, and this non-diffusive behavior is in-

dicated by the linear time dependence of the parallel diffusion coefficient in panel (c) of these

figures. It is instructive to calculate the gradient of these graphs, which should be equal to

(v;) /2 for free streaming. If the particle distribution is very nearly isotropic, it follows that

(v;) /2 = v2/6 = lOOv~/6 = 16.67v~, since v = lOVA. Note that time on the x-axis is normal-

ized, and must be multiplied by lOv~ when calculating the slope. For these figures, the average

value of the slope is (16.66 :I::O.15)v~, in excellent agreement with the expected value for free

streaming along the background field. It also shows that the actual particle distribution is indeed
very nearly isotropic.

------
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Time evolution of Kxy and Kyx

Panels (d) and (e) show that the drift coefficients are not zero but have a finite and constant

average value, denoted by a gray line, which is a running average of the data. The average values

of the drift coefficients from the particle simulations are perfectly anti-symmetric, as predicted

by the analytical calculations above, and increase with increasing rigidity. The amplitude of the

oscillations around the average value ~rM is also clearly in agreement with the theory. Moreover,

our analysis of these data show that the the frequency of the oscillations is indeed the cyclotron

frequency (d. equations 4.49 and 4.50).

Note that the apparent modulation of the data with another frequency is purely artificial. The fact

that a finite time step is used, means that some peaks are not fully resolved near their maxima,

leading to this numerical artifact.

Time evolution of Vd,x and Vd,y

We do not expect to find any large-scale drift motion for this scenario, and this is shown clearly

in panels (f) and (g) at all rigidities. Apart from transient effects soon after injection, the drift

velocity is zero in this uniform background field.

Drift coefficient, drift velocity, and drift scale as function of rigidity

To see more clearly how the drift coefficients from the simulation compare with the theoretical

values of the weak-scattering drift coefficient as function of rigidity, consider figure 4.7. Here the

filled symbols denote the numerical simulation data from Tables A.2 and A.3, and the solid lines

are the theoretically expected values.

In panel (a) we show the drift coefficient KA, computed as

_ IKxyl + IKyxl

KA = 2 .

The solid black line denotes the weak-scattering drift coefficient from equation 4.22. In the legend

we have the specification of the scattering parameter Or as either AIi/rM or A.l./rM' These values

for Or are then used in equation 4.21,

(4.51)

KA 1 (
02r2

)(
V

)
2

(
A

)(
I

)VAAc = 3a 1 + 02r2 VA Ac 1 + Kx

to obtain the theoretically expected drift coefficient using the different values for the scattering pa-

rameter1. We have pointed out that the present scenario represents the ultimate weak-scattering

lThe use of these scattering parameters will become clear when we discuss the scenarios that include turbulent diffusion.
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Figure 4.2: The normalized transport coefficients as function of normalized time. The perpendicular diffusion coef-
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drift coefficients Kxy and Kyx are shown in panels (d) and (e), respectively. The grey line in these two panels denotes
a running average. The drift velocities Vd,x and Vd,y are shown in panels (f) and (g), respectively. The background
magnetic field is uniform (lC = 0), 8E / Eo = 0 and rt /.xc = 0.0134.

- ----

o 500 1000 1500

Time [Vt/AJ

---



60

-- --

4.6. SIMULATIONS

8.OE-J

6.0E-J

2.OE-J

O.OEO

6.0E-J

.,r<
-<

2:. 4.0E-J
~

!It

2.0E-J

O.OEO

J.OEJ

O.OEO

(0)

(b)

(c)

tOEJ

o 500 1000 1500

Time [Vt/AJ

-J.0E-1
8.0E-4

'< 4.0E-4>
O.OEO

>~-4.0E-4
-8.0E-4

-t2E-J

8.0E-4
'< 4.0E-4>

O.OEO
>.

>'t! -4.0E-4
-8.0E-4

-t2E-J

2000 o 500 1000 1500

Time [Vt/AJ

2000

Figure 4.3: Same as figure4.2,but for r~ /.xc= 0.0383.

J.0E-1
r:fAo = 3.83E-2
""/8, = 0.0. 2.0E-1K=0.0

1O.0E-2.,
> O.OEO......

-tOE-1

-2.0E-1

-J.OE-1

2.0E-1

10.0E-2.,
r<-<> O.OEO......

!It
-tOE-1

-2.0E-1



CHAPTER 4. DIRECT NUMERICAL SIMULATION OF PARTICLE TRANSPORT 61

9.0E-2

'0 6.0E-2
r<
>0/(~

~

~ 3.0E-2

O.OEO

'06.0E-2
r<
>0/(~

~

~ 3.0E-2

O.OEO

3.0E3

O.OEO

---

(0) r~A. = 1.34E-1
68/80 = 0.0

K = 0.0

1.0E3

o 500 1000 1500

Time [Vt/AJ

tOEO

8.0E-1

6.0E-1

4.0E-1

~ 2.0E-1
0/(

~ O.OEO

~ -2.0E-1
~

-4.0E-1

-6.0E-1

-8.0E-1

-tOEO

8.0E-1

6.0E-1

4.0E-1

~ 2.0E-1
0/(

~ O.OEO

~ -2.0E-1
~

-4.0E-1

-6.0E-1

-8.0E-1

-tOEO

4.0E-3
r-:::: 2.0E-3
>

~ O.OEO

~ -2.0E-3>
-4.0E-3
-6.0E-3

4.0E-3
r-:::: 2.0E-3>
~ O.OEO

~ -2.0E-3>
-4.0E-3
-6.0E-3

2000 o 500 1000 1500

Time [Vt/AJ

2000

Figure 4.4: Same as figure4.2,but for r~ /Ac = 0.134.

---



62 4.6. SIMULATIONS

8.0E-1

6.0E-1

2.0E-1

O.OEO

6.0E-1

2.0E-1

O.OEO

3.0E3

O.OEO

(0) r:fAo = 3.83E-1
c58/8o = 0.0

K = 0.0

(b)

t0E3

o 500 1000 1500

Time [vt/AJ

-3.0EO
10.0E-3

"< 5.0E-3>
O.OEO

} -5.0E-3
-10.0E-3

-tSE-2

10.0E-3
"< 5.0E-3>

O.OEO
>-

>"t1 -5.0E-3
-10.0E-3

-t5E-2

2000 o 500 1000 1500

Time [vt/AJ

2000

Figure 4.5: Same as figure4.2,but for r~ / Ac= 0.383.

3.0EO

2.0EO

tOEO"0
r«
> O.OEO

.......

-tOEO

-2.0EO

-3.0EO

2.0EO

tOEO"0

> O.OEO.......

-tOEO

-2.0EO



CHAPTER 4. DIRECT NUMERICAL SIMULATION OF PARTICLE TRANSPORT 63

Figure 4.6: Same as figure4.2,but for r~ / >'c= 1.34.
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case. Since ).1I/rM -t 00 for free streaming along the background field, this choice for the scat-

tering parameter yields the expectedweak-scattering result found in equation 4.22. On the other

hand, ).J.../rM-t 0, and its use would reduce the drift coefficient to zero, clearly not a physical
result.

The symbols in panels (b) and (c) denote the numerically obtained values of the drift speeds in the

x and y directions respectively, while the solid black lines are the theoretical values from Eqs (4.26)

and (4.27). Since there is no gradient in the field the drift velocity is zero at all rigidities.

We conclude by showing the ratio of the drift scale).A to the maximal Larmor radius rM as func-

tion of rM/).c in figure 4.8. In this graph the dark shaded region ).A/rM > 1/2 denotes where

Or > I, and the light shaded region ).A/rM < 1/2 denotes where Or < 1. These regions are

delineated in this fashion by following the arguments posed in Section 3.4.1 on page 32.

The ratio ).A/rM calculated from the computed drift coefficient KA is unity for the present case

for all energies considered (error bars are smaller than the symbols). Remember that ).A/rM -t 1

implies Or -t 00, which merely reiterates the obvious in the present case.

In summary, we have:

. Shown that even in the case of a uniform field and in the absence of turbulent fluctuations

one can obtain a value for the anti-symmetric drift coefficient,

. Shown analytically how one can recover the weak scattering form of the drift coefficient

using the unperturbed trajectories of an ensemble of particles,

. Shown analytically that the anti-symmetric nature of the drift coefficient emerges naturally

from the unperturbed trajectories,

. Confirmed these results by means of direct numerical simulation of an ensemble of parti-

clesin a uniformmagneticfield,using the formalismof Giacaloneet al.(1999)for the drift
coefficient.

4.6.2 No Turbulence and Non-Uniform Background Magnetic Field

In this scenario we consider a gradient in the background magnetic field, and study the transport

of particles in the absence of turbulence. As was stated in Section 3.5, we do not expect the drift

coefficient to deviate from the weak scattering value, since no scattering occurs. The particles are

still streaming freely along the background field, but they will, however, be transported perpen-

dicular to the mean field, due to gradient drift. As a reminder, since the field is in the z-direction,

and the gradient in the x-direction, the drift will be in the y-direction. The transport parameters

as a function of time are shown in figures 4.9 through 4.13.
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Figure 4.7: Normalized drift coefficient I\;Aand drift velocities Vd,x and Vd,y shown as function of TM/ Ac in panels
(a), (b), and (c), respectively. The legend in panel (a) is explained in the text. In all three panels the symbols denote
simulation results and the solid black line denotes the weak-scattering limit of that quantity. In this casethe background
magnetic field is uniform (IC= 0) and there is no turbulence (8B/ Bo = 0).
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Figure 4.8: Symbols denote the drift scale from numerical simulations AAI normalized to r M,as function of r M/ ACI

for the case of a uniform background magnetic field (IC= 0) and no turbulence (8B / Bo = 0). The dark shaded region
denotes the allowed values when the ratio is calculated from equation 3.41 with Or > 1, and the light shaded region
with Or < 1.
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Time evolution of Kxx and Kyy

Panel (a) of figures 4.9 through 4.13 shows that there is, as expected, no diffusion in the x-direction

perpendicular to the background field. The diffusion coefficient in the y-direction now increases

linearly with time, and the slope of the graph increases with increasing rigidity. This can be

interpreted as a form of "free streaming" in the y-direction, and we expect it to be associated with

the drift velocity in this direction. Our analysis shows that while the "free-streaming velocity"

is indeed almost perfectly correlated with the drift velocity, the ratio of these two are not 1; the

former is always larger than the drift velocity by about 10 %. Obviously, if this ratio were I, we

would have been able to decouple drift and perpendicular diffusion. We have not yet achieved

this decoupling, and future efforts will concentrate on these runs where we know that there is no

perpendicular diffusion.

Time evolution of Kzz

As was the case for a uniform field, the particles are again streaming freely along the background

field, as shown in panel (c) of these figures. The average value of the slope of these graphs is

(16.76 :I::0.12)v~, again in agreement with the expected value of 16.67v~ for an isotropic particle
distribution.

Time evolution of Kxy and Kyx

The two coefficients shown in panels (d) and (e) are antisymmetric, and their magnitude increases

with increasing rigidity. A striking difference is the fact that the oscillations in Kxy in panel (d)

appear to be growing slightly with time, whereas those in Kyx rapidly decrease and have almost

disappeared at the final time step. Moreover, the oscillations in Kxy are symmetric and are obvi-

ously associated with the particles' motions. The phenomenon that the running average of Kxy,

denoted by the gray line, is independent of time, is in agreement with the result for the case when

the background field is uniform. The important point is that these oscillations are not of a ran-

dom statistical nature. The frequency of the oscillations was found to be equal to the cyclotron
frequency of the particles.

Time evolution of Vd,x and Vd,y

The drift velocities shown in panels (f) and (g) very rapidly attain constant values. In the x-

direction they remain zero, as expected. In the y-direction they increase with increasing rigidity.
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Figure 4.12: Same as figure4.9,but for r~ /Ac = 0.383.
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Figure 4.13: Sameas figure4.9,but for rt / Ac= 1.34.
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Drift coefficient, drift velocity, and drift scale as function of rigidity

We also compare the numerically obtained drift coefficients and drift speeds to theory in fig-

ure 4.14. Again we see that the computed drift coefficients in panel (a) lie on the weak-scattering

line. Here the same arguments as stated in Section 4.6.1 hold for the specification of the scattering

parameter Or using either AU/rM or A1-/rM. Note that in what follows, when the scattering pa-

rameter A1-/rM is used, the value of Axx is used for the perpendicular mean free path. Obviously

when the background field varies in both perpendicular directions, then one must be very careful

how one interprets the value for the perpendicular mean free path. This will be discussed in more

detail in Section 4.6.4 when we look at turbulent diffusion in the presence of a background field

with a gradient.

The drift speed in the x-direction in panel (b) is zero at all rigidities, but now the drift speed

in the y-direction in panel (c) is clearly a function of rigidity. The solid black lines through the

symbols are not merely lines connecting the numerically obtained data, but are the theoretically

expected drift velocity from equation 4.27 for different rigidities, which agree perfectly with the

numerically determined drift speed. This agreement shows that our procedure to calculate the

drift velocity from the numerical data (see equation 4.39 and 4.40) is indeed correct.

Finally, in figure 4.15 we show the ratio AA/rM as function of rM/Ac. Again, as expected, these

computed values lie on the line AA/r M = 1, indicating that in this case the drift coefficient is

unchanged from its weak-scattering form.

To summarize, in this section we have shown by means of direct numerical simulations that:

. The inclusion of a gradient in the background magnetic field, but still in the absence of

turbulence, does not result in a deviation of the drift coefficient from the weak scattering
value,

. The expecteddrift speed of the particles due to the imposed gradient in the background field
is exactly obtained.
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Figure 4.14: Drift coefficient I\;Aand drift velocities Vd,xand Vd,yshown as function of TMj Acin panels (a), (b), and (c),
respectively. The legend in panel (a) is explained in the text. In all three panels the symbols denote simulation results
and the solid black line denotes the weak-scattering limit of that quantity. In this case the background magnetic field
has a gradient in the x-direction (K = 0.1) and there is no turbulence (8Bj Bo = 0).
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Figure 4.15: Symbols denote the drift scale from numerical simulations AAI normalized to r M,as function of r M/ACI

for the case of a background magnetic field with a gradient in the x-direction (K.= 0.1)and no turbulence (oB/Bo = 0).
The dark shaded region denotes the allowed values when the ratio is calculated from equation 3.41 with r2r > I, and
the light shaded region with r2r < 1.
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4.6.3 Composite Turbulence and Uniform Background Magnetic Field

In the process of looking at the transport parameters in increasingly complex systems, we now

first remove the gradient in the background field, but switch on turbulence. We first present the

results of the present study and then we look at some comparisons with previous studies at the
end of this section.

In figures 4.16through 4.20we show the time evolution of the transport coefficientsfor the case
of DB = 0.2Bo. In our nomenclaturethis is referredto as weakturbulence. Next, we consider

DB= 0.6Bo in figures4.21through4.25.Wereferto this as the moderateturbulencecase. The
strong turbulence case is shown in figures 4.26 through 4.30,where DB = 1.0Bo. Finally, we

have the case of very strong turbulence in figures 4.31 through 4.35. Here the amplitude of the
turbulence is DB = 5.0 Bo.

Time evolution of "'xx and "'yy

Panels (a) and (b) of figures 4.16 through 4.35 do not show any dramatic change in the perpen-

dicular coefficients, either as function of rigidity at a given level of turbulence, or as the level of

turbulence is increased. Again, transient effects shortly after injection should not be taken too

seriously as improved statistics will change these curves at early times. The actual values of K.xx

and K.yyat the final time step should be very close to the asymptotic values and will be considered
as such.

Time evolution of "'zz

The time evolution of the parallel diffusion coefficient shown in panel (a) of figures 4.16 through

4.35 shows a clear rigidity dependence for the case of weak turbulence, when DB = 0.2 Bo. Par-

ticles are followed for a specified length of time and in this case that diffusion has not prop-

erly set in at the final time step of the simulation, especially at the highest rigidities considered.

As stated above, the perpendicular diffusion coefficients seem to be less sensitive to this issue.

For DB = 0.2 Bo, we estimate that the asymptotic value of K.zz for the highest rigidity where

r~ /Ac = 1.34 is about 30% higher than the value at the final time step. Therefore the value of

the parallel diffusion coefficient for weak turbulence are lower limits; at the lowest rigidity where

rM / Ac = 1.34 X 10-2 it should be very close to the asymptotic value. For DB = 0.6 Bo and higher

diffusion properly sets in within the time considered, even for the highest rigidities.
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Time evolution of K.xyand K.yx

As one goes from the lowest rigidity (figure4.16)to the highest rigidity (figure 4.20)for the weak

turbulence case, the anti-symmetric nature of the drift coefficientsbecomes more apparent. Even

though it might appear that the drift coefficientsare essentially zero at small energies, it is not
generally the case. The linear scale is somewhat misleading and obviously at the lowest rigidities

considered here the standard deviations on the average values of the drift coefficientswill be

larger than at high energies. For this reason we did extra runs at low energies in order to improve
the statistics.

At a given level of turbulence the amplitude of the oscillationsdecrease with increasing rigidity,

and the running average, as usual denoted by a gray line, becomes smoother. However, as the
level of turbulence is increased, the running average becomes less smooth. In all cases the ampli-

tude of the oscillationsare similar for both Kxyand Kyx.Note again that we take the final point of
this running average as the representative value for the drift coefficient.

Time evolution of Vd,xand Vd,y

We expect the calculated drift velocity in the x- and y-directions shown in panels (f) and (g) to

tend to zero at large times. This behavior is seen clearly for the case of very strong turbulence

(figure 4.35). At lower levels of turbulence the same tendency is apparent, but the velocity can

approach zero from either above or below. Improved statistics will show more clearly that these
velocities are indeed zero.
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Figure 4.16: The normalized transport coefficients as function of normalized time. The perpendicular diffusion coef-
ficients K.:z::z;and K.1/1/'and the parallel diffusion coefficient K.zz,are shown in panels (a), (b), and (c), respectively. The
drift coefficients K.:Z;1/and K.1/:Z;are shown in panels (d) and (e), respectively. The grey line in these two panels denotes
a running average. The drift velocities Vd,:z;and Vd,1/are shown in panels (f) and (g), respectively. The dashed line in
these two panels indicate zero drift velocity. The background magnetic field is uniform (K = 0.0),6B / Bo = 0.2 with
20% slab- and 80% 2D turbulence, and rt /.xc = 0.0134.
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Figure 4.17: Sameas figure4.16,but for r~ /Ac = 0.0383.
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Figure 4.18: Sameas figure4.16,but for r~/ Ac = 0.134.
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Figure 4.19: Sameas figure4.16,but for r~ /Ac = 0.383.
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Figure 4.20: Same as figure4.16,but for r~ / Ac= 1.34.
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Figure 4.21: The normalized transport coefficients as function of normalized time. The perpendicular diffusion coef-

ficients K.:z;:z;and K.yy,and the parallel diffusion coefficient K.zz,are shown in panels (a), (b), and (c), respectively. The
drift coefficients K.xyand K.yxare shown in panels (d) and (e), respectively. The grey line in these two panels denotes
a running average. The drift velocities Vd,x and Vd,yare shown in panels (f) and (g), respectively. The dashed line in
these two panels indicate zero drift velocity. The background magnetic field is uniform (IC = 0.0), oB / Bo = 0.6 with
20% slab- and 80% 2D turbulence, and r~ lAc = 0.0134.
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Figure 4.23: Sameas figure 4.21,but for r~ /Ac = 0.134.
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Figure 4:26: The normalized transport coefficients as function of normalized time. The perpendicular diffusion coef-
ficients Kxx and Kyy, and the parallel diffusion coefficient K.., are shown in panels (a), (b), and (c), respectively. The
drift coefficients Kxy and Kyx are shown in panels (d) and (e), respectively. The grey line in these two panels denotes
a running average. The drift velocities Vd,xand Vd,yare shown in panels (f) and (g), respectively. The dashed line in
these two panels indicate zero drift velocity. The background magnetic field is uniform (IC = 0.0),8B/Bo = 1.0 with
20%slab-and 80%2Dturbulence, and r~ /Ac = 0.0134.
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Figure 4.27: Same as figure4.26,but for r~ /Ac = 0.0383.



90 4.6. SIMULATIONS

8.0E-1

6.0E-1

2.0E-1

O.OEO

6.0E-1

2.0E-1

O.OEO

~ 8.0EO
,<
><

L I

II
~ 4.0EO

O.OEO

(b)

o 500 1000 1500

Time [Vt/AJ

-2.0E0
2.0E-1

r-::!: 10.0E-2
> -L I O.OEO................................

~ -tOE-1>
-2.0E-1

-J.OE-1 ..
2.0E-1 ~ (g)

r-::!: 10.0E-2>
L I O.OEO ~

~ -tOE-1>
-2.0E-1
-J.OE-1

~ 5.0E-1
~
~ O.OEO

?c'
~ -5.0E-1

-tOEO

-tSEO

-2.0E0

~ 5.0E-1
~
~ O.OEO

~
~ -5.0E-1

-tOEO

-t5EO

2000

2.0EO

t5EO

tOEO

t5EO

tOEO

o 500 1000 1500

Time [Vt/AJ

2000

Figure 4.28: Sameas figure4.26,but for r~ /.xc= 0.134.
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Figure 4.29: Sameas figure4.26,but for r~ /Ac = 0.383.
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Figure 4.30: Same as figure4.26,but for r~ /.xc = 1.34.
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Figure 4.31: The normalized transport coefficients as function of normalized time. The perpendicular diffusion coef-

ficients Kxx and Kyy, and the parallel diffusion coefficient Kzz, are shown in panels (a), (b), and (c), respectively. The
drift coefficients Kxy and Kyx are shown in panels (d) and (e), respectively. The grey line in these two panels denotes
a running average. The drift velocities Vd,xand Vd,yare shown in panels (f) and (g), respectively. The dashed line in
these two panels indicate zero drift velocity. The background magnetic field is uniform (IC = 0.0), 8B /Bo = 5.0 with
20% slab- and 80% 2D turbulence, and r~ /Ac = 0.0134.
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Figure 4.32: Same as figure 4.31,but for r~ / Ac= 0.0383.
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Figure 4.33: Same as figure 4.31, but for r~ / Ac= 0.134.
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Figure 4.35: Sameas figure4.31,but for rt / Ac= 1.34.
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Drift coefficient, drift velocity, and drift scale as function of rigidity and variance

To summarize the preceding data in a more concise format, we consider the diffusion- and drift

coefficients, as well as the drift speeds as a function of rigidity (rM/>.c) and magnetic variance

(c5B2).

In figure 4.36 we first show the diffusion coefficients as a function of r M />'c, We remind the

reader that for the case of weak turbulence (c5B= 0.2Bo), the values for the parallel diffusion

coefficient (Kzz)are lower-limit values; we do not expect the value at rM/>'c = 1.34 x 10-2 to

change noticeably,but we estimate that the value at rM/>'c = 1.34could be about 30%higher. This

implies that the ratios Kxx/Kzzand Kyy/Kzzin panels (d) and (e) should in general be somewhat
smaller for the simulations at c5B= 0.2Bo.

One very noticeable feature in this graph is that while the perpendicular diffusion coefficient in

panels (a) and (b) varies at most by an order of magnitude, at the highest rigidity, the parallel

diffusion coefficient in panel (c) varies by approximately four orders of magnitude ranging from

weak-to very strong turbulence, in this case at the lowest rigidity. The complicated dependence

of the perpendicular diffusion coefficient on rigidity and magnetic variance is also illustrated by

the fact that at large rM/>'c the coefficient increases with increasing c5B/Bo, but at low rM/>'c

there is first an increase and then a decrease with increasing c5B/ Bo. The parallel diffusion coeffi-

cient, on the other hand, shows a systematic decrease with increasing c5B/Bo. The ratios Kxx/ Kzz

and Kyy/ Kzz in panels (d) and (e) track each other reasonably well going from c5B = 0.2 Bo to

c5B = 1.0Bo, decreasing with increased rigidity. However, for c5B= 5.0Bo, the ratio first de-

creases and then shows a slight increase, obviously due to the change in the rigidity dependence

of perpendicular diffusion for very strong turbulence. Note that for this high level of turbu-
lence,the ratio at the lowestrigidityis actuallylarger than 1. Casseet ai. (2001)show that for
isotropic turbulence this ratio is never larger than 1. However, Shalchi(2005)reports that in sim-

ulations with composite turbulence, identical to that used in the present study, the ratio between
the perpendicular and parallel diffusion coefficientcan in factbecome much larger than one. The

cross-over occurs at values of c5B/Bo very close to 5. Clearly the structure of the turbulence, and

not only the amount of energy contained within it, plays a crucial role in the transport of charged

particles. We return to this aspect in Section 4.6.6.

Sincewe employ axisymmetric turbulence in the present study, the ratio of the two perpendicular

diffusion coefficientsshown in panel (f)of figure 4.36is approximately unity, as expected.

The six panels in figure 4.37 show the diffusion coefficients and ratios as function of magnetic

variance. We observe in panels (a) and (b) that the perpendicular diffusion coefficients seem to

have a maximum value, at a value of c5B/Bo that increases with increasing rigidity. The data are

however too sparse to prove this conclusively. We note in passing that FLRW (e.g. Jokipii,1966;
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Figure 4.36: The normalized transport coefficients as function of rMIAc. The perpendicular diffusion coefficients "'xx

and "'1/1/'and the parallel diffusion coefficient "'zz, are shown in panels (a), (b), and (c), respectively. The ratio of the
perpendicular coefficients "'xx and "'1/1/to "'zz is shown in panels (d) and (e), respectively, and the ratio "'xxi "'1/1/in
panel (f). Open triangles denote oBI Bo = 0.2,filled triangles oBI Bo = 0.6, open circles oBI Bo = I, and filled circles
oBI Bo = 5, respectively. Connecting lines are shown to guide the eye. The background magnetic field is uniform
(I( = 0).
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Matthaeus et al., 1995) predicts that the perpendicular diHusion coefficient should be proportional

to c5B3;this is clearly not the case for the entire parameter range considered in the present study.

Panel (c) shows that K,zzdecreases monotonically with increasing variance, with a slightly larger

decrease at lower rigidities than at higher rigidities.

Panels (d) and (e) show that the ratios K,xx/K,zzand Kyy/K,zzapproach unity for verystrong turbu-

lence (c5B2 = 25.0 B3). As we have pointed out above, this level of turbulence is approximately

where S1l1l1chi(2005) reports a cross-over in the ratio from values smaller than unity to values

larger than unity.

The last panel (f) of figure 4.37 shows that the two perpendicular diffusion coefficients agree

reasonably well, also as function of variance.

We now consider the drift coefficient and drift speed in the x- and the y-direction as function

of rigidity shown in panels (a), (b) and (c), respectively, in figures 4.38 through 4.41 with 8B /Bo

varying from 0.2 to 5. We expect drift to be reduced in the presence of turbulence, but at the

time of writing there is no non-linear theory with which we can compare our simulation results.

In fact, we do not even know if we need a nonlinear theory, such as WNLT for parallel and

perpendicular diffusion (S1l1l1chiet ai., 2004b). We therefore use a generic description for the drift

coefficient (equation 4.21),

K,A 1

(
112r2

)(
V

)
2

(
A

)(
1

)VAAc = 3a 1 + 112r2 VA Ac 1 + ICx

and choose different representations for 11r.While we may not be able to determine the functional

form of the drift coefficient in this way, we may rule out some possibilities.

The legends in the following graphs need clarification:

Green: (11r -t 00) This is equation 4.22, but since there is no gradient in the field (IC= 0),the term

1/(1 + ICx) is unity and therefore the drift coefficient is determined without any uncertainty

for a particular energy specified by a fixed value of a. For this reason there is no green

shaded region, but only a solid black line. This is of course different in the next section where

IC = 0.1 and since there is an uncertainty in the average final position x of the particles, the

weak-scattering drift coefficient will be denoted by a regionenclosing the uncertainty in the

particles' final position.

Blue: (11r= AU/rM)This is equation 4.21 with AU/rM as the scattering parameter. Here the same

arguments as above for the 1/(1 + ICx) term applies, but even in this scenario where there is

no gradient in the field, this drift coefficientcannotbe determined without uncertainty. We

emphasize that in the specification of 11r= AU/rM,the computedparallelmeanfreepath is
used, as well as the average maximal Larmor radius at the final time step in the simulation.
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Figure 4.37: The normalized transport coefficients as function of oB2. The perpendicular diffusion coefficients It",,,,
and 1t!J!J,and the parallel diffusion coefficient Itu, are shown in panels (a), (b), and (c), respectively. The ratio of the
perpendicular coefficientsIt"""and Ky!Jto Itzz is shown in panels (d) and (e), respectively, and the ratio It",,,,/Ky!Jin
panel (f). Open diamonds denote r~/Ac = 1.34,crosses r~/Ac = 0.383,open circles r~/Ac = 0.134, filled squares
r~ / Ac = 0.0383, and filled squares r~ / Ac = 0.0134, respectively. Connecting lines are shown to guide the eye. The
background magnetic field is uniform (IC= 0).
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Thesevalues obviously cause some uncertainty in the calculatedvalue of the drift coefficient

and it is this uncertainty which is indicated by the blue band.

Red: (Or = Al./rM) This is also equation 4.21, but with Al./rM as the scattering parameter. Again,

in the specificationof Al./rM the computed perpendicular mean free path (Axx)is used. The
same arguments as above apply here.

BAM: The theoretical prediction of Bieber&Matthaeus(1997).

We find that for the case up to and including moderate turbulence (dB = 0.6 Bo) shown in fig-

ures 4.38 and 4.39, the computed drift coefficients in panel (a) lie on or very close to the weak-

scattering line, when their error bars are taken into account. These points also lie in the blue

shaded region, indicating that up to dB = 0.6Bo the use of AU/rM as the scattering parameter in

equation 4.21 is sufficient to describe the data. Note that our "inadequate" determination of the

parallel diffusion coefficients for the case of dB = 0.2Bo does not adversely influence these com-

parisons. If we were to use the actual asymptotic values of the parallel and perpendicular mean

free paths, then all that will happen is that the parameter AU/rM will be larger, in effect bringing

the blue-shaded region closer to the weak scattering region. It is also clear that the p3 reduction

at low rigidity (BAM) is not compatible with the numerically calculated values.

For the case of strong turbulence in figure 4.40, the drift coefficients appear to become slightly

smaller than the corresponding weak-scattering values at lower rigidities. At sufficiently large

values of rM/Ac the use of AU/rM as the scattering parameter seems to be adequate, but then

there comes a point at lower rigidities where >"l./rM seems to be the more appropriate value

to use for the scattering parameter. For the smallest values of rM/>"cit is immaterial whether

>"U/rMor >"l./rM is used. This is due to the fact that at this point both AU/rM and Al./rM are

becoming significantly larger than unity (see Table A.4) and the use of either one of these values

in equation 4.21 yields the weak scattering value.

When the turbulence is very strong,we see something different in figure 4.41.Now the computed

drift coefficients are well below the weak scattering line, but also below the drift coefficient using

AU/rM as the scattering parameter (shown in blue). However, if Al./rM is used as the scattering

parameter in equation 4.21, we see that the theoretically expected region (shown in red) describes

the computed drift coefficients much better, albeit that these values are still somewhat higher

than the computed values. This discrepancy may have its origin in the fact that there still are

not enough statistics to completely resolve the issue, or there is still some effect that has not been

taken into account in the description of the scattering parameter.

These figures also show that BAM does not predict the reduction in the drift coefficient correctly.

We suggest that these results show a complicated connection between the drift- and diffusion

coefficients. Our simulation results do shown a reduction in the drift coefficient compared to
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the weak-scattering limit, but the key issue here is what the rigidity dependence of this reduced

drift coefficient is. Or, in other words, what quantities enter into the scattering parameter. If one

considers the fact that the datum point at the lowest rigidity in figures 4.39, 4.40 and 4.41 does not

seem to change much, it could well be that drift reduction only occurs above some rigidity.

While we return to the subject of drift reduction in Chapter 6, a brief discussion is in order at this

point. It is commonly stated that the drift coefficient should be reduced with respect to the weak

scattering value in order to better account for observed cosmic ray intensities in the heliosphere

(e.g. Potgieter & Burger, 1990; Webberet al., 1990). The exact form of the drift coefficient and the

reason for the down-scaling is still elusive, although various theories have been proposed in this
regard.

First, from a quasi-linear perspective, it was found that for particle energies such that the gyro-
radius is smaller than the correlation scale of the turbulence, the drift coefficient can exhibit a p3

rigidity dependence at these low energies (e.g. Forman et al., 1974; Bieber et al., 1995). However,

in this low energy limit the quasi-linear approximation is not strictly valid any more (Forman

et al., 1974). Also, by using an approach based on the velocity correlation functions of the particle

distribution, Bieber & Matthaeus (1997) showed that if the random-walking of the field lines is the

primary agent responsible for the velocity de-correlation, then a p3 down-scaling with respect to

the weak scattering rigidity dependence can also be obtained at low energies, or in any regime

where the maximal Larmor radius rM is less than the deviation of the random-walking field lines

from their mean value. This is the p3 down-scaling of the drift coefficient that is commonly

invoked in modulation studies (e.g. Burger et al., 2000) to better account for observed cosmic ray
intensities.

Second, and in contrast to the quasi-linear approach, the hard-sphere scattering model cannot

account for any required reduction of the drift coefficient at low energies. In this model the scat-

tering parameter is given by the ratio between the parallel mean free path Alland the maximal

Larmor radius rM. However, this ratio is found to be consistently larger than unity at Earth (e.g.

Palmer, 1982; Bieberet aI., 1994) for all energies of importance to cosmic ray modulation and there-

fore yielding the weak scattering value of the drift coefficient.

Clearly none of these theories provide an adequate description of the simulation results.

Finally, for the computed drift speeds in panel (c) of figures 4.38 through 4.41 we find that the

expected values of zero are obtained, since there is no gradient in the field and the randomization

of the particle trajectories merely results in (~x) = (~y) = O.

We now show the drift coefficient and drift velocity as function of the magnetic variance in fig-

ures 4.42 through 4.46. Here we can again see how parallel and perpendicular diffusion may

playa role in the drift coefficient. The main idea that we want to present in this representation

of the drift coefficients is that there appear to be some regions for which AIi/rM is an appropriate

- -- - -
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Figure 4.39: Same as figure 4.38, but for 0B IBo = 0.6.Figure 4.38: Drift coefficient II:Aand drift velocities
Vd,%and Vd,y shown as function of r MI>"cin panels (a),
(b), and (c), respectively. The legend in panel (a) is ex-
plained in the text. In all three panels the symbols de-
note simulation results and the solid black line denotes

the weak-scattering limit of that quantity. In this case
the background magnetic field is uniform (K = 0), and
oBI Bo = 0.2.
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value for the scattering parameter in equation 4.21, whereas there are other regions where )..l../rM

is more appropriate. To summarize: >'U/rMappears to be appropriate as a scattering parameter

at all rigidities if the variance is small; >'l../rM is more appropriate for the largest variance at all

rigidities. We must however emphasize that the dependence is far from certain and that at inter-

mediate variances we need much improved statistics to determine whether the weak-scattering

limit is obtained at low rigidity.

We saw in figures 4.36 and 4.37 that when the amplitude of the fluctuations becomes very large,

the parallel and perpendicular diffusion coefficients, and therefore the respective mean free paths,

become comparable. Figure 4.46 just reiterates this behavior, since it now becomes irrelevant

whether one chooses >'U/rMor >'l../rMfor the scattering parameter.

Figures 4.47 through 4.50 show the ratio >'A/rM as function of rM/>'c for the different values of

magnetic fluctuation amplitude. These show that the computed values of the ratio >'A/rM are

consistently less than unity. This suggests that the numerically obtained values for the drift co-

efficient is consistent with the "generic" drift coefficient as specified by e.g. equation 4.21, where

Or is still an undetermined quantity. In figure 4.47, we see that all of the simulations for weak tur-

bulence are consistent with >'A/rM = 1, the weak scattering value. When the level of turbulence

is increased to 8B = 0.6 Bo and then to 8B = 1.0 Bo, >'A/r M decreases, first at lower rigidities

and then also at higher rigidities. There is an abrupt change when 8B = 5.0Bo. Now >'A/rM is

reduced at all rigidities, also at the highest rigidity where for lower levels of turbulence almost no

decrease occurred up to 8B = 1.0 Bo. Clearly, in the presence of very strong turbulence, the per-

pendicular diffusion coefficient's rigidity dependence changes compared with the case of strong

turbulence (see figure 4.36), as does that of the drift coefficient.

In summary, in this section we have shown by means of direct numerical simulations that:

. Both the normalized KUand Kl..(and therefore the corresponding mean free paths) increase

with increasing rigidity;

. Both the normalized KUand Kl..flatten as function of rigidity as 8B /B decreases;

. The normalized Kl..(and therefore the corresponding mean free path) increases with increas-

ing variance at the highest rigidity, but first increases and then decreases at lower rigidities;

. The normalized KUdecreases with increasing variances at all rigidities;

. For increasing magnetic fluctuation amplitude the ratio between Kl..and KUincreases;

. The scattering parameter determining the drift coefficient is a complex function of at least

bothparallel and perpendicular diffusion;

. The unconditional use of the weak scattering value of the drift coefficient when the ratio

>'U/rMsufficiently larger than unity is not always appropriate;



CHAPTER 4. DIRECT NUMERICAL SIMULATION OF PARTICLE TRANSPORT 107

-2.0E-2

-3.0E-2

-4.0E-2

-5.0E-2

-1.0E-1

O.CEO .
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Figure 4.44: Sameas figure 4.42,but for r~ />'c= 0.134. Figure 4.45: Same as figure 4.42,but for r~ / >'c= 0.383.
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Figure 4.47: Symbols denote the drift scale from nu-
merical simulations AA, normalized to r M, as function of

r M /Ac, for the case of a uniform background magnetic
field (K.:= 0) and 8B /Bo = 0.2. The dark shaded region
denotes the allowed values when the ratio is calculated
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Figure 4.48: Same as figure 4.47,but for 8B/Bo = 0.6.
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. For sufficiently large magnetic fluctuation amplitude the drift coefficient is reduced com-

pared with the weak scattering value. This reduction first occurs at low rigidities and then

at higher rigidities as the magnetic fluctuation variance increases.

Direct comparison with previous results

We conclude this section by looking at some direct comparisons between the present work and

previously published results. In Section 4.1 we pointed out that we are not using the same ad-

vanced averaging procedures used by (e.g. Qin, 2002), and that we cannot study transient effects

during early stages of particle transport. It is obviously important to illustrate that we do find the

same results when diffusive behavior is established. Another point to keep in mind is that not

all simulations are carried out for composite turbulence, and that when direct comparisons are

thought to be useful, they must be carried out with some care.

In figure 4.51 we compare the present results for parallel- and perpendicular diffusion with those

of Giacalone & Jokipii (1999) and Qin (2002) for the case oB = Bo and a 20 : 80 distribution of the

slab- to 2D turbulence. The agreement between the present results (filled circles) and those of

Qin (2002) (open circles) is excellent. Giacalone& Jokipii (1999) find higher values for both coeffi-

cients, and also a somewhat different dependence on rigidity.

Figure 4.51: A comparison of the present results for the parallel- (left panel) and perpendicular diffusion coefficient
(right panel) with previously published work. In the legend GJ1999 denotes Giacalone& ]okipii (1999), and Qin2002, Qin
(2002). These calculations are for a uniform background magnetic field and a turbulent magnetic field with a fluctuation
amplitude of 8B = Bo. There is also a 20 : 80 distribution of the slab- to 2D turbulence.

Giacaloneet al. (1999) and Candia & Roulet (2004) calculated the drift coefficients of charged par-

ticles in a turbulent magnetic field, with a uniform background magnetic field. Giacaloneet al.
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(1999) performed their simulations at one energy, such that the ratio of the Larmor radius (which

is understood as the maximal Larmor radius) rM = 0.1Lc,and Lc is the correlation length of the

turbulence.Althoughtheseauthorsconsideredisotropicturbulence, it is instructive to see how

the present work with composite turbulence compares with their results, shown in figure 4.52.

10-3

10-4

Figure 4.52: A comparison of the present work with previously published work. Symbols are explained in the legend.
GiacaloneEA1999 refers to Gincalone et al. (1999). The solid line is "'AI "'II = TJI(l + TJ2),with TJ= All/rM.

For completeness, we show all of our simulations on the same graph. It is evident that at large

values of the scattering parameter (All/rM ~ 10) the weak-scattering drift coefficient is recovered

for most of the energies considered in the present study, in agreement with the results of Giacalone

et al. (1999) for a single energy, but a range of values for the variance of the magnetic fluctuation

amplitude. Note that for the lowest rigidityrM lAc = 0.0134 (filled squares) the data do not fall on

the weak scattering line for large values of All/rM, except for the largest value of this parameter,

which corresponds to the case 8B = 0.2 Bo. This shows that even though the parallel mean

free path is larger than the Larmor radius at this particular energy, the description of the drift

coefficient does not seem to be adequately described by using equation 4.20 with All/rM for the

scattering parameter. Note that the simulations of Giacaloneet al. (1999) were performed for the

single particle rigidity corresponding to r MIAc = 0.1. Clearly at lower rigidity there are effects

that are not properly described by the generic hard sphere scattering form of I\:Ausing only AllIrM

for the scattering parameter.

Although the present study was strongly motivated by the work of Giacaloneet al. (1999), it was

not our primary aim to reproduce their graph as reproduced in figure 4.52. For this reason there

appears to be the apparent "gap" in the data of the present study and that of

Giacaloneet al. (1999). This is due to the fact that the parameter space chosen for the present
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study just happened to be such that we do not have any data where they find the onset of de-

viation from the weak scattering line. The present study extends the calculated drift coefficients

down to smaller values of AIi/rM, thereby supplementing their work.

A final word about the interpretation of this graph and specificallythe results of Giacaloneet al.
(1999) is now in order.

Table A.4 shows that for all of the simulations the ratio AIi/rM increases (decreases) with decreas-

ing (increasing) energy. One could therefore interpret the deviation of the Giacaloneet al. (1999)

data from the weak scattering line as a high energy effect, rather than a low energy effect. If

All <X po: then AIi/rM <X po:-I. If a < 1, as is generally the case in the rigidity range that we

consider here (see figure 4.36), then the ratio obvio~ly decreases with increasing rigidity. It is,
therefore only by using a quantity such as r M/Ac that we can unambiguously show that the cal-

culated KA deviates from the weak-scattering value at (mainly) low rigidity.

A key question is whether one should expect the same behavior for isotropic and composite tur-

bulence. The present comparison shows that there is good agreement with the exception of the

lowest rigidity considered. The fact that the structure of the turbulence plays an important role in
drift will be illustrated in what follows.

The next scenario is a challenging one: we consider particle transport in a turbulent, non-uniform

magnetic field. In the preceding Section 4.6.2 we have shown that for the case of a non-uniform

field, but without turbulence, we obtain excellent agreement with theoretical values of the drift

coefficient and drift velocity. In the current section we have shown that for a uniform but turbu-

lent field, we obtain excellent agreement with previous simulation studies of parallel and perpen-

dicular diffusion. We are therefore confident that the results of the next section, however strange,
should have physical significance.

--
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4.6.4 Composite Turbulence and Non-Uniform Background Magnetic Field

Here we study the transport parameters in the presence of turbulence as well as a gradient in the

background field. We shall show that in this case there is a critical interplay between the random

forces imposed by the turbulent magnetic fluctuations and the coherent drift force imposed by

the gradient in the background field.

Time evolution of "'xx and "'yy

In panels (a) and (b) of figures 4.53through 4.72we now find very different behavior compared
with the case of a uniform background magnetic field. In figures 4.53 and 4.54 for 8B /Bo = 0.2,
both /\'xxand /\'yyare reasonably constant near the end of the run, with the former larger than the

latter. (It ~likely that we need more runs for longer times to get a clear picture of what is really

happening in this case.) However, if rM/Acincreases to 0.134in figure 4.55,/\'yystarts to increase
rapidly with time and becomes larger than /\'xxat the end of the run. Thisbehavior becomes more

pronounced as rM/Acis increased in figures 4.56and 4.57. In this last figure /\'xxis very nearly
constant for the last half of the run, even though /\'zzin panel (c)is still increasingwith time. When

8B /Bo = 0.6, the two perpendicular coefficientsagree very well during the last part of the run in

figures 4.58 and 4.59. When rM /Ac is increased to 0.134 in figure 4.60, the values at the end of the

run still airee very well. For the highest two values of rM/Acin figures 4.61 and 4.62, I\,yystarts to

increase rapidly with time and becomes larger than /\'xxat the end of the run. For 8B /Bo = 1.0,the
two perpendicular coefficients agree quite well in figures 4.63 through 4.65. Similar to the case for

8B /Bo = 0.6,/\'yystarts to increase rapidly with time and becomes larger than /\'xxat the end of the

run for the highest two values of rM/Acin figures 4.66 and 4.67. While we may not have enough

statistics o~ long enough runs to make firm conclusions, it is worth pointing out that in these last

two figures /\'xxshows a very interesting behavior with two distinct regimes after the initial spike

following injection. It first increases almost linearly before it becomes (reasonably) constant. The

increase to 8B /Bo = 5.0 clearly suppresses the effect of the non-uniform background field. Up to

a value of irM/Ac = 0.383,/\'xxand /\'yybehave similarly, as shown in figures 4.68 to 4.71, and the

increase iri /\'yy is only seen for rM / Ac = 1.34.
\

The above suggests that there is a critical interplay between the turbulence and the non-uniform

magnetic field and that either one of the two conditions can dominate.,

Diffusive behavior in both perpendicular directions is attained at sufficiently low energy, since

the Larmor radii of the particles are sufficiently small and therefore in essence sample a locally

uniform field. The presence of the fluctuations, albeit small amplitude fluctuations, causes the

particles to diffuse in both perpendicular directions. However, when the Larmor radii of the parti-

cles become large enough (i.e. larger rM/Ac),they can sample a larger portion of the non-uniform
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magnetic field. By doing so, the effectof the fluctuations are overwhelmed by the drift incurred

by the gradient in the field and now the mean-square displacements in the y-direction increases
faster than t, resulting in an increasing value of the diffusion coefficientin the y-direction.

Time evolution of Kzz

Although the present study was not designed to investigate in detail the time evolution of the

transport parameters, we note in passing that the diffusion process parallel to the background

magnetic field is apparently also influenced by the structure of the background field perpendicular

to the direction of the magnetic field. We ascribe this to the inter-connectivity of parallel- and

perpendicular diffusion. In general, panel (a) of figures 4.53 through 4.67, for oB/Bo varying
from 0.2 to 1.0, Kzz tends to increase with time even when diffusive behavior appears to occur.

For the highest level of turbulence considered, figures 4.68 through 4.70 show that for rM/Ac up

to 1.34, Kzz remains constant in the diffusive regime. However, if the particle energy is further

increased, figures 4.71 and 4.72 show a consistent if small increase in Kzz with time.

Time evolution of Kxy and Kyx

The drift coefficients Kxy and Kyx are believed to be anti-symmetric, and this property is clearly

evident in panels (d) and (e) of figures 4.53 to 4.57. In the last two of these figures, where rM/Ac

is equal to 0.383 and 1.34, respectively, we note that the fluctuations in Kyxbecome smaller than

those in Kyx. A similar asymmetry was seen in section 4.6.2, but there it was present at all rigidi-

ties. Clearly the presence of turbulence mitigates this effect, but only where the particle Larmor

radius is small enough. At higher levels of turbulence, oB/Bo equal to 0.6 and 1.0, figures 4.58

through 4.62 and 4.63 through 4.67, we find a similar behavior of the two drift coefficients. At

small rigidities they are anti-symmetric, but as the rigidity is increased, Kxydecreases and Kyxin-

creases. At the highest rigidities, figures 4.62 and 4.67, respectively, the latter coefficient becomes

positive. This feature is more pronounced for the higher level of turbulence. The asymmetry in

the level of fluctuations in the drift coefficients now only occurs at the highest rigidity. At the

highest level of turbulence, oB /Bo = 5.0 in figures 4.68 to 4.72, Kxy and Kyx appear to be anti-

symmetric up to rM/Ac = 0.383,and only at the highest rigidity in figure 4.72a clear break in the
anti-symmetry is evident. Also note that the level of fluctuations in the coefficients is the same

for all values of r M/Ac. Again, longer runs and more statistics are needed before firm. conclusions
can be reached.
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Time evolution of Vd,x and Vd,y

Panels (f) and (g) in figures 4.53 to 4.72 show the drift velocities Vd,xand Vd,y'respectively. The drift

velocity in the x-direction is typically small negative; or consistent with zero, with no clear pattern

as function of either level of turbulence or rigidity. The drift velocity in the y-direction is well-

behaved only for the lowest level of turbulence, shown in figures 4.53 to 4.57. For 8B /Bo = 0.6,it's

still positive but no longer constant even for the last part of the run. At higher levels of turbulence

it appears to be consistent with zero; however, in figure 4.71 for 8B /Bo = 5.0 it becomes negative

at the highest rigidity.
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Figure 4.60: Same as figure4.58,but for r~ /Ac = 0.134.
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Figure 4.63: Normalized transport coefficients as function of time. The perpendicular diffusion coefficients Koz:r;and
KoYY'and the parallel diffusion coefficient Kozz,are shown in panels (a), (b), and (c), respectively. The drift coefficients Kzy
and Kyz are shown in panels (d) and (e), respectively. The grey line in these two panels denotes a running average. The
drift velocities Vd,zand Vd.yare shown in panels (f) and (g), respectively. The dashed line in these two panels indicate
zero drift velocity. The background magnetic field has a gradient in the x-direction (K. = 0.1),oB/ Bo = 1.0with20%
slab-and 80%2Dturbulence, and rt /Ac = 0.0134.
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Figure 4.64: Same as figure 4.63, but for r~ / Ac= 0.0383.
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Figure 4.65: Sameas figure4.63,but for r~ /Ac = 0.134.
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Figure 4.66: Same as figure 4.63,but for r~ /Ac= 0.383.

tOEO

(0)
::j

B.OE-1

,< 6.0E-1«
>........

'>i.'§.4.0E-1

2.0E-1

O.OEO

8.0E-1

,< 6.0E-1«
>........

'>i. 4.0E-1

2.0E-1

O.OEO

6.0E1

,<<
2. 4.0E1

'>i.

2.0E1



CHAPTER 4. DIRECT NUMERICAL SIMULATION OF PARTICLE TRANSPORT 131

Figure 4.67: Sameas figure4.63,but for rt /Ac = 1.34.
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Figure 4.68: Normalized transport coefficients as function of time. The perpendicular diffusion coefficients "'-xxand
Kyy,and the parallel diffusion coefficient Kzz, are shown in panels (a), (b), and (c), respectively. The drift coefficients Kxy
and Kyx are shown in panels (d) and (e), respectively. The grey line in these two panels denotes a running average. The
drift velocities Vd,xand Vd,yare shown in panels (f) and (g), respectively. The dashed line in these two panels indicate
zero drift velocity. The background magnetic field has a gradient in the x-direction (K = 0.1),8B / Bo = 5.0with 20%
slab-and 80%2Dturbulence, and rt /Ac = 0.0134.
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Figure 4.69: Sameas figure4.68,but for r~ /Ac= 0.0383.
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Figure 4.70: Sameas figure4.68,but for r~ /Ac = 0.134.
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Figure 4.71: Sameas figure4.68,but for r~ / Ac= 0.383.
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Drift coefficient, drift velocity, and drift scale as function of rigidity

Again we present the preceding results in a more concise format. We show the drift coefficient,

drift scale and drift speeds as function of rM/>'c at different oB/Bo. This is done in figures 4.73
through 4.76.

We start with the drift coefficient ~A' Similar to the corresponding case in a uniform magnetic

field, for weak turbulence the weak scattering value of the drift coefficient seems to be adequate to

describe the computed values for the drift coefficient. However, for oB = 0.6 Bo and higher there

is a significant difference with respect to their uniform magnetic field counterparts (figures 4.39

through 4.41). In the present case the return to the weak scattering value for the drift coefficient

at small r MI>'cseems to be most likely, but it is not conclusive. This is in contrast to the case

of a uniform background magnetic field where the deviation from the weak scattering values

becomes larger at small rLI>'cfor increasing oBI Bo. The deviation from the weak scattering value

is now very pronounced at large values of rMI>'c and clearly noticeable even when oB/Bo =
0.6 (figure 4.74). We ascribe this feature due to the fact that as the particles' Larmor radii are

increased they are capable of sampling more of the non-uniformity in the background field. For

this reason the particles with larger r M/ >'c are influenced more than those particles with small

r M/ >'c, therefore resulting in a larger effects on the drift coefficients at higher energies than at

lower energies.

For the drift speeds we note that the speed in the x-direction is consistent with zero for the case of

weak turbulence. For the cases of moderate through very strong turbulence it appears as if there

is a large scale drift in the negative x-direction at large rL/>'c. Recall that this is in the opposite

direction of the gradient in the magnetic field. This apparent drift might be the result of particles

being continuously scattered into regions of weaker magnetic field and it therefore appears as

a drift speed in this direction. When the Larmor radius is large enough, the particles can enter

regions of varying magnetic field strength in one gyro-orbit. While the particles are in the region

of weaker magnetic field, the effect of the turbulence (Le. scattering) compared to the effect of

the background field's geometry (Le. drift) can be more pronounced, because the turbulence is

uniform. This could make it harder for them to leave the region of weaker magnetic field (keeping

in mind that the gradient in the magnetic field is in the positive x-direction) and this can then be

interpreted as a net flux in the negative x-direction. Note that the mechanism described in fakipii

(1993) can not account for this drift in the x-direction, since the particle scattering frequency also
varies in the x-direction.

For the case of weak turbulence there is no apparent influence on the drift speed in the y-direction.

The computed values of the drift speed coincides with the expected drift speed due only to the

gradient in the field. The latter is indicated by the green band on the graph. For the case of

moderate turbulence the drift speed in the y-direction is clearly reduced compared with the weak-



Figure 4.73: Drift coefficient I\;Aand drift velocities Vd,x
and Vd,y shown as function of TMI>"cin panels (a), (b),
and (c), respectively. The legend in panel (a) is explained
in the text. In all three panels the symbols denote simu-
lation results and the solid black line denotes the weak-

scattering limit of that quantity. In this case the back-
ground magnetic field has a gradient in the x-direction

(Ie = 0.1), and 8BIBo = 0.2 with 20% of the energy in
the turbulence in the slab component and the other 80 %
of the energy in the 20 component.

Figure 4.74: Same as figure 4.73,but for 8B1Bo = 0.6.
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scattering value. For higher levels of turbulence the simulations indicate that the drift velocity can

even change direction, visible at sufficiently large rigidity. This change in drift direction can be

described by ]okipii (1993)/ where the drift in the positive y-direction due to the gradient in the

field is completely cancelled out by the occurence of non-uniform scattering in the x-direction.

Jokipii (1993) shows that the drift speed in the presence of scattering can be written as

Vd = Isvds + ~r~ [VIs x OJ, (4.52)

with
n2T2

Is = 1 + n2T2 (4.53)

the reduction factor due to scattering. Here T is the scattering time. The quantity vds is the drift

speed in the absence of scattering (weak-scattering). Also/O = neB is the cyclotron frequency

vector aligned along the background magnetic field. In the present simulations we have that

vds <Xy and V Is <X-x. With 0 in the positive z-direction the drift speed vd in equation 4.52

is therefore reduced with respect to its weak-scattering counterpart, and will eventually change

direction if V Is and/or the maximal Larmor radius rM become large enough. We notice this

change in drift direction in the simulations for sufficiently large magnetic fluctuation amplitude

and particle rigidity and therefore feel confident that the simulations do indeed reflect what one

would expect from a careful theoretical treatment.

Due to limited computer time we were not capable in the end to directly verify whether the

relation Vd = V x "'AeB identically holds in the presence of magnetic fluctuations. This is part of

ongoing research.

Finally we have the drift scale normalized to the Larmorradius AA/r L as function of rM/ Acfor the

four values of 8B /Bo, shown in figures 4.77 through 4.80. Here we clearly see marked differences

with respect to the case of a uniform background magnetic field in figures 4.47 through 4.50.

The most obvious is the tendency for the drift scale to approach the weak-scattering values at

small values of rM/Ac/whereas the return to the weak-scattering value is usually attained at large

values of rM /Ac for the case of a uniform magnetic field.

To conclude, in this section we showed by means of direct numerical simulations that:

. In the presence of a gradient in the background field, the expecteddiffusive behavior does

not always occur;

. For a particular magnetic fluctuation amplitude the decrease with respect to the weak scat-

tering drift coefficient is larger than for the corresponding case in a uniform background

magnetic field;

. For increasing magnetic fluctuation amplitude the decrease with respect to the weak scatter-

ing drift coefficientbecomes more pronounced;
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. The decrease with respect to the weak scattering drift coefficient increases with increasing

rigidity.

4.6.5 Slab Turbulence and Uniform Background Magnetic Field

In previous studies it has been shown analytically (e.g. Jokipiiet al.,1993;K6ta& Jokipii,2000) and

by means of direct numerical simulations (e.g. Giacalone& Jokipii,1994;Qin et al., 2002b; Qin, 2002)

that in the case of reduced turbulence (i.e. all k-vectors are restricted to a plane) and a uniform

background magnetic field, particles will experience sub-diffusive perpendicular transport. In

this case the perpendicular diffusion coefficient is proportional to C1/2 and therefore tends to

zero at large times. These simulations were performed for the case of 8B = 1.0Bo and a 9999 : 1

distribution of energy in the slab- to 2D component of the turbulence with a uniform background
field.

In this section we show simulations for the same magnetic field and turbulence parameters as

given above and confirm this issue of sub-diffusion in dimensionally reduced turbulence. This
section also acts as reference for the next section where we consider the effects of a non-uniform

background magnetic field.

Time evolution of "'xx and "'yy

Here we expect that the transport process perpendicular to the mean field should be sub-diffusive

with both ""xxand Kyyproportional to t-1/2. We have noted previously that our averaging tech-

nique is not really suited to study time dependence shortly after injection. However, we do find

that asymptotically the time dependence of both ""xxand ""yy,shown in panels (a) and (b) of

figures 4.81 through 4.85, is consistent with C1/2. The actual time dependence is shown in the

captions of these figures and was obtained from a least-squares fit to the final third of the data.

This C1/2 dependence is in accord with all of the previous simulations that were performed for
this particular scenario.

Time evolution of "'zz

Here ordinary diffusion is expected, with the obvious flattening after some initial free-streaming.

This is found for all values of TM/ .xc, as shown in panel (c) of figures 4.81 through 4.85.

Time evolution of "'xy and "'yx

Similar to the case of composite turbulence in Section 4.6.3 (figures 4.26 to 4.30) at small values of

TM/.xc there is substantial fluctuations in the data that decrease with increasing values of TM/ .xc,

---
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Figure 4.78: Sameas figure4.77,but for oB/ Bo = 0.6.Figure 4.77: Symbols denote the drift scale from nu-
merical simulations '\A, normalized to rM, as function
of rM/'\c, for the caseof a the background magnetic
field with a gradient in the x-direction (lC = 0.1) and
oB /Bo = 0.2, with 20 % of the energy in the turbulence
in the slab component and the other 80 % of the energy in
the 2D component. The dark shaded region denotes the
allowed values when the ratio is calculated from equa-
tion 3.41 with nr > I, and the light shaded region with
nr < 1.
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Figure 4.79: Sameas figure4.77,but for oB/Bo = 1.0. Figure 4.80: Same as figure 4.77, but for oB / Bo = 5.0.
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with no asymmetry in the amplitudes of the two coefficients. The anti-symmetric nature of Kxy

and Kyxholds for all rigidities considered.

Time evolution of Vd,x and Vd,y

Since there is no gradient in the field, we do not expect any non-zero values for the drift speeds.

This is what is observed, showing the expected asymptotic approach to zero for both Vd,xand Vd,y

in panels (f) and (g) of figures 4.81 through 4.85.

Drift coefficient, drift velocity, and drift scale as function of rigidity

We first consider the drift coefficient and drift speeds as function of rM/Ac shown in figure 4.86.

In contrast to the corresponding case of 20 : 80 composite turbulence (figure 4.40, panel (a)), the

drift coefficient coincides with the weak scattering value down to smallest rigidity considered in

the present study. Furthermore, the simulations lie inside the region defined by using AU/rM as

the scattering parameter in equation 4.21, denoted by the blue shaded region. The drift speeds in
panels (b) and (c) are all consistent with zero.

The drift scale in figure 4.87 is normalized to the Larmor radius AA/rM as function of rM/Ac and

shows on a more manageable scale by how much the calculated drift coefficient deviates from the

weak-scattering value. Here we can see that the calculated value of the drift scale (coefficient) at

the smallest value of rM/Ac is perhaps showing some deviation from the weak-scattering value,

however, the error bars on this value still includes the weak-scattering value.
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Figure 4.85: Same as figure 4.81,but for rt /'>'c= 1.34.The time dependence of the perpendicular diffusion coeffi-
cients are K,:z;:z;<Xt-O.57 and K,yy <XCO.56.
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To conclude, in this section we showed by means of direct numerical simulations for the case of

nearly pure slab turbulence and a uniform background magnetic field that:

· The drift coefficient is consistent with the weak scattering value. In contrast, for the case of

20 % slab and 80 % 2D turbulence, a reduction is seen at small rigidities.

· The perpendicular diffusion coefficients have a time dependence that is consistent with that

for sub-diffusion, in agreement with previous numerical studies.

4.6.6 Slab Turbulence and Non-Uniform Background Magnetic Field

In this final section we investigate how particles propagate in a dimensionally reduced turbulent

magnetic field and where the background magnetic field is allowed to vary in space. In the previ-

ous section we showed that if the background field is uniform, then sub-diffusive perpendicular

transport is expected from theoretical considerations and is also confirmed by direct numerical

simulations. We now show what happens if the background magnetic is non-uniform and the
turbulence is of one-dimensional nature.

Time evolution of "'xx and "'yy

We first consider panel (b) for transport in the y-direction, which is the direction in which the

particles will experience drift due to the gradient in the background field. We notice that for

rM /Ac = 1.34 X 10-2 and rM / Ac = 3.83 X 10-2 the diffusion coefficients have a time dependence

of "'yy ex:COA2 and "'yy ex:COAO,respectively. This is close to the theoretical sub-diffusive depen-

dence of CO.5. These particles, it would then seem, have sufficiently small Larmor radii to sample

a magnetic field which appears to be locally uniform and therefore experience sub-diffusive trans-

port perpendicular to the magnetic field. However, for the very next value of rM/Ac,we find that

"'yy ex:CO.005,which is very close to the pure diffusive dependence of to. A further increase in

r M /Ac shown in figures 4.91 and 4.92 indicate that when the Larmor radii of the particles be-

come large enough, then the transport in the y-direction approach "'yy ex:to.95and "'yy ex:tl.l,

which resembles free-streaming, i.e. "'yy ex:t. A clear picture emerges here which shows that

when the particles' Larmor radii are large enough, then the coherent drift motion of the particles

can overcome the random forces imposed by the turbulent magnetic field. It is also evident that

a "pseudo-diffusive" regime can also be attained (figure 4.90) if there is a balance between the

large-scale drift and small-scale random motion. These simulations therefore suggest that it is

possible to observe perpendicular transport which looks like pure diffusive transport even in the

presence of dimensionally reduced turbulence.



Figure 4.86: Drift coefficient KA and drift velocities Vd,%and Vd,yshown as function of TM/Ac in panels (a), (b), and (c),
respectively. The legend in panel (a) is explained in the text. In all three panels the symbols denote simulation results
and the solid black line denotes the weak-scattering limit of that quantity. In this casethe background magnetic field is
uniform (K. = 0),and 6B/Bo = 1.0,with 99.99%slab turbulence.
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Figure 4.87: Symbols denote the drift scale from numerical simulations AA, normalized to r M, as function of r M/Ac,
for the case of a uniform background magnetic field (K = 0) and DB/Bo = 1.0 with 99.99% slab turbulence. The dark

shaded region denotes the allowed values when the ratio is calculated from equation 3.41 with r2r > 1, and the light
shaded region with r2r < 1.
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It is of some interest to calculate the asymptotic "free-streaming" velocity of the particles from
the slope of figure 4.92(a),which is 0.25VA.As was the case for no turbulence and the same non-

uniform field in Section4.6.2,this velocity is higher that the drift velocity at the end of the run in

panel (g),but now by about 25%.

Transport in the x-direction, however, does not seem to lend itself to such a clear description

as that in the y-direction. We find that the time dependence of the perpendicular diffusion co-

efficient is "-xx ex:rO.28, t-O.lO,t-O.21,t-O.064,rO.17, respectively for the five different values of

r M/>'cconsidered in this study. These values show no clear tendency such as for the transport in
the y-direction. These values are not unambiguously consistent with either sub-diffusive (r1/2),

purely diffusive (to) or free-streaming (t) behavior. To complicate things further, there also does

not seem to be any pattern in the time dependence as one goes from small to large values of

r M />'c. It should be clear, however, that the expected sub-diffusive transport in the x-direction

due to the presence of only slab turbulence is probably not the most probable mode of transport,

except perhaps at the lowest rigidity considered in this study.

Tune evolution of "-zz

Comparing panel (c) of figures 4.88 to 4.92 with the case of a uniform background magnetic field,

figures 4.81 to 4.85, we do not see any major differences in the time profiles. However, the magni-

tudes differ, and in the presence of a gradient in the background field, "-zzis larger by a factor of

approximately 2 for all the rigidities considered. This could perhaps be explained in terms of the

larger average magnetic field experienced by the particles in the present case and consequently

smaller 5B / B. (Figure4.37shows that "-zzincreases if 5B/Bo decreases). Wereturn to this aspect

in the next chapter.

Time evolution of "-XIIand "-IIX

For values of rM/>'cup to 0.383 (figures 4.88 to 4.91), "-xyand "'vx are reasonably well behaved,

and show a clear anti-symmetry. At the highest rigidity in figure 4.92, the coefficients still have

different signs, but in absolute value "-xyis now clearly smaller than "'vx,and the anti-symmetry is

broken. This behavior is not seen for nearly pure slab turbulence and a uniform background field

(figure 4.85) where anti-symmetry is retained. For the case of composite slab and 2D turbulence

and a non-uniform background field (figure 4.67), the anti-symmetry is broken to such an extent

that "-xyand "'vx have the same sign at the end of the run. Again, we need longer runs to make

firm conclusions regarding the breaking of anti-symmetry.
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Time evolution of Vd,x and Vd,y

We again expect the drift velocity to be in the y-direction, since the gradient in the background

magnetic field is in the x-direction direction. For the smallest values of r M/.xc the drift speed in

the x-direction is indeed zero, but for the largest values of rM/.xc the drift speed is non-zero. This

non-zero drift speed in the x-direction could again be interpreted as a finite Larmor radius effect.2

As for the drift motion in the y-direction, we find a consistent non-zero drift speed in the positive

y-direction. This is the expected behavior and to see how these values agree with the theoretically
expected values, we look at the next section.

Drift coefficient, drift velocity, and drift scale as function of rigidity

We first consider the drift coefficient shown in figure 4.93 (a). Similar to the previous case of

slab turbulence with a uniform background magnetic field, the drift coefficient seems to be well

described by the weak-scattering value for all values of r M/ .xc. Moreover, the calculated drift

coefficients lie in the blue-shaded region which indicates that .x1l/rMis a good choice for the

scattering parameter in the drift coefficient described by equation 4.21 for all values of rM/.xc

considered in this study.

The drift speed in the x-direction is zero at small values of r M/.xc and negative at larger values

of r M/ .xc. This has been discussed above and we interpret this non-zero drift speed in the x-

direction as a finite Larmor radius effect. The drift speed in the y-direction is well described by

the theoretically expected value of equation 4.27. We do not find any reduction of the drift speed

in the y-direction as we did for the case of composite turbulence. It is as if the particles do not

even see the turbulence, but only react to the large scale gradient in the background magnetic
field.

In retrospect, the case of particle transport in dimensionally reduced turbulence and a uniform

background magnetic field is qualitatively not much different to the case of particle transport in

the absence of any turbulent fluctuations, at least for transport perpendicular to the background

magnetic field. We know that for dimensionally reduced turbulence the particles are also tied to

the magnetic field line that they started on and will consequently experience no net perpendicular

transport. From the present simulations it would seem that this argument also holds when the

background magnetic field is non-uniform. This clearly seems to suggest that the geometry of the

turbulent fluctuations determines the amount by which the large scale drift speeds are reduced,

since we saw for the case of composite turbulence and a non-uniform magnetic field that the drift

speed can be reduced to levels close to zero (d. Sec. 4.6.4). This can have significant implications

for cosmic ray transport in the heliosphere. It is plausible that the ratio of slab- to 2D turbulence

2See also page 137 for a further discussion on the occurence of drift in the x-diIection.
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Figure 4.92: Same as figure 4.88,but for r~ /Ac= 1.34.The time dependence of the perpendicular diffusion coeffi-
cients are ""xxexCO.17and Kyy ex e.1.
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varies throughout the heliosphere and in regions where the turbulence is of predominantly slab

orientation then the large scale drift motion should probably not be reduced with respect to the

weak-scattering drift values.
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Figure 4.93: Drift coefficient ~A and drift velocities Vd,xand Vd,yshown as function of TM/.xc in panels (a), (b), and (c),
respectively. The legend in panel (a) is explained in the text. In all three panels the symbols denote simulation results
and the solid black line denotes the weak-scattering limit of that quantity. In this case the background magnetic field

has a gradient in the x-direction (K = 0.1), and 8B /Bo = 1.0 with 99.99 % of the energy in the turbulence in the slab

component and the other 0.01 % in the 20 component.
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Figure 4.94: Symbols denote the drift scale from numerical simulations AA, normalized to TM, as function of TMlAc,
for the case of a non-uniform background magnetic field with a gradient in the x-direction (lC= 0.1)and oBI Bo = 1.0,
with 99.99 % of the energy in the turbulence in the slab component and the other 0.01 % in the 2D component. The dark
shaded region denotes the allowed values when the ratio is calculated from equation3.41 with nr > 1, and the light
shaded region with nr < 1.
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In summary, in this section we showed by means of direct numerical simulations that in the
presence ofnearly-pure slab fluctuations anda gradient in the background fieldwith 5B/Bo = 1.0:

. The drift coefficient is consistent with the weak scattering value;

. The drift speed is also consistent with the weak scattering value;

. Sub-diffusivebehavior perpendicular to the mean field does not occurunconditionally when

the background magnetic field is non-uniform. The exception seems to be at low rigidity,

when particles sample a nearly uniform background magnetic field in the course of a gyra-
tion.

4.7 Summary

In this chapter we discussed charged particle transport in turbulent magnetic fields of different

geometries, and considered both a uniform and non-uniform background magnetic field.

We started with a description of the numerical model that was used in the present study. We

described how the model is set up to include turbulent magnetic fields of different geometries,

as well as how a non-uniform magnetic field is incorporated into the model. We listed important

transformations of units used in the model, particularly for the theoretical drift coefficient and

drift speed. We described how the transport parameters are calculated from the particle trajecto-

ries and we listed the parameter space that is investigated in the present study. Next the results

of the simulations were presented.

First in line was the results for the case of unperturbed particle transport in a uniform background

magnetic field. Although this is not a complex scenario, it proved to be very insightful with

regard to large-scale drift coefficient calculations. A very common value for the drift coefficient

to use is the so-called weak-scatteringvalue and in this section we showed analytically as well

as numerically that the weak-scattering drift coefficient can be obtained from the unperturbed

trajectories of the particles. It was also shown that even in the case of a uniform background

magnetic field and in the absence of any turbulent fluctuations that the drift coefficients /'i,xyand

/'i,yxare non-zero and perfectly anti-symmetric.

Next in line were the simulations still in the absenceof any magneticfluctuations,but where the

background magnetic field contains agradientperpendicularto thefielddirection.Weexpecteda
non-zero drift speed in the y-direction, which was found to correspond exactly to the theoretical

drift speed from any standard text book in which the drift is due to a large-scale gradient in the

background magnetic field. Also, as a consequence of the coherent drift motion in the y-direction

and by virtue of our definition of the diffusion coefficients (/'i,yy<X(b.y2)), we found that the drift
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motion in the y-direction causes the diffusion coefficient in the y-direction to increase linearly

with time. This can be interpreted as "free-streaming" in the y-direction, where this streaming is

now of course due to the large scale drift of the particles. However, the speed calculated from this

free streaming is consistently larger than the actual drift speed and we were not able to decouple

drift and (zero) perpendicular diffusion. The drift coefficients were still found to be exactly anti-

symmetric and correspond exactly to the weak-scattering value of the drift coefficient.

Wethen continued with the case of compositeturbulence in which 20 % of the energy resides in the

slab component of the turbulence and the other 80 % in the 2D component of the turbulence in

the presence of a uniform background magnetic field. Results in this section were compared with

data sets from previous studies. Good to excellent agreement was found between the results of

the present study and that of other studies, especially for the diffusion coefficient calculations.

For this scenario we find that both the normalized /'\;11and /'\;1.(and therefore the corresponding

mean free paths) increase with increasing rigidity, and that both flatten as function of rigidity as

8B /B decreases. The normalized /'\;1.(and therefore the corresponding mean free path) increases

with increasing variance at the highest rigidity, but first increases and then decreases at lower

rigidities. In contrast, the normalized /'\;11decreases with increasing variance at all rigidities. We

also find that the ratio of /'\;1.and /'\;11increases with increasing 8B /Bo and this ratio is of order

unity for 8B /Bo = 5.0. We pointed out that a recent study for composite turbulence with even

larger values of 8B /Bo finds that the ratio of /'\;1.and /'\;11can in fact become larger than 1. This is in

contrast to the case for isotropic turbulence, where the maximum ratio is 1. The present simula-

tions further suggest that the scattering parameter that determines the drift coefficient is probably

a complex function of at least both parallel- and perpendicular diffusion. The exact form of the

scattering parameter for the drift coefficient does, however, still seem to be elusive. We also found
from the numerical simulations of the drift coefficients that the unconditionaluse of the weak scat-

tering form of the drift coefficient when the parameter All/r M is larger than unity is probably not

appropriate. In particular, the simulations suggest that for progressively smaller values of r M /Ac

a progressively larger value of AIi/rM must be reached before the weak-scattering value of the

drift coefficient becomes appropriate. The simulations further indicated that an increase in the

ratio 8B / Bo resulted in an increase in the deviation from the weak-scattering drift coefficient at

a particular value for rM/Ac. This reduction with respect to the weak-scattering drift coefficient

occurs first at small values of r M/Ac.

The next scenario was the transport of particles in a non-uniform background magnetic field, in

the presence of composite turbulence as described in the previous paragraph. The simulations for

this scenario suggest that the purely diffusive behavior perpendicular to the background field

direction does not always seem to occur. This is ascribed to be a finite Larmor radius effect, since

as the Larmor radii of the particles are increased, the deviation from purely diffusive behavior in-

creases up to the point where the transport is of apparent" free-streaming" nature. This should be

--- ---
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associated with drift. However, as was the case in the absence of turbulence, the speed calculated

from this free streaming is consistently larger than the achtal drift speed and we were not able

to decouple drift and perpendicular diffusion. At sufficiently small values of the Larmor radii

and/ or sufficiently large values of the amplihtde of the turbulence, the particles show diffusive

behavior since they sample a locally uniform background magnetic field and the large scale drift

motion is therefore negligible with respect to the random forces imposed by the turbulent flucht-

ations. Regarding the drift coefficients, in contrast to the case for a uniform background magnetic

field, the largest deviation from the weak-scattering value now seems to occur at larger values

of rM/>"cfor a particular value of the amplihtde of the turbulence. The simulations would also

seem to suggest that at small values of rM/>"cthe weak-scattering value of the drift coefficient is

regained, again in contrast to the case for a uniform background magnetic field and composite

turbulence. Finally, regarding the drift speed of the particles due to a gradient in the background

magnetic field, the simulations seem to indicate that for increasing fluchtation amplihtde the drift

speed can be nullified. Another interesting feature that is observed is the occurrence of an appar-

ent drift speed in the direction of the gradient in the field. This might be a numerical artifact of

some kind, but arguments were discussed for the plausibility of this drift motion/ flux.

We then considered the case of particle transport in 99.99% pure slab turbulence with a uniform

background magnetic field. The simulations confirmed the expected sub-diffusive perpendicular

transport. The simulations of the drift coefficients indicated that for the case of strong turbulence

(8B /Bo = 1.0; the only case considered) there appears to be no reduction with respect to the

weak-scattering value for any of the values of rM/>"cconsidered in the present shtdy.

The final set of simulations that were performed were that for the case of particle transport in

99.99% pure slabturbulence with a non-uniform background magnetic field. Here the simulations

suggest that sub-diffusive behavior perpendicular to the background magnetic field direction

does not seem to occur unconditionally. The presence of the gradient again seems to influence par-

ticle transport in such a way that for sufficiently large values of r M/ >"c an apparent occurrence of

/Ifree-streaming" is evident, with a linear time dependence of K-yyfor large values of rM/>"c.As for

the drift coefficient the simulations suggest that even with a non-uniform background magnetic

field it seems as if the drift coefficient is still very well described by its weak-scattering value for

all values of rM/>"cinvestigated in this shtdy. It does not seem as if any reduction with respect

to the weak-scattering value takes place in this particular magnetic field configuration. Finally,

we showed that the simulated values of the drift speed in the y-direction show no significant de-

crease with respect to the weak scattering drift speed. This is interpreted as an indication that the

presence of slab-like turbulence does not influence the large scale drift motion of the particles in

a way which causes the drift motion to be different than for the case when there is no turbulence.



Chapter 5

Comparison of Diffusion Coefficients

5.1 Introduction

The purpose of this chapter is to present a set of diffusion and drift coefficients that will be used

in the ab initio modulation model in Chapter 6. As it was discussed in Chapter 3, many different

theories for particle diffusion exist, but some of them are more realistic than others. For the

purpose of comparison with the direct numerical simulation of the diffusion coefficients in the

previous chapter, we need to make some informed decisions about which theories to use.

It has been reported before that the field-line random walk (FLRW) (e.g. ]okipii, 1966; Matthaeus

et al., 1995) coefficient for perpendicular diffusion as well as the analysis by Bieber & Matthaeus

(1997) are incompatible with direct numerical simulations (e.g. Giacalone&]okipii, 1999; Qin, 2002;

Qin et al., 2002a,b). For this reason we shall not consider these theories when we compare with

the numerical simulations of the present study. Furthermore, although mathematically appeal-

ing, the theory by Stawicki (2005) (SNLT) is probably not applicable to the largest portion of the

parameter space considered in the present study, except perhaps for the largest magnetic fluctu-

ation amplitude simulations. However, this theory needs as an input parameter the value of the

parallel mean free path and the only independently available value for the parallel mean free path

is from QLT.But in the region where we expect SNLT to be valid, the values of the parallel mean

free path from QLT are probably totally irrelevant, which means that the values for the perpen-

dicular diffusion coefficient from this theory would also probably be irrelevant. For this reason

we also do not compare SNLT with the direct numerical simulations of the present study.

The non-linear guiding center (NLGC) theory of Matthaeus et al. (2003) shows much promise in ac-

counting for observed and simulated perpendicular diffusion coefficients (e.g. Bieber et al., 2004).

Also, when used in a cosmic ray modulation model, it has also resulted in an improvement of cos-

mic ray latitudinal gradients with respect to when the theory of Bieber& Matthaeus (1997) is used

(Minnie et al., 2005). We shall therefore compare the NLGC theory with our direct numerical sim-

ulations of the perpendicular diffusion coefficients. However, in its original form the calculation

165
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of the perpendicular diffusion coefficientfrom the NLGC theory involves the iterative solution

of an integral equation, which can be very time consuming. In the case of magnetostatic turbu-

lencethe integral equation can be solved analyticallyin various limiting regimes (e.g.Shalchietal.,
2004a;Zanketal.,2004).In the present study we use the analytical approximations of Shalchietal.

(2004a).

The NLGC theory also needs as an input parameter the value of the parallel mean free path.

We use two different descriptions for the parallel diffusion coefficientfor comparison purposes.

The first description we use is that from QLT(e.g.Jakipii,1966;Schlickeiser,1989;Zanketal.,1998;
Ie Raux et al., 1999)and in particular we will use the expression found in IeRaux et al. (1999),

namely (see also Section3.2)

1/3 Z2/3

[ ( )
5/3

]

r M sl r M
All = 2.433 2 0.0972 l + 1Ax slab sl,

(5.1)

Here, as before, rM is the maximal Larmor radius of the particle, Zslis the bend-over scale of

the slab turbulence spectrum and A;,sl ==fJB;,szlB6 is the ratio of the variance of the magnetic

fluctuations of the x component of the slab turbulence and the square of the magnitude of the

background magnetic field Bo. This expression is in good agreement with the exact solution of

the Fokker-Planck equation (see e.g., Zank et al., 1998;Minnie, 2002) and we use it primarily due

to its mathematical simplicity.

The second description of the parallel diffusion coefficient we shall use is a parameterization of

the parallel diffusion coefficient from WNLT (Shalchietal.,2004b).This parameterization is

(5.2)

where R = rM/ZsI with rM the maximal Larmor radius and Zslthe bend-over scale of the slab

turbulence power spectrum, A~I = fJB;z!B6 is the ratio of the variance of the slab turbulence
fluctuations and the square of the magnitude of the background magnetic field Bo. We then use

this value as our approximation of the WNLTparallel mean free path and also use it in the ex-

pression for the perpendicular diffusion coefficientfrom NLGCto approximate the perpendicular

mean freepath of WNLT.This combination of Aflitand NLGCgives a good approximation for the
parallel mean free path of WNLT,and a reasonable one for the perpendicular mean free path.

In the comparisons that followwe emphasize that the normalized ",'sthat are shown in the figures
have the same rigidity dependence as the corresponding mean free paths (MFPs),as pointed out
in Section4.4.
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5.2 The Diffusion Coefficients

In figures 5.1 through 5.18we show the perpendicular- and parallel diffusion coefficients""xx and

""zzin panels (a) and (b), respectively. In figures 5.1 through 5.8 a uniform background magnetic

field was used (IC= 0.0) as well as a composite model for the turbulence. A minor 20 % of the total

energy in the turbulence resides in the slab component, while the remaining 80 % of the energy

resides in the 2D component. In figures 5.9 through 5.16 a non-uniform background magnetic

field was used (IC= 0.1),and also a composite model for the turbulence. In figure 5.17a uniform
background magnetic field was used, but a nearly pure slab model for the turbulence was used.

In this model for the turbulence 99.99% of the total energy in the turbulent magnetic fluctuations

resides in the slab component and a minor 0.01 % in the 2D component. Lastly, in figure 5.18 a

nearly pure slab model for the turbulence was once again used, but the background magnetic
field is now non-uniform (IC= 0.1).

In all these figures the symbols denote the results from the direct numerical simulations. It should

be emphasized that the simulation results shown are the average values of the coefficientsat the
final timestepduring the simulations.

5.2.1 Composite Turbulence and a Uniform Background Magnetic Field

Panel (a) of figures 5.1 through 5.8 for the perpendicular diffusion coefficient ""xx shows that the

numerically calculated perpendicular MFP is almost flat when oB/Bo = 0.2,and becomes some-

what steeper as the level of turbulence increases (see also figure 4.36). The rigidity dependence

from the simulations is pO.03, pO.25, p0.43 and pO.66 for oB /Bo = 0.2, oB/Bo = 0.6,8B / Bo = 1.0,
and oB / Bo = 5.0, respectively. An interesting feature is that the perpendicular MFP at the low-

est rigidity remains fairly constant as the level of turbulence increases; at the highest rigidity it
increases by only a factor of about 10.

Between the predictions from WNLT and NLGC theory which uses QLT for the parallel mean

free path description, WNLT gives the best overall representation of the numerical data. How-

ever, at the highest level of turbulence (figure 5.7) WNLT clearly becomes inadequate, as expected

(Shalchi, 2005). We note further that by using the parameterized parallel mean free path in equa-

tion 5.2, the WNLT agreement is followed very closely by the NLGC solution.

The normalized parallel diffusion coefficient ""zzis shown in panel (b) of figures 5.1 through 5.8.

The increase in the level of turbulence has a much larger effect on the parallel diffusion than was

the case for perpendicular diffusion. The rigidity dependence is pO.32,pO.59,pO.75and pO.83for

oB / Bo = 0.2, oB/ Bo = 0.6, oB/ Bo = 1.0and oB/ Bo = 5.0,respectively. Apart from the change
in slope, the MFP decreases by almost three orders of magnitude as oB /Bo changes from 0.2
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to 5.0. Again it is WNLTthat gives a better overall representation of the numerical data. Here

we also see explicitly that the parameterization of the WNLTprediction of the parallel MFP is

a good representation of the MFP from the theory itself. Also, at the lowest level of turbulence
in figure 5.1, the slope of the numerically calculated MFP (pO.32)is in excellent agreement with

the value predicted by QLT(pO.33).In contrast to Shalchiet al. (2004b)we therefore find that for

the parallel MFP, QLT is a reasonable approximation when 8B /Bo is of order 0.1. These authors

suggested that only when 8B /Bo « 0.01 could QLT be correct.

Comparing panels (a) and (b) of figure 5.7 for 8B/Bo = 5.0,we find that both QLT/NLGC and

WNLTpredict that the parallel MFP becomes smaller that the perpendicular MFPbelow about
r M / Ac = 1.
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Figure 5.1: The nonnalized perpendicular- and paral-
lel diffusion coefficients K,n' and Kzz are shown in pan-
els (a) and (b), respectively, as function of r M/>'c, Here
the background magnetic field is unifonn (/C = 0) and
a composite model for the turbulence is used, with 20%
of the energy in the slab component and the other 80 %
in the 2D component. The amplitude of the magnetic
fluctuations is 8B / Bo = 0.2. The symbols denote the

numerical simulations of the present study. "WNLT" de-
notes the predictions from Shalchi et al. (2004b) for both
the parallel- and perpendicular diffusion coefficients.
"QLT/NLGC" denotes the use of QLT for the parallel dif-
fusion coefficient prediction (e.g. Zank et al., 1998; IeRaux
et al., 1999) and NLGC (e.g. Matthaeus et al., 2003) for the
perpendicular diffusion coefficient, using QLT as input
parameter.

---

Figure 5.2: Same as figure 5.1, but instead of using QLT
for the prediction for the parallel diffusion coefficient, we
use the parameterization shown in equation 5.2. This
value for the parallel diffusion coefficient is then used in
the NLGC expression to determine the perpendicular dif-
fusion coefficient.
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Figure 5.3: Same as figure 5.1, but for 6B / Bo = 0.6. Figure 5.4: Same as figure5.2,but for 6B / Bo = 0.6.

101 1- WI'Ll I

101........ QLT//Il.GC

r""'6 r""'6

t<5c 10° ..« 10°
> >........ ........

II II

10-1 10-1

10-2 10-2

103

102 102r""'6 r""'6

t<5c
..«

2. 101 2. 101
= =

10° 10°

10-1 10-1

10-2 10-2
"'1 .. ..... . ......

10-2 10-1 10° 10-2 10-1 10°

r./Ac r./Ac



CHAPTER 5. COMPARISON OF DIFFUSION COEFFICIENTS 171

Figure 5.5: Same as figure 5.1, but for 8B /Bo = 1.0. Figure 5.6: Sameas figure5.2,but for 8B / Bo = 1.0.
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Figure 5.7: Same as figure 5.1, but for 8B /Bo = 5.0. Figure 5.8: Same as figure5.2,but for 8B / Bo = 5.0.
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5.2.2 Composite Turbulence and a Non-Uniform Background Magnetic Field

Wenow consider the case when the background magnetic field has a gradient in the x-direction,

shown in figures 5.9 through 5.16. Here we have the situation that for each rigidity and a pre-
scribed 5B/Bo, the actual 5B /B at the final time step of the simulation is different. Given the

fact that for a range of rM/Ac the parallel MFP is very well described by a simple straight line,

we assume that an average value of 5B /B can be used when we compare data with theory for a

given set. Given the setup of the numerical experiment, the average value of B that the particles

experience at the end of the simulation (see equation 4.6)is always larger than Bo by a factor of
approximately 1.5(seealso TableA.3).Thus (5B/ B) is always smaller than 5B/Bo.

The general behavior of the numerically calculated perpendicular MFP as function of rigidity

when (5B/B) increases, is similar to the case with a uniform background magnetic field. The

rigidity dependence is pO.oo,pO.31,p0.41 and pO.57for (5B / B) = 0.14,(5B/B) = 0.48,(5B/ B) =
0.86,and (oB/ B) = 3.75,respectively.The increase in slope is somewhat more pronounced in the

presenceofa gradient:ArigiditydependenceofapproximatelypM is reachedfor (5B/B) = 0.86
in the presence of a gradient, and only at 5B /Bo = 1.0in a uniform background field. The same

trend is evenmorevisiblewhencomparing(5B/ B) = 0.48(pO.31)with 5B/Bo = 0.6 (pO.25).It is

also clear that the perpendicular MFPat the lowest rigidity is almost unchanged.

Qualitatively then, it seems that in the presence of a gradient in the background magnetic field

and for 5B /B ::; I, the perpendicular MFP is unchanged at low rigidities, but increases at high

rigidities compared with the case for a uniform field and for similar values of 5B / B.

The general behavior of the numerically calculated parallel MFP as function of rigidity when
(5B/ B) increases is also similar to the case with a uniform background magnetic field. The
rigidity dependence now is pO.20,pO.36,p0.43 and pO.75for (5B/ B) = 0.14, (5B/ B) = 0.48,
(oB/B) = 0.86, and (5B/B) = 3.75, respectively. Comparing the rigidity dependence of the
perpendicular- and parallel MFP for (5B/ B) = 0.48 and (oB / B) = 0.86 (figures 5.11 and 5.13) we

find that these are almost the same for each of the two levels of turbulence. Therefore, at least in

this limited range of (5B/B), the two MFPs are almost directly proportional. This does not occur

for the case of a uniform background magnetic field. Also, in general the rigidity dependence of
the parallel MFP is flatter in the presence of a gradient: For (5B/B) = 0.86,when K = 0.1, the
rigidity dependence is p0.43, while for 5B /Bo = 0.6 when K = 0.0, it is pO.59.

Comparing with theory, we now see that only at the highest level of turbulence is WNLT a reason-

able approximation of the parallel MFP. In contrast, QLT seems to give a better fit for (5B / B) ::;

0.86 (figures 5.9, 5.11 and 5.13), particularly at lower rigidities. However, for (5B / B) = 0.14 (fig-

ure 5.9), the numerically calculated parallel MFP has a flatter rigidity dependence than that of

QLT. One should remember, however, that this rigidity dependence might be somewhat steeper

- --- -
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if we keep in mind that parallel diffusion has not properly set in at this level of turbulence.

A closer look at the data suggests that this flattening is due to a decrease in the parallel MFP

at higher rigidities rather than an increase at lower rigidities. While these results need to be

confirmed with better statistics and longer runs, it seems plausible for two reasons: We have

argued previously that the effect of a gradient should be more pronounced at higher rigidities

when particles can better sample the non-uniformity in the background magnetic field. Also, at

high rigidities an increase in the perpendicular MFP is accompanied by a decrease in the parallel

MFP in our simulations. One could therefore argue that a larger increase in K-xx(in the presence

of a gradient) should be accompanied by a larger decrease in K-zz.

Our qualitative conclusion then is that in the presence of a gradient in the background magnetic

field, the parallel MFP has a flatter rigidity dependence than for similar values of &B/B in a

uniform field. This flattening may be the result of a decrease in the parallel MFP at high rigidities.

5.2.3 Slab Turbulence and Uniform or Non-Uniform Background Magnetic Field

For the case of almost pure slab turbulence, figure 5.17 shows that the "perpendicular MFP",

which is of course not a true MFP due to the sub-diffusive behavior in the perpendicular direction,

is always smaller than the NLGC prediction. However, in figure 5.18 we see that at the highest

rigidity the numerically calculated perpendicular MFP is approaching the NLGC value. This

is again an indication that in the presence of a gradient in the background magnetic field, sub-

diffusion does not seem to occur readily when particles can effectively sample the non-uniformity

of the large-scale magnetic field.

Turning now to the parallel MFP in figures 5.17 and 5.18 (note that we now only compare with

QLT and NLGC), we find that QLT gives a reasonably good fit to the numerical data, even for the

relatively large amplitude fluctuations that are used in the simulations (d. figures 5.5 and 5.13).

5.3 The Large Scale Drift Coefficient

The presentation of the drift coefficients were handled extensively in Chapter 4. Here we just

briefly motivate our choice of the drift coefficient that will be used in the numerical modulation
model.

The numerical simulations indicated that if the amplitude of the magnetic fluctuations is suf-

ficiently large, then a reduction with respect to the weak scattering drift coefficient is typically

obtained. However, depending on whether the simulations were performed for the case of a

uniform or non-uniform background magnetic field, this reduction with respect to the weak scat-

tering drift coefficient could be at either predominantly small or predominantly large rigidities.
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Figure 5.9: The normalized perpendicular- and paral-
lel diffusion coefficients"'-x", and "'-zzare shown in panels
(a) and (b), respectively, as function of r MIAc. Here the
background magnetic field is uniform (lC= 0) and a com-
posite model for the turbulence is used, with 20 % of the
energy in the slab component and the other 80 % in the
2D component. The amplitude of the turbulent magnetic
fluctuations is 6BIBo = 0.2 and (6BIB) = 0.14. The
symbols denote the numerical simulations of the present
study. "WNLT" denotes the predictions from Shaichiet al.
(2004b) for both the parallel- and perpendicular diffu-
sion coefficients. "QLT/NLGC" denotes the use of QLT
for the parallel diffusion coefficient prediction (e.g. Zank
et ai., 1998; ie Roux et ai., 1999) and NLGC (e.g. Matthaeus
et ai., 2003) for the perpendicular diffusion coefficient, us-
ing QLT as input parameter.

Figure 5.10: Same as figure 5.9, but instead of using QLT
for the prediction for the parallel diffusion coefficient, we
use the parameterization shown in equation 5.2. This
value for the parallel diffusion coefficient is then used in
the NLGC expression to determine the perpendicular dif-
fusion coefficient.
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Figure 5.11: Same as figure 5.9, but for oB/Bo = 0.6
and (oB/B) = 0.48.

Figure 5.12: Same as figure 5.10,but for oB/Bo = 0.6
and (oB/ B) = 0.48.
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Figure 5.13: Same as figure 5.9, but for DB/Bo = 1.0
and (DB/B) = 0.86.

Figure 5.14: Same as figure 5.10,but for DB/Bo = 1.0
and (DB/B) = 0.86.
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Figure 5.15: Same as figure 5.9, but for oBI Bo = 5.0
and (oBI B) = 3.75.

Figure 5.16: Same as figure 5.10,but for oBIBo = 5.0
and (oBIB) = 3.75.
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Figure 5.17: The normalized perpendicular- and paral-
lel diffusion coefficients K,,,,,,,and K,zzare shown in pan-
els (a) and (b), respectively, as function of rMIAc. Here
the background magnetic field is uniform (/C = 0) and
a nearly pure slab model for the turbulence is used, with
99.99 % of the energy in the slab component and the other
0.01 % in the 2D component. The amplitude of the turbu-
lent magnetic fluctuations is 8E IEo = 1.0. The symbols

denote the numerical simulations of the present study.
"QLT/NLGC" denotes the use of QLT for the parallel dif-
fusion coefficient prediction (e.g. Zank et al., 1998; IeRoux
et al., 1999) and NLGC (e.g. Matthaeus et al., 2003) for the
perpendicular diffusion coefficient, using QLT as input
parameter.

Figure 5.18: Same as figure 5.17,but for the case of a
non-uniform background magnetic field (/C= 0.1) and
(8EIE) = 0.72.
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Also, since the weak scattering drift coefficient is recovered for a large range of parameters and

a theory is lacking that can describe the deviations from the weak scattering drift coefficient, we

elect to use the weak scattering value of the drift coefficient in its unmodified form, or reduce it

by a constant factor.

5.4 Summary

In this chapter we presented a comparison of the numerically simulated parallel- and perpen-

dicular diffusion coefficientsof the present study with various theoretical predictions for these
coefficients.

Our comparison of the parallel diffusion coefficient from QLT with the numerical simulations

indicates that QLT is probably applicable to composite geometry turbulence with amplitude

8B /B ::; 0.1. However, for the case of nearly pure slab large amplitude turbulence (8B /Bo = La),
QLT seems to be appropriate to describe parallel diffusion, even at small rigidities. This is in con-

trast to the case of composite turbulence for the same level of turbulence, where there is nearly an

order of magnitude difference between the numerical simulations of the parallel diffusion coeffi-

cient and the prediction from QLT.The capability of QLT to describe parallel diffusion accurately

seems to be dependent upon two factors: (1) turbulence geometry, and (2) particle energy.

For sufficiently high energy particles and a composite model of turbulence, QLT could be ade-

quate, even for large amplitude turbulence (d. figure 5.5). This conclusion is in agreement with

Michalek & Ostrowski (1996). These authors showed that even for 8B /B = 2.0 their simulations

for the parallel diffusion coefficient is in good agreement with the prediction from QLT.However,

their simulations were performed for highly relativistic particles.

Qualitatively, it seems that in the presence of a gradient in the background magnetic field and for

8B /B ::;1, the perpendicular MFP is unchanged at low rigidities, but increases at high rigidities

compared to the case for a uniform field and similar values of 8B / B = 1. The parallel MFP has a

flatter rigidity dependence than for similar values of oB /B = 1 in a uniform field. This flattening

may be the result of a decrease in the parallel MFP at high rigidities.

Conversely, if the geometry of the turbulence is predominantly of slab orientation, then QLT

might be adequate for a large range of fluctuation amplitudes as well as particle energies (d. fig-

ure 5.17). This apparent extension of the theory into a parameter region for which it was not

intended (oB ~ B) could perhaps be ascribed to the presence of sub-diffusive perpendicular

transport. In the QLT calculations of the parallel diffusion coefficient it is assumed that the gyro-

centers of the particles remain fixed to the magnetic field lines they started on (e.g.Jokipii,1966).

This is exactly what happens in pure slab turbulence Uokipiiet al.,1993),even for large amplitude

fluctuations (e.g. Qin etal.,2002b).
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The WNLT shows reasonable to very good agreement with the numerical simulations for both 

parallel- and perpendicular diffusion coefficients in a uniform background magnetic field. How- 

ever, due to the amount of time that it takes to calculate a solution of the WNLT equations, we 

presented a parameterization of the parallel diffusion coefficient from U'NLT. We showed that 

this parameterization follows the exact prediction from WNLT very closely Using this param- 

etcrization of the parallel diffusion coefficient instead of the prediction from QLT in the NLGC 

theory, we also find reasonable agreement with the perpendicular diffusion coefficient. The obvi- 

ous question is how s i m c a n t  the effect of a gradient in the background magnetic field will be in 
the heliosphere. Clearly, the best way toanswer this is to use a Parker (or other) representation of 

the heliospheric magnetic field as a background field. Our guestimate is thateffects may be larger 

in the inner heliosphere but perhaps negligible in the outer heliosphere. 

The agreement that we obtain with the parameterized parallel diffusion coefficient and NLGC 

perpendicular diffusion coefficient using this parameterized parallel diffusion coefficient is in 

our opinion satisfactory. It is our contention that this combination can be considered to be the 

most advanced set of diffusion coefficients which is applicable to a large range of fluctuation 

amplitudes, turbulence geometry and particle energy. These coefficients also have the advantage 

that they are analytically specified and therefore do not require much computer time to solve. 

Finally we also presented arguments for the use of the weak scattering drift coefficient in the 

numerical modulation model, perhaps reduced by a constant factor. 
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Chapter 6 

The Modulation Model 

6.1 Introduction 

In this chapter we combine our knowledge of the evolution of turbulent magnetic fluctuations in 
the heliosphere from Chapter 2 and our understanding of charged particle transport in such an 

environment from Chapters 3 and 4, with a cosmic-ray modulation model. The specilic diffusion 

coefficients discussed in Chapter 5 are the final ingredients to be added to the ab initio cosmic- 

ray modulation model. It is referred to as such, since we aim to use first principle knowledge of 

all of the mlevant processes that influence the cosmic-ray transport in the heliosphere to finally 

describe the modulation of cosmic-rays in the heliosphere by means of the numerical solution of 

the Parker transport equation which describes the evolution of the distribution function of the 

cosmic-rays. 

This is in contrast to the phenomenological approach to cosmic-ray modulation in which the pri- 

mary aim is to reproduce the observed cosmic-ray intensities throughout the heliosphere. This 

process usually involves the ad hoc specification of diffusion coefficients in particular. This ap- 

proach is usually very successful in accounting for observed cosmic-ray intensities, since it is of 

course the purpose of the exercise to obtain the best possible fit with the observed data. 

In the ab initio approach, however, good agreement with the observed cosmic-ray intensities is 

rather elusive. This is due to the fact that the understanding of the underlyingprocesses involved 

are not always complete and does not allow, by definition, for much "tweaking" in order to im- 

prove the agreement between model results and observed cosmic-ray intensities. For example, 

observations of the particle density of the solar wind, the geometry of the turbulence and the 

large scale magnetic field (among many other obsewahles) place constraints on the physical en- 

vironment in which the cosmic-rays have to propagate. Then, since the physical environment 

and transport processes are prescribed a priori, the agreement between the modulation model 

and observed cosmic-ray intensities serves as aproxy for our understanding of these underlying 

processes. 
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For this reason the problem is usually reduced to a simpler problem by findIDg, for example,

possible symmetry in the system in order to decrease the number of dimensions of the system. In

the present study we shall use a two-dimensional steady-state modulation model which assumes

axial symmetry with respect to the rotational axis of the Sun. There is no explicit time dependence

in the model, which is thought to be representative of solar minimum conditions. The present

model also does not include diffusive shock acceleration, which naturally implies that we do

not have a termination shock in the model. The modulation model also does not include the

modulation that occurs in the heliosheath, which is the region between the termination shock and

the bow shock. The heliosphere is taken to be spherical, therefore also neglecting any effects that

may arise due to an elongated heliosphere.

Members of the Unit for Space Physics of North-West University (formerly known as Potchef-

stroom University) have been active in cosmic-ray modulation studies for more than three

decades and various doctoral studies have been pursued in this group (see, e.g., Moraal, 1973;

Potgieter, 1984; Burger, 1987; le Roux, 1990;Haasbroek,1997;Hattingh, 1998;Ferreira,2002; Langner,

2004). This work have been instrumental in the development of the cosmic ray modulation model

used in the present study. Recent overviews of the modulation of cosmic rays in the heliosphere

are given in the theses referred to above (see also Geiss & Hultqvist, 2005). The ab initio approach

to cosmic ray modulation modeling resulted from a collaboration between the Bartol Research

Institute of the University of Delaware, and North-West University (see, e.g., Parhi et al., 2002,
2003;Minnie et al., 2003; Parhiet al., 2004; Minnie et al., 2005). The present study is a continuation

of this collaboration.

6.2 The Model

The modulation of cosmic-rays is described by the transport equation for the omnidirectional

distributionfunctionfo(r,p, t) (Parker,1965)of the cosmicrays (CRs)

8k 1 8k
at =V.(K.Vfo)-Vo.Vfo+iV.V081np + Q(r,p,t) , (6.1)

with r the position and p the momentum of the CRs at a time t, K the diffusion tensor (DT), Vo the

uniform solar wind velocity and Q a source term of CRs. The distribution function fo is related

to the differential intensity with respect to kinetic energy, jT, by jT = p2fo. The diffusion tensor K
has the form

(

KII 0 0

)
K = 0 K.l KA ,

o -KA K.l

where KIIdenotes the diffusion coefficient (DC) in the direction parallel to the mean magnetic
field, K.l denotes the DCs in the plane perpendicular to the mean magnetic field and KA denotes

(6.2)
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the coefficient that is associated with the gradient and curvature drift of the CRs. In the case of

anisotropic perpendicular diffusion the ~.l's have different values. We shall discuss this in more
detail below.

The first term on the right-hand side of equation 6.1 represents diffusion and drift, the second

term the outward convection in the solar wind, the third term adiabatic energy changes and the

last term represents sources or sinks of cosmic-rays.

In the present study we use a 2D time-independent version of the full transport equation (TPE)
(equation 6.1) to construct our numerical modulation model for solar minimum conditions. The

reduction of the TPE to two dimensions is a result of the assumption of an axially symmetric

heliosphere. In a spherical coordinate system with the Sun at the center of the system, this as-

sumption implies that there is no dependence on 4>,or a/ a4> = a2/a4>2= O.Assuming further that

there are no sources of CRs, equation 6.1 becomes

convection
~

_Voa10ar
adiabatic energy change

, 1 a
(A2 )

a10 '

+ 3r2ar r Vo aln p = 0 , (6.3)

with

(6.4)

(6.5)

the components of the gradient and curvature drift Vd = VX~AeB and Krr and K88 the effective

DCs in the radial and polar directions, respectively. Here eB is a unit vector pointing in the
direction of the average magnetic field.

The tensor in equation 6.2 is of course defined in a locally orthogonal Cartesian coordinate system,

whereas the TPE in equation 6.3 requires the diffusion tensor in spherical coordinates. It is a
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simple matter of rotation to achieve this and the necessary transformation tensor is given by

(

cos 1/J 0 sin 1/J

)
T= 0 1 0 ,

- sin1/J 0 cos1/J

(6.6)

where 1/Jis the spiral angle of the magnetic field. With this transformation tensor it easily follows
that

(

Krr Kro Kr<fJ

)
KOr Koo KO<fJ = TKTT

K<fJr K<fJo K<fJ<fJ

(

cos 1/J 0 sin 1/J

) (

KJI 0

= 0 1 0 0 K.L

- sin 1/J 0 cos 1/J 0 -KA

(

KJIcos21/J + K.Lsin21/J -KA sin 1/J

= KA sin 1/J K.L

(K.L - KJI)COS1/Jsin 1/J -KA COS1/J

(6.7)

o

) (

cos1/J 0 -Sin1/J

)
KA 0 1 0

K.L sin 1/J 0 cos 1/J

(K.L- KII)cos 1/Jsin 1/J

)
KA COS1/J ,

KIIsin21/J + K.Lcos21/J

(6.8)

(6.9)

where the superscript T denotes transpose. The coefficientsof particular interest to the present

study are

Here Krr and Koorepresent the effective DCs in the radial and polar directions respectively. The

anti-symmetrical coefficients KOrand Kro from equation 6.7 include the coefficient KA which is
associated with the drift of the CRs.

As stated above, it is often necessary to invoke anisotropic perpendicular diffusion in order to

account for various cosmic-ray transport phenomena. Specifically,the perpendicular diffusion

coefficientin the latitudinal direction is typically enhanced to reduce the computed latitudinal

gradients of the cosmic-rays (seeMinnie et al.,2005)to be in agreement with the observed latitu-
dinal gradients (Heberet al.,1996).This ad hoc anisotropic perpendicular diffusion is manifested

in specifying two different values for the two K.L'Sin the tensor shown in equation 6.2. The K.L
in Krr is associated with the perpendicular diffusion in the radial/azimuthal direction, say Kl.'

while the K.Lwhich is equal to Koois associated with perpendicular diffusion in the latitudinal

direction, say K~. It is this K~which is then assumed be larger than Kl.by an arbitrary amount,
typically by no more than an order of magnitude.

Krr 21/J . 21/J (6.10)=
KJI cos + K.Lsm ,

Koo = K.L and (6.11)

Kro = -Kor = KA sin 1/J. (6.12)
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The model heliosphere is spherical with an outer boundary set at 100AU, again, neglecting the

termination shock. The local interstellar spectrum (LIS) used by Burger et al. (2000) is taken as

input spectrum at the outer boundary. The solar wind speed profile is similar to that shown in

figure 2.2, and is such that the solar wind speed increases from 400km/ s in the ecliptic plane

plane to 800km/ s over the solar poles. In the present model, the wavy structure of the HCS is

simulated by replacing the three-dimensional (3D) drift velocity field by a 2D drift field. The 2D

drift field is obtained by averaging Vd = V x /'i,AeB over one solar rotation (see Hattingh, 1993;

Hattingh & Burger, 1995; Burger & Hattingh, 1995). The tilt angle of the WCS is set at 15°, a value

appropriate for minimum solar modulation conditions. The TPE (equation 6.1) is then solved in

terms of the two spatial coordinates rand 0, and momentum p using the Alternating Direction

Implicit (ADI) method. The basic numerical scheme used is given by Potgieter (1984) and the

boundary conditions used for this wavy current sheet (WCS) model are discussed in detail by

Hattingh (1993).

6.3 The Heliospheric Magnetic Field

The hydrodynamic expansion of the solar corona provides the solar wind, which in turn stretches

out the solar magnetic field to form the heliospheric magnetic field (HMF) (see Parker, 2001, for

a recent discussion on the history of early work on the HMF). The HMF appears in all diffusion

coeffiCients, and it also determines drifts patterns of cosmic-rays in the heliosphere. Since it plays

an important role, we need to make an informed choice as to which field representation to use in

this study.

The model of Parker (1958) suggested a simple "spirals on cones" structure for the HMF. Various

modifications to the structure of this axisymmetric field at high solar latitudes, where very few

observations are available, have been proposed (see,e.g.,Jokipii& K6ta, 1989;Moraal, 1990;Smith

& Bieber, 1991; Caballero-Lopezet al., 2004). In the ecliptic plane, however, Parker's model agrees

well with observations, as shown in figure 6.1. It is therefore not surprising that this model is

still used in ab initio modulation studies (see, e.g., Parhi et al., 2003). Fisk (1996) suggested that

the differential rotation of the Sun and the rigid rotation of polar coronal holes could have a

profound effect on the large-scale structure of the HME His representation of the HMF is fully

three-dimensional, and includes a meridional component that was not predicted by Parker (1958).

Fisk's work sparked a renewed interest in the HMF. All the latest models (see, e.g, Giacalone,1999;

Schwadron, 2002; Burger & Hitge, 2004) consider the motion of magnetic field footpoints on the

source surface, a key element of Fisk's analysis.

In what follows, we discuss a few of these models, specifically to illustrate their role in the diffu-

sion coefficients. For recent overviews of the heliospheric magnetic field, see e.g. Langner (2004);
Burger (2005).
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Figure 6.1: Comparison of Parker's model with Voyager 1 observations from 1977 to 1996. Adapted from Ness&
Burlaga (2001).

6.3.1 Models for the HMF

The simple and elegant description of the HMF by Parker (1958) is that magnetic field lines are

rooted at the Sun, which rotates bodily, and are frozen into the supersonic flow of the steady and

radial solar wind, thus resulting in a spiral structure (see figure 6.2). The expression for this field

in heliocentric spherical coordinates (r, 0, cp)is given by

B - B r5
[

A 00(r-a)SinOA

]
- 0"2 er - TT etj>r vo

(6.13)

Here Bo is the magnitude of the radial component of the magnetic field at a heliocentric distance

ro, Vo is the uniform flow speed of solar wind, a is the radius of the source surface where the

field is purely radial, and 00 is the equatorial rotation rate of the Sun. It has become customary

to denote the polarity of the HMF with the symbol A. Since drift directions depend also on the

signed particle charge, the product qA is also often used, as will be the case in the present study.

Since we will only consider protons, qA > 0 (qA < 0) denotes the polarity state where the field in
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Figure 6.2: Configuration of a magnetic fieldline orig-
inating at 10° colatitude, for the Parker field, equa-
tion 6.13.All units are AU. (Burger&Hitge,2004).

Figure 6.3: Same as figure 6.2, but for the Fisk field.
(Burger & Hitge, 2004).

the northern hemisphere is directed outward (inward).

Smith & Bieber(1991)argue that differential rotation could result in nonzero azimuthal field com-

ponents at the source surface of the HMF. They find that in this case the Parker field is modified,

B B r5
[

A

( r 00 (r - a) sin 0)
A

]= 02" er + rUSB- Vi er/J .r 0 .
(6.14)

As a result of the correction term r8SB, the field has a significant azimuthal component at high

latitudes, and can also explain the observed overwinding near Earth. Note that at high latitudes

the field scales as r-1 at large radial distances, as is the case in the equatorial region.

In general, the HMF can be written as (see, e.g., Giacalone, 1999; Schwadron, 2002)

B - B r5
[

A _ rWeA _ (00-Wr/J)rSinOA
]

- 0 2 er Vi ee Vi er/J ,
roo

(6.15)

with we and wr/J the differential rotation rates in the 0- and the 4>-direction,respectively. These

quantities are related to a divergence-freevelocityfield

(6.16)

of the magnetic field footpoints on the source surface at r = a. Note that such fields are not

necessarily radial in the polar regions; typically one would expect that there they would scale as

r-1 at large radial distances, similar to the situation in the equatorial region.

In the analysis of Fisk(1996),ordered motion of the footpoints ofmagnetic field lines on the source
surface gives rise to a field that can be significantly different from the Parker field. The author

proposes that the differential rotation of the footpoints of magnetic field lines in the photosphere
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combines with the subsequent nonradial expansion of the same field lines with the fast solar wind

from polar coronal holes that are rotating at the solar equatorial rate. This results in field lines that

exhibit extensive excursions in heliographic latitude. The model of Fisk (1996)has been studied

quite extensively (see, e.g., Zurbuchenet al., 1997;Fisk et al., 1999;Fisk,2001;VanNiekerk,2000).

Zurbuchen et al. (1997) and Murphy et al. (2002) report observational evidence for the existence of

such fields, in contrast to other studies (see, e.g., Forsyth et al., 2002). While there seems to be

no consensus yet on the existence of Fisk-type fields, it has not been ruled out. Comparison of

figure 6.3 and figure 6.2 clearly shows the extensive excursions in heliographic latitude of the Fisk

field compared to the Parker field.

Burger & Hitge (2004)developed a hybrid field that combines a Fisk-type field with a Parker field.

They argue that their model should be a viable approximation for the case when field lines open
into the heliosphere in both the polar coronal holes and at low latitudes. They find that

B = B

'

(
ro
)

2

{
~ rwFs.

{3
.

(A. nr )
~

o -:;: er + --v;- sm sm 'f'+ Vo eo

+ ~o [WFssin {3coso cas (<p+ ~) + sinO (wFs cos{3- n)
dFs .

{3. II (A. nr
)]

~

}+ w dO sm sm u cas 'f/ + Vo ecjJ,
(6.17)

where

(6.18)

with op and oe constants. In equation 6.17, w is the magnitude of differential rotation, and {3the

angle between the rotational axis, and the (virtual) axis about which the magnetic field footpoints

rotate on the source surface. The latter axis is defined by the field line that originates at the helio-

graphic pole, which suffers no differential rotation and therefore always maps to the same point

on the source surface. The function Fs produces a field that is Parker-like in the equatorial region

and at high latitudes, and a hybrid of the two fields in between. The fact that a Parker-like field is

chosen at high latitudes, is motivated by the uncertainty whether differential rotation continues

to the very highest latitude, or that the polar coronal holes rigidly rotates at these latitudes (Fisk,

1996).

The field line shown in figure 6.4 originates at the same position on the source surface as the field

line for the Fisk field shown in figure 6.3. They are obviously not identical, but clearly similar in

nature. Figure 6.5 shows that the hybrid field becomes Parker-like in the equatorial region of the
Sun.

Giacalone (1999)assumes that the observed time and spatial scales occurring at the solar photo-

sphere can be characterized by the random movements of magnetic footpoints (seealso Giacalone,

2001;Jokipii,2001). He uses a random velocity field in equation 6.16, the result of which is com-
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Figure 6.4: Same as figure 6.2,but for the hybrid field
(Burger & Hitge, 2(04).

Figure 6.5: Same as figure 6.4,but for a co-latitude of
85°. (Burger & Hitge, 2(04).

pared with a Parker field in figure 6.6. Clearly, this field can be viewed as a "perturbed" Parker
field.

6.3.2 A choice for the HMF

A key quantity in the diffusion tensor is the ratio 8B j B. All the models discussed above give

basically the same behavior for the radial dependence of the magnitude of the HMF in the equa-

torial region; it should be the same as that of the Parker field which has been tested successfully

against observations (see figure 6.1). Fisk-type fields are quite difficult to handle in numerical

modulation models (see, e.g., K6ta & Jokipii, 1997, 1999, 2001; Burger et al., 2001; Burger & deJager,

2003), and the question is whether the use of such a field is vital to the present study. At least

one of them (Burger & Hitge, 2004) behaves similar to the Parker field at high latitudes, and the

others scale as r-1 (and not r-2) at large radial distances, i.e. the same as the field derived by

Smith & Bieber(1991).The Fisk field over the solar poles, for example, is approximately five time

larger than the Parker field at 100AU, for typical parameters ({3= 30°,w = nj4). This means that

the ratio 8B2j B2 is not much larger than I, significantly smaller than the approximate value of

40 for the Parker field (see Section 2.8, figure 2.3 on page 18). Given the uncertainty surrounding

Fisk-type fields, we will use both a Parker field and the modified Parker field of Smith & Bieber

(1991). The different radial dependence of these fields at high latitudes should highlight the effect

on the diffusion tensor of large changes in the ratio 8B j B in these regions.
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Figure6.6: Field lines generated using the magnetic field determined from the random motions of magnetic footpoints
(left panel) and a standard Parker field (right panel). Adapted from Gincalone(1999).

6.4 Solutions of the Modulation Model

We now present solutions of the cosmic-ray transport equation (see equation 6.3) using the tur-

bulence model outlined in Chapter 2, the diffusion coefficientsdiscussed in Chapter 5 and the
background magnetic fields discussed in the previous section. Here we shall show how large

the influence is on cosmic-ray modulation by making changes to the environment in which the

cosmic-rayspropagate. However, one should keep in mind that in the spirit of the ab initio ap-

proach, these changes are all based on first principle arguments and are not motivated by the

intent to find the best possible fit to the observed cosmic-raydata.

In all of the graphs to follow, the data will be presented in groups of 3 panels. In panel (a) we

show the spectra at Earth. Here the symbols denote observed intensities by the IMP 8 spacecraft

(McDonald et al., 1992). In panel (b) we show the radial intensity profiles in the equatorial plane.

Here the symbols denote observed intensities by Pioneer 10 and Voyager2 normalized to the in-

tensity on the heliospheric boundary (Webber& Lockwood,2001). Finally in panel (c) we show

the latitudinal gradients between tOOand 900co-latitude at 2.1 AU. Here the symbols denote the

observed latitudinal gradients by Ulysses during it's first fast latitude scan in 1994/1995 (Heber

et al., 1996).

In figure 6.7 we show the solution for the case where we use standard QLT for parallel diffusion

(equation 5.1), the NLGC theory for perpendicular diffusion (SJuzlchiet al., 2004a) and the Parker

field for the background magnetic field (equation 6.13). Also, isotropic perpendicular diffusion is

assumed (i.e. KJ..= K~),as required by the diffusion tensor in equation 6.2. The solution shown
here is a typical solution of an ab initio modulation model, with the unwanted feature of too little

modulation throughout the heliosphere (e.g. Minnie et al., 2003).



CHAPTER 6. THE MODULATION MODEL 193

In comparison with this scenario, we show in figure 6.8 a similar solution to that presented in fig-

ure 6.7, except that the background magnetic field has been replaced by a modified version of the

Parker field as suggested by Smith & Bieber (1991) (see equation 6.14). By using the modification

of Smith & Bieber(1991), intensities are reduced by at most some 20 % in the equatorial region, as

is evident from the energy spectra in panels (a) and the radial intensity profiles in panels (b). That

a similar reduction occurs at high latitudes can be seen from the latitudinal gradients in panels

(c). They are virtually identical for A > 0 and very similar for A < O.The more than an order of

magnitude smaller DB/B for the Smith-Bieber modification compared to a standard Parker field

(see Section 6.3.1) results in a very modest decrease in intensities. For this reason we use the easily

justifiable standard version of the Parker field in what follows.

In a next attempt to increase the amount of modulation throughout the heliosphere, we replace

the QLT parallel diffusion coefficient in the modulation model with an approximation (see equa-

tion 5.2) to the WNLT parallel diffusion coefficient of Simichiet al. (2004b). In Simichi et al. (2004b)

they find that in the presence of turbulence with a dominating 2D component, the parallel mean

free path is always smaller than the parallel mean free path from QLT using only slab turbulence.

With this feature in mind we expect to find an increase in the amount of modulation throughout

the heliosphere with respect to the case when standard QLT is used. This is because we assume a

20 : 80 distribution of energy between the slab- and 2D fluctuations, respectively. We find that the

noticeable difference between the parallel diffusion coefficients from WNLT and QLT (see, e.g. fig-

ure 5.5) leads to a noticeable reduction in the intensities throughout the heliosphere. Comparing

panel (a) of figures 6.9 and 6.10, we find a decrease of about 20% at low energies for qA > 0, and

about 50 % for qA < O.Similar decreases are evident in the radial intensity profiles in panels (b).

Panel (c) of figure 6.10 shows that using WNLT (equation 5.2) leads to a decrease of about 30% in

the maximum latitudinal gradient for qA > 0, while the position at which the maximum occurs

move to a somewhat higher rigidity (from 0.4 to 0.5 GV). There is very little change for qA < O.

The decreased latitudinal gradients in panel (c) during the qA > 0 cycle, where the protons drift

in over the polar region, can be ascribed to the fact that there are fewer protons in the polar region

to begin with because of the smaller parallel diffusion coefficient from the WNLT with respect to

the value from QLT.Cosmic rays therefore find it more difficult to enter the heliosphere over the

poles during the qA > 0 cycle, resulting in the reduced latitudinal gradients with respect to the
case when standard QLT is used.

In an effort to further increase the amount of modulation throughout the heliosphere, an ad hoc

amount of anisotropic perpendicular diffusion is introduced. As stated before, this is achieved by

letting K~ be different from K~ in equations 6.10 and 6.11. Specifically, we assume that K~ = 2K~

only in the fast solar wind region, otherwise in the slow wind region K~ = K~(See Burgeret al.,
2000, for a discussion in this regard). The effect of this modification on the calculated cosmic-

ray intensity throughout the heliosphere is shown in figure 6.12, which is compared with the
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Figure 6.8: Same as figure 6.7, but with the modified
Parker field suggested by Smith& Bieber(1991).

Figure 6.7: Proton energy spectra at Earth, radial inten-
sity profile of 175MeV protons in the ecliptic plane, and
latitudinal gradients are shown in panels (a), (b), and (c),
respectively. Filled circles denote observational data for
qA > 0, and open circles for qA < 0 and are described
in the text. Dotted lines denote model results for qA > 0
and dashed lines for qA < O.Here a standard Parker field
is used, QLT for the parallel mean free path, NLGC for
the perpendicular mean free path, and a weak-scattering
drift coefficient.
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Figure 6.11: Repeat of figure 6.10, using fit to WNLT for
parallel mean free path, NLGC for perpendicular mean
free path and the Parker field.
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Figure 6.13: Repeat of figure 6.11, using fit to WNLT for
parallel mean free path, NLGC for perpendicular mean
free path and the Parker field.
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Figure 6.15: Repeat of figure 6.12, using the fit to WNLT
for parallel mean free path, NLGC for perpendicular
mean free path and the Parker field, as well as aniso-
tropic perpendicular diffusion through K~ = 2Kl.' The
drift coefficient is the unmodified weak scattering drift
coefficient.
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prediction of the model when everything is equal, except for isotropic perpendicular diffusion,

shown in figure 6.11.

Comparison of panels (a) and (b) of figures 6.11 and 6.12 shows a small decrease in intensities.

However, the increase in latitudinal transport efficiency through a larger J);~has the desired effect

of reducing the latitudinal gradients in the qA > 0 magnetic polarity cycle,here by about 40%.

The latitudinal gradients appear to have the required magnitude, but unfortunately have the

wrong rigidity dependence even though the peak has shifted from 0.5 to about 0.7 Gv. It would

appear that a "shift" of the computed latitudinal gradients to higher rigidities is all that is required

to bring the calculated gradients in agreement with the observed gradients. This is, however,

not something which can be easily achieved in the ab initio spirit of cosmic-ray modeling. An

obvious culprit can be the large scale drift coefficient. Recall that presently we are still using

the unmodified weak scattering drift coefficient, which has a rigidity dependence of P for all

rigidities. If we, however, take into account that the drift coefficient might have to be reduced

at either high- or low rigidities due to particle scattering (see Chapter 4), then a more complex

rigidity dependence of the latitudinal gradient is clearly possible. A decrease of the gradient

at low rigidities and an increase at high rigidities could possibly be achieved under the right
circumstances.

We then increased the amount of anisotropy in the perpendicular diffusion coefficients to J);~=
8J);1.in the fast solar wind region, while J);~= J);1.in the slow solar wind region. The effect of

this modification on the computed cosmic-ray intensities throughout the heliosphere is shown in

figure 6.14, which is compared with the equivalent case, except for J);~= 2J);1.shown in figure 6.13.

Here we notice that except for the latitudinal gradients that have basically been wiped out due

to the further enhanced level of latitudinal transport, while what is left of the peak has shifted

to a higher rigidity, the cosmic-ray intensity throughout the heliosphere remain fairly unchanged

with respect to the case when J);~ = 2J);1.in figure 6.12. Globally seen it would appear that the

specification of an arbitrary value for J);~ does not significantly influence the overall intensity

of cosmic-rays in the heliosphere. It only has an influence on those particles that already find

themselves insidethe heliosphere. Therefore,the remaining parallel- and perpendicular diffusion

coefficients J);1.and J);II'respectively, and large scale drift coefficient J);Aappear to be the coefficients

that determine how easily cosmic-rays can find their way into the heliosphere. In a non-spherical

heliosphere this can obviously change.

Up to this point, the weak scattering drift coefficient was used in its unmodified form in all of the

simulations shown. In an effort to see what the effect may be when the drift coefficient is reduced

as suggested by the numerical simulations of Chapter 4, we reduce the weak scattering drift

coefficient by a factor of two at all rigidities. The rest of the model is the same as that yielding the

results shown in figure 6.12: A standard Parker field is used for the background magnetic field,

the approximation in equation 5.2 for the parallel mean free path is used, in conjunction with the
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perpendicular diffusion coefficientfrom NLCC.Finally,it is also assumed that the perpendicular

diffusion is anisotropic, with K~= 2K~.With the reduced drift coefficientthe computed cosmic-
ray intensity that is obtained is shown in figure 6.16,while the corresponding case with the full

weak scattering drift coefficientyields the results shown in figure 6.15,a repeat of figure 6.11.

In figure 6.16the reduced drift coefficientleads to cosmic-rayintensities during the qA < 0 mag-

netic polarity cycle which are in very good agreement with the observations. However, the in-

tensityduring the qA > 0 magnetic polarity cycle the intensities still remain too high. There are

at least two phenomena that are not included in the present model that will reduce intensities

during qA > 0 cycles. The higher solar wind speed in the polar regions will elongate the helio-

sphere over the solar poles and cause smaller intensities (e.g. Ferreira et al., 2004; Ferreira & Scherer,

2004). Also, the observed parallel mean free path for protons is smaller during qA > 0 cycles than

during qA < 0 cycles (Chen & Bieber, 1993), thought to be due to magnetic helicity effects (Bieber

& Burger,1990).It is therefore not unreasonable to expect that the decrease in intensities due to

these two phenomena may significantly increase agreement with data for the qA > 0 cycle.

It is not possible to say whether the amount with which the drift coefficient was reduced has

any physical significance. This is of course due to the absence of a theory for the large scale

drift of charged particles which incorporates the influence of particle scattering. Before such a

theory is presented one must take great care in coming to any conclusion about the "appropriate"

amount of drift that might be needed to account for observed cosmic-ray intensities due to the

still unavailable description of how particle scattering influences large scale drift.

There is one limiting case, however, that comes to mind that needs mentioning. This is the sce-

nario that has been discussed to be typical of solar maximum conditions. It has been proposed

that during solar maximum conditions there may exist certain periods at which it would seem

that no drift effects are present. This period of no drift is typically modeled by setting the large

scale drift coefficient equal to zero. However, from the numerical simulations in the present study
of the drift coefficient we now believe that the drift coefficient will tend to zero in the limiting

case when the scattering frequency tends to infinity (see also Candia & RouIet, 2004). This under-

standing is also supported by the theoretical considerations (e.g. Bieber& Matthaeus, 1997). From
numerical simulations of the diffusion coefficients it seems that the diffusion coefficients parallel

and perpendicular to the background magnetic field also tend to zero when the scattering fre-

quency tends to infinity. It would therefore seem to be unphysical to allow the large scale drift

coefficient to be zero while simultaneously retaining non-zero diffusion coefficients. From these

simple arguments the significance and importance of a theory for the drift coefficient that includes

the effects of particle scattering should be evident.
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6.5 Summary

In this chapter we presented results from a two-dimensional steady-state cosmic-raymodulation

model which includes an ab initio description of the underlying turbulence in the heliosphere, as

well as an ab initio (albeitapproximate) description of the diffusion coefficientsof the cosmic-rays.

The more than an order of magnitude smaller oB/B for the Smith-Bieber modification (Smith &

Bieber, 1991) compared to a standard Parker field translated into a modest (rv 20 %) decrease in

cosmic-ray intensities. Although the Fisk-type fields are probably more physical, the use of the
Parker field seems to be justified for the kind of simulations in which we are interested.

We find that for a factor of two increase in latitudinal diffusion and a factor of two decrease in

drift effects, excellent fits to data for qA < 0 magnetic polarity cycles can be obtained. We pointed

out that an elongated heliosphere in the polar direction, and magnetic helicity, should improve

agreement with observations for the qA > 0 magnetic polarity cycle.

We presented arguments that in the absence of a theory for the drift coefficient which includes the

effects of particle scattering, one must take great care in coming to conclusions about the amount

of drift that may be appropriate in order to account for observed cosmic-ray intensities. It was

further elucidated that it might be unphysical to consider scenarios in which one explicitly sets
the drift coefficient equal to zero, but still retain non-zero diffusion coefficients.
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Chapter 7

Summary and Conclusion

In the present study we outlined an ab initio cosmic ray modulation model. We started with

the model for the radial evolution of the turbulence throughout the heliosphere. We discussed

how this model for the turbulence is developed, starting with the MHD equations. Upon the

appropriate manipulations of the MHD equations one can then finally obtain a set of equations

that describes how the energy in the turbulent fluctuations, as well as the correlation scale of

these fluctuations, evolve as function of heliocentric distance. We then discussed in detail how the

particular assumption of previous models, namely the approximation of vanishing cross helicity,

can be relaxed. This modification made it possible to use the model in regions of the heliosphere

where it was technically not possible before. In particular, with the model that assumes vanishing

cross helicity, the regions close to the Sun and the polar regions were out of bounds. We then

showed three different model predictions of the turbulence throughout the heliosphere. It was

shown that the best overall agreement with observations of various turbulence properties in the

heliosphere is attained when the model for the correlation scale is modified in such a way that the

correlation scale is directly influenced by shear driving to a small degree.

We then proceeded to Chapter 3 where we discuss different theories for the diffusion of charged

particles in turbulent media. In this chapter we present the theories which have been used before,

or will be used directly or indirectly in the ab initio modulation model. We show no compar-

ison between the theories themselves, nor with any other quantities. This is left for Chapter 5

where information from direct numerical simulations is available. We started with a description

of parallel and perpendicular diffusion based on quasi-linear theory. We then proceeded with a

general discussion about velocity correlation functions and showed how these velocity correlation

functions can be used to determine spatial diffusion coefficients using the so-called Taylor-Green-

Kubo formalism. We subsequently considered four different theories for particle diffusion using

the velocity correlation function approach. Ofparticular interest is the drift coefficientfrom Bieber

& Matthaeus (1997) which is based on very general assumptions. From the expression of the drift

coefficient it was shown that the drift scale cannot exceed the Larmor radius of the particle to the
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extent that the expression for the drift coefficientholds. The three subsequent theories that were
discussed are non-linear theories.

The first one discussed is the non-linear guiding center theory of Matthaeus et al. (2003). This

theory yields an integral expression for the perpendicular diffusion coefficient which depends on

itself, as well as the parallel diffusion coefficient. The second non-linear theory that was discussed

is the weakly non-linear theory of ShaIchiet al. (2004b).These authors propose a theory which is

in essence still a quasi-linear theory, but which contains non-linear extensions which results in the

parallel and perpendicular diffusion coefficients to become dependent upon each other. The final

non-linear theory that is discussed is that of Stawicki (2005). He proposes a strongly non-linear

theory for the perpendicular diffusion of charged particles in an environment in which the energy

of the magnetic fluctuations is much larger than the energy in the background magnetic field. The

final result of his theory for axisymmetric turbulence is functionally the same as the non-linear

guiding center theory, but was derived from a completely different starting point.

Finally we discussed the calculation of the drift coefficient from direct numerical simulations as

proposed by Giacaloneet aI. (1999). They describe a technique with which to determine the anti-

symmetric drift coefficient even for the case in which the net drift velocity is zero; i.e. for the

case of a uniform background magnetic field. We discussed a preliminary verification of their

approach for the case of unperturbed particle transport.

The next point of interest in the present study is the direct numerical simulations of the transport

parameters of charged particles propagating in a turbulent magnetized medium. In Chapter 4

we discussed charged particle transport in turbulent magnetic fields of different geometries, and

considered both a uniform and non-uniform background magnetic field.

We started with a description of the numerical model that was used in the present study. We

described how the model is set up to include turbulent magnetic fields of different geometries,

as well as how a non-uniform magnetic field is incorporated into the model. We listed important

transformations of units used in the model, particularly for the theoretical drift coefficient and

drift speed. We described how the transport parameters are calculated from the particle trajecto-

ries and we listed the parameter space that is investigated in the present study. Next the results

of the simulations were presented.

First in line was the results for the case of unperturbed particle transport in a uniform background

magnetic field. Although this is not a complex scenario, it proved to be very insightful with

regard to large-scale drift coefficient calculations. A very common value for the drift coefficient

to use is the so-called weakscattering value and in this section we showed analytically as well

as numerically that the weak scattering drift coefficient can be obtained from the unperturbed

trajectories of the particles. It was also shown that even in the case of a uniform background

magnetic field and in the absence of any turbulent fluctuations that the drift coefficients K,xyand
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/'i,yxare non-zero and perfectly anti-symmetric.

Next in line were the simulations still in the absenceofany magneticfluctuations,but where the
background magnetic field contains a gradient perpendicular to the field direction. We expected a

non-zero drift speed in the y-direction, which was found to correspond exactly to the theoretical

drift speed from any standard text book in which the drift is due to a large-scale gradient in the

background magnetic field. Also, as a consequence of the coherent drift motion in the y-direction

and by virtue of our definition of the diffusion coefficients (/'i,yyex:(b.y2), we found that the drift

motion in the y-direction causes the diffusion coefficient in the y-direction to increase linearly

with time. This can be interpreted as "free-streaming" in the y-direction, where this streaming is

now of course due to the large scale drift of the particles. However, the speed calculated from this

free streaming is consistently larger than the actual drift speed and we were not able to decouple

drift and (zero) perpendicular diffusion. The drift coefficients were still found to be exactly anti-

symmetric and correspond exactly to the weak scattering value of the drift coefficient.

We then continued with the case of compositeturbulence in which 20 % of the energy resides in the

slab component of the turbulence and the other 80% in the 2D component of the turbulence in

the presence of a uniform background magnetic field. Results in this section were compared with

various data sets from other studies. Good to excellent agreement was found between the results

of the present study and that of other studies, especially for the diffusion coefficient calculations.

For this scenario the simulations indicate a ratio between /'i,.land /'i,1Ithat increases with increasing

DB/Bo and this ratio is of order unity for DB/Bo = 5.0. We pointed out that a recent study for

composite turbulence with even larger values of DB/Bo finds that the ratio of /'i,.land /'i,1Ican in fact

become larger than 1. This is in contrast to the case for isotropic turbulence, where the maximum

ratio is 1. The present simulations further suggest that the scattering parameter that determines

the drift coefficient is probably a complex function of at least both parallel- and perpendicular

diffusion. The exact form of the scattering parameter for the drift coefficient does, however, still

seem to be elusive. We also found from the numerical simulations of the drift coefficients that the

unconditional use of the weak scattering form of the drift coefficient when the parameter AIi/rM

is larger than unity is probably not appropriate. In particular, the simulations suggest that for

progressively smaller values of rM/Ac a progressively larger value of AIi/rM must be reached

before the weak scattering value of the drift coefficient becomes appropriate. The simulations

further indicated that an increase in the ratio DB/Bo resulted in an increase in the deviation from

the weak scattering drift coefficient at a particular value for rM/Ac. This reduction with respect to

the weak scattering drift coefficient occurs first at small values of rM /Ac.

The next scenario was the transport of particles in a non-uniform background magnetic field, in the

presence of compositeturbulence as described in the previous paragraph. The simulations for this

scenario suggest that the purely diffusive behavior perpendicular to the background field direc-

tion does not always seem to occur. This is ascribed to be a finite Larmor radius effect, since as the
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Larmor radii of the particles are increased, the deviation from purely diffusive behavior increases

up to the point where the transport is of apparent "free-streaming" nature. This should be associ-

ated with drift. However, as was the case in the absence of turbulence, the speed calculated from

this free streaming is consistently larger than the actual drift speed and we were not able to de-

couple drift and perpendicular diffusion. At sufficiently small values of the Larmor radii and/ or

sufficiently large values of the amplitude of the turbulence, the particles show diffusive behavior

since they sample a locally uniform background magnetic field and the large scale drift motion

is therefore negligible with respect to the random forces imposed by the turbulent fluctuations.

Regarding the drift coefficients, in contrast to the case for a uniform background magnetic field,

the largest deviation from the weak scattering value now seems to occur at larger values of r M/.xc

for a particular value of the amplitude of the turbulence. The simulations would also seem to

suggest that at small values of TM /.xc the weak scattering value of the drift coefficient is regained,

again in contrast to the case for a uniform background magnetic field and composite turbulence.

Finally, regarding the drift speed of the particles due to gradient, the simulations seem to indicate

that for increasing fluctuation amplitude the drift speed can be nullified. Another interesting fea-

ture that is observed is the occurrence of an apparent drift speed in the direction of the gradient in

the field. This might be a numerical artifact of some kind, but arguments were discussed for the

plausibility of this drift motion/ flux.

We then considered the case of particle transport in 99.99% pure slabturbulence with a uniform

background magnetic field. The simulations affirmed the expected sub-diffusive perpendicular

transport. The simulations of the drift coefficients indicated that for the case of strong turbulence

(oB /Bo = 1.0; the only case considered) there appears to be no reduction with respect to the weak

scattering value for all values of rM/ .xcconsidered in the present study.

The final set of simulations that were performed were that for the case of particle transport in

99.99 % pure slab turbulence with a non-uniform background magnetic field. Here the simulations

suggest that sub-diffusive behavior perpendicular to the background magnetic field direction

does not seem to occur unconditionally. The presence of the gradient again seems to influence par-

ticle transport in such a way that for sufficiently large values of rM/.xc an apparent occurrence of

"free-streaming" is evident, with a linear time dependence of K.yyfor large values of TM/ .xc. As for

the drift coefficient the simulations suggest that even with a non-uniform background magnetic

field it seems as if the drift coefficient is still very well described by its weak scattering value for

all values of TM/.xc investigated in this study. It does not seem as if any reduction with respect

to the weak scattering value takes place in this particular magnetic field configuration. Finally,

we showed that the simulated values of the drift speed in the y-direction show no significant de-

crease with respect to the weak scattering drift speed. This is interpreted as an indication that the

presence of slab-like turbulence does not influence the large scale drift motion of the particles in

a way which causes the drift motion to be different than for the case when there is no turbulence.
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The next step in the construction of our ab initio cosmic ray modulation model was to find a

middle ground between what we know from current theories of particle diffusion as presented in

Chapter 3, and the information gathered in Chapter 4 where we numerically calculated transport

parameters. In Chapter 5 we present comparisons of theoretical predictions and numerical sim-

ulations of diffusion coefficients. Our comparison of the parallel diffusion coefficient from QLT

with the numerical simulations indicates that QLT is probably applicable to composite geometry

turbulence with amplitude 5B /B ~ 0.1. However, for the case of nearly pure slab large ampli-
tude turbulence (5B/Bo = 1.0),QLTseems to be appropriate to describe parallel diffusion, even

at small rigidities. This is in contrast to the case of composite turbulence for the same level of

turbulence, where there is nearly an order of magnitude difference between the numerical sim-

ulations of the parallel diffusion coefficient and the prediction from QLT. The adequacy of QLT

to describe parallel diffusion accurately seems to be dependent upon two factors: (1) turbulence

geometry, and (2) particle energy.

For sufficiently high energy particles and a composite model of turbulence, QLT could be ade-

quate, even for large amplitude turbulence (d. figure 5.5). This conclusion is in agreement with

Michalek & Ostrowski (1996). These authors showed that even for 5B /B = 2.0 their simulations

for the parallel diffusion coefficient is in good agreement with the prediction from QLT.However,

their simulations were performed for highly relativistic particles.

Conversely, if the geometry of the turbulence is predominantly of slab orientation, then QLT

might be adequate for a large range of fluctuation amplitudes as well as particle energies (d. fig-

ure 5.17). This apparent extension of the theory into a parameter region for which it was not

intended (5B 2: B) could perhaps be ascribed to the presence of sub-diffusive perpendicular

transport. In the QLT calculations of the parallel diffusion coefficient it is assumed that the gyro-

centers of the particles remain fixed to the magnetic field lines they started on (e.g. Jokipii,1966).

This is exactly what happens in pure slab turbulence (Jokipiiet al., 1993), even for large amplitude
fluctuations (e.g. Qin et al., 2002b).

Qualitatively, it seems that in the presence of a gradient in the background magnetic field and for

5B /B ~ 1, the perpendicular MFP is unchanged at low rigidities, but increases at high rigidities

compared to the case for a uniform field and similar values of 5B/B = 1.The parallel MFP has a

flatter rigidity dependence than for similar values of 5B /B = 1 in a uniform field. This flattening
may be the result of a decrease in the parallel MFP at high rigidities.

The WNLT shows very good agreement with the numerical simulations for both parallel- and
perpendicular diffusion coefficients. However, due to the amount of time that it takes to come

to a solution of the WNLT equations, we presented a parameterization of the parallel diffusion

coefficient from WNLT. We showed that this parameterization follows the exact prediction from

WNLT very closely. Using this parameterization of the parallel diffusion coefficient instead of the
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prediction from QLTin the NLGC theory, we also find good agreement with the perpendicular
diffusion coefficient.

The agreement that we obtain with the parameterized parallel diffusion coefficient and NLGC

perpendicular diffusion coefficient using this parameterized parallel diffusion coefficient is in

our opinion satisfactory. It is our contention that this combination can be considered to be the

most advanced set of diffusion coefficients which is applicable to a large range of fluctuation

amplitudes, turbulence geometry and particle energy. These coefficients also have the advantage

that they are analytically specified and therefore do not require much computer time to solve.

Due the fact that the drift coefficientbehaves so differently in the case when either a uniform or

non-uniform background magnetic field is used in the numerical simulations, we suggest that
the weak scattering drift coefficientshould be used in the cosmic ray modulation model until a
quantitative description of the drift coefficientbecomes available.

From the solution of the cosmic ray transport equation we notice that the more than an order

of magnitude smaller dB /B for the Smith-Bieber modification (Smith & Bieber, 1991) compared

to a standard Parker field translated into a modest (rv 20 %) decrease in cosmic-ray intensities.

Although the Fisk-type fields are probably more physical, the use of the Parker field seems to be

justified for the kind of simulations in which we are interested in the present study.

We find that for a factor of two increase in latitudinal diffusion and a factor of two decrease in

drifteffects,excellentfitsto dataforqA < 0 magnetic polarity cyclescan be obtained. Wepointed

out that an elongated heliosphere in the polar direction, and possibly magnetic helicity, should
improve agreement with observations for the qA > 0 magnetic polarity cycle.

Wepresented arguments that in the absence of a theory for the drift coefficientwhich includes the

effectsof particle scattering, one must take great care in coming to conclusionsabout the amount

of drift that may be appropriate in order to account for observed cosmic-ray intensities. It was
further elucidated that it might be unphysical to consider scenarios in which one explicitly sets

the drift coefficientequal to zero, but still retain non-zero diffusion coefficients.

Future developments and improvements that may be considered to be incorporated into the

present model are:

. A more appropriate description of the pickup-ion source term for turbulence generation

over the solar poles;

. An expanded turbulence model which takes into account the different evolution of the quasi-

slab and quasi-2D components of the turbulence in the solar wind;

. A quantitative description of large scale drift in the presence of strong particle scattering.



CHAPTER 7. SUMMARY AND CONCLUSION 209

It might seem that cosmic ray studies may have come to the end of their lifetime, but we ar-

gue that the use of cosmic ray modulation models have still much more to contribute to many

fundamental research interests. Turbulence- and particle scattering theories can now be tested

indirectly through means of direct comparison with cosmic ray data, which are widely available.



--
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Here we present all of the results of the numerical simulations performed in Chapter 4. The

results shown in Tables A.2 through A.4 are those represented in all of the graphs of Chapter 4.

The reader can therefore reproduce all of the graphs using these tables, except those that show the

relevant quantities as function of time. For ease of reference, table 4.1 listing the run parameters

is reproduced below.

Table A.I: Parameters for the respectiveruns. Seechapter 4 for simulation results.

RUN a r / Ac 8B/Bo 8B1 :8BD JC RUN a r / Ac 8B/Bo 8B1 : 8BD JC

1.... 1000 0.0134 0.0 - 0.0 31.. 1000 0.0134 0.0 - 0.1
2.... 350 0.0383 0.0 - 0.0 32.. 350 0.0383 0.0 - 0.1
3.... 100 0.134 0.0 - 0.0 33.. 100 0.134 0.0 - 0.1
4.... 35 0.383 0.0 - 0.0 34.. 35 0.383 0.0 - 0.1
5.... 10 1.34 0.0 - 0.0 35.. 10 1.34 0.0 - 0.1
6.... 1000 0.0134 0.2 20:80 0.0 36.. 1000 0.0134 0.2 20:80 0.1
7.... 350 0.0383 0.2 20:80 0.0 37.. 350 0.0383 0.2 20:80 0.1
8.... 100 0.134 0.2 20:80 0.0 38.. 100 0.134 0.2 20:80 0.1
9.... 35 0.383 0.2 20:80 0.0 39.. 35 0.383 0.2 20:80 0.1
10.. 10 1.34 0.2 20:80 0.0 40.. 10 1.34 0.2 20:80 0.1
11.. 1000 0.0134 0.6 20:80 0.0 41.. 1000 0.0134 0.6 20:80 0.1
12.. 350 0.0383 0.6 20:80 0.0 42.. 350 0.0383 0.6 20:80 0.1
13.. 100 0.134 0.6 20:80 0.0 43.. 100 0.134 0.6 20:80 0.1
14.. 35 0.383 0.6 20:80 0.0 44.. 35 0.383 0.6 20:80 0.1
15.. 10 1.34 0.6 20:80 0.0 45.. 10 1.34 0.6 20:80 0.1
16.. 1000 0.0134 1.0 20:80 0.0 46.. 1000 0.0134 1.0 20:80 0.1
17.. 350 0.0383 1.0 20:80 0.0 47.. 350 0.0383 1.0 20:80 0.1
18.. 100 0.134 1.0 20:80 0.0 48.. 100 0.134 1.0 20:80 0.1
19.. 35 0.383 1.0 20:80 0.0 49.. 35 0.383 1.0 20:80 0.1
20.. 10 1.34 1.0 20:80 0.0 50.. 10 1.34 1.0 20:80 0.1
21 .. 1000 0.0134 1.0 9999: 1 0.0 51 .. 1000 0.0134 1.0 9999: 1 0.1
22.. 350 0.0383 1.0 9999:1 0.0 52.. 350 0.0383 1.0 9999: 1 0.1
23.. 100 0.134 1.0 9999: 1 0.0 53.. 100 0.134 1.0 9999:1 0.1
24.. 35 0.383 1.0 9999:1 0.0 54.. 35 0.383 1.0 9999:1 0.1
25.. 10 1.34 1.0 9999: 1 0.0 55.. 10 1.34 1.0 9999: 1 0.1
26.. 1000 0.0134 5.0 20:80 0.0 56.. 1000 0.0134 5.0 20:80 0.1
27.. 350 0.0383 5.0 20:80 0.0 57.. 350 0.0383 5.0 20:80 0.1
28.. 100 0.134 5.0 20:80 0.0 58.. 100 0.134 5.0 20:80 0.1
29.. 35 0.383 5.0 20:80 0.0 59.. 35 0.383 5.0 20:80 0.1
30.. 10 1.34 5.0 20:80 0.0 60.. 10 1.34 5.0 20:80 0.1



Table A.2: Shown are the perpendicular diffusion coefficients K"""and Kyy and the parallel diffusion coefficient Ku. Also shown are the drift
coefficients K",yand Ky",with an appropriate average yielding KA. All quantities are normalised to the Alfven speed and the correlation length in
the direction parallel to the background field.

IV.....
~

RUN

1... .
2....
3....
4.. ..
5....
6....
7....
8... .
9....
10.. .
11...
12.. .
13.. .
14.. .
15.. .
16...
17.. .
18.. .
19...
20.. .
21.. .
22.. .
23.. .
24.. .
25.. .
26.. .
27...
28.. .
29.. .
30.. .
31.. .

"'xx [VAAcJ

(2.82 :I:0.05) x 10
(4.05 :I:0.05) x 10-6
(4.37:1: 0.11) x 10-5
(4.68 :I:0.07) x 10-4
(3.28:1: 0.01) x 10-3
(1.30:1: 0.06) x 10-1
(1.63:1: 0.18) x 10-1
(1.60:1:0.17) X 10-1
(1.66:1: 0.21) x 10-1
(1.58:1:0.23) x 10-1
(1.54:1:0.04) x 10-1
(2.20:1: 0.10) x 10-1
(3.36:1: 0.11) x 10-1
(4.29:1:0.21) X 10-1
(4.65:1: 0.37) x 10-1
(1.15:1: 0.02) x 10-1
(1.74:1: 0.05) x 10-1
(3.63:1: 0.13) x 10-1
(6.07:1: 0.22) x 10-1
(7.34:1: 0.30) x 10-1
(7.25:1: 1.10) x 10-2
(1.05:1: 0.17) x 10-1
(9.07:1: 1.05) x 10-2
(1.34:1: 0.26) x 10-1
(1.51 :I:0.28) x 10-1
(8.35:1: 0.39) x 10-2
(1.02:1: 0.04) x 10-1
(2.09:1: 0.06) x 10-1
(4.45:1: 0.11) x 10-1
(1.79:1:0.02) x 10°

(1.33:1: 0.03) x 10-7

"'yy [VAAc]

(2.82:1: 0.02) x 10
(4.03:1: 0.04) x 10-6
(4.32:1: 0.05) x 10-5
(4.71 :1:0.01) x 10-4
(3.30:1: 0.04) x 10-3
(1.45:1: 0.06) x 10-1
(1.55:1: 0.12) x 10-1
(1.63:1: 0.14) x 10-1
(1.92:1: 0.13) x 10-1
(1.55:1: 0.09) x 10-1
(1.59:1: 0.05) x 10-1
(2.00:1: 0.08) x 10-1
(3.33:1: 0.11) x 10-1
(3.91:1:0.20) x 10-1
(4.71:1: 0.36) x 10-1
(1.16:1: 0.03) x 10-1
(1.73:1:0.03) x 10-1
(3.69:1: 0.12) x 10-1
(5.72:1: 0.13) x 10-1
(8.06:1: 0.32) x 10-1
(8.39:1: 2.09) x 10-2
(8.72:1: 1.65) x 10-2
(7.39:1: 1.62) x 10-2
(1.23:1: 0.20) x 10-1
(1.77:1: 0.22) x 10-1
(8.28:1: 0.39) x 10-2
(1.01 :I:0.05) x 10-1
(1.93:1: 0.04) x 10-1
(4.63:1:0.14) X 10-1
(1.76:1: 0.02) x 10°

(2.73:1: 0.04) x 10-4

"'zz [VAAcJ "'xy [VAAcJ

(3.33:1: 0.04) x 103 (4.49:1:0.02) x 10
(3.35:1: 0.05) x 103 (1.27:1:0.01) x 10-1
(3.30:1: 0.05) x 103 (4.52:1: 0.04) x 10-1
(3.30:1: 0.05) x 103 (1.29:1: 0.01) x 10°
(3.38:1:0.03) x 103 (4.46:1:0.02) x 10°
(3.51 :I:0.03) x 102 (4.03:1: 2.04) x 10-2
(4.56:1:0.04) x 102 (1.14:1:0.13) x 10-1
(6.92:1: 0.14) x 102 (4.15:1:0.14) x 10-1
(1.01:1: 0.01) x 103 (1.28:1: 0.01) x 10°
(1.50 :I:0.01) x 103 (4.46:1: 0.01) x 10°
(1.58:1: 0.01) x 101 (2.33:1: 1.53) x 10-2
(2.48:1: 0.02) x 101 (1.40:1:0.30) x 10-1
(5.32:1: 0.05) x 101 (3.84:1: 0.31) x 10-1
(1.06:1: 0.01) x 102 (1.23:1: 0.03) x 10°
(2.26 :I:0.03) x 102 (4.38 :I:0.03) x 10°
(2.72 :I:0.02) x 10° (1.55:1:1.28)x 10-2
(4.52 :I:0.07) x 10° (9.48:1:2.61) x 10-2
(1.16:1: 0.01) x 101 (3.42:1: 0.60) x 10-1
(2.99:1: 0.08) x 101 (1.09:1: 0.05) x 10°
(8.10 :I:0.12) x 101 (4.33:1:0.05) x 10°
(2.84:1: 0.04) x 10° (5.22:1: 1.27) x 10-2
(3.58:1: 0.05) x 10° (1.56:1: 0.21) x 10-1
(5.82:1: 0.10) x 10° (4.40:1: 0.16) x 10-1
(9.21 :I:0.12) x 10° (1.29:1: 0.02) x 10°
(1.83:I:0.04) x 101 (4.47:I:0.02) x 10°

(6.62:1: 0.06) x 10-2 (9.37:1: 8.62) x 10-3
(1.41:1: 0.02) x 10-1 (3.38:1: 1.51) x 10-2
(4.20:1: 0.06) x 10-1 (2.15:1: 1.83) x 10-2
(1.04:1: 0.03) x 10° (6.08:1:6.03) x 10-2
(2.92:1:0.10) x 10° (7.17:1:0.63) X 10-1
(3.35 :I:0.07) x 103 (2.99:1: 0.03) x 10-2

continued on next page

"'yx [VAAc]

(-4.49:1: 0.02) x 10
(-1.27:1: 0.01) x 10-1
(-4.52:1: 0.03) x 10-1
(-1.29 :I:0.01) x 10°
(-4.46:1: 0.02) x 10°

(-4.38:1: 2.00) x 10-2
(-1.48:1: 0.23) x 10-1
(-4.62:1: 0.23) x 10-1
(-1.29 :I:0.00) x 10°
(-4.47:1: 0.02) x 10°

(-1.48:1: 1.61) x 10-2
(-1.29:1: 0.28) x 10-1
(-3.99:1: 0.20) x 10-1
(-1.23:1: 0.02) x 10°
(-4.47:1: 0.02) x 10°

(-1.53:1: 1.21) x 10-2
(-7.54:1: 2.01) x 10-2
(-3.40:1: 0.28) x 10-1
(-1.03:1: 0.06) x 10°
(-4.25:1: 0.04) x 10°

(-2.10:1: 1.53) x 10-2
(-1.36:1: 0.26) x 10-1
(-4.72:1: 0.17) x 10-1
(-1.25 :I:0.02) x 10°
(-4.48:1: 0.02) x 10°

(-1.21:1: 0.77) x 10-2
(4.92:1: 23.13) x 10-3
(-4.15:1: 1.71) x 10-2
(-1.06:1: 0.48) x 10-1
(-9.03:1: 0.84) x 10-1
(-3.00:1: 0.03) x 10-2

"'A [VAAcJ

(4.49:I:0.02) x 10
(1.27:1:0.01) x 10-1
(4.52:1:0.02) x 10-1
(1.29:1:0.01) x 10°
(4.46:1:0.02) x 10°

(4.20 :I:1.43) x 10-2
(1.31:1:0.13) x 10-1
(4.38:1:0.13) X 10-1
(1.28:1:0.01) x 10°
(4.46:1:0.01) x 10°

(1.90:1: 1.11) x 10-2
(1.35:1:0.21) x 10-1
(3.92:1:0.19) x 10-1
(1.23:1:0.02) x 10°
(4.42 :I:0.02) x 10°

(1.54 :I:0.88) x 10-2
(8.51 :I:1.65) x 10-2
(3.41 :I:0.33) x 10-1
(1.06:1:0.04) x 10°
(4.29:1:0.03) x 10°

(3.66:1: 1.00) x 10-2
(1.46:1:0.17) x 10-1
(4.56:1:0.11) X 10-1
(1.27:1:0.02) x 10°
(4.48:1:0.01) x 10°

(1.07:1:0.58) x 10-2
(1.94:1: 1.38) x 10-2
(3.15:1: 1.25) x 10-2
(8.35:1:3.84) x 10-2
(8.10:1:0.52) x 10-1
(2.99:1:0.02) x 10-2



IV.....
c.n

Table A.2: continued 1>-"'C
"'C
tr1

RUN "'xx [VA>'c] "'yy [VA>'c] "'zz [vA>'c] "'xy [vA>'cJ "'yx [VA>'c] "'A [VA>'c] Z
t132... (1.10::1::0.01) x 10 (2.20::1::0.00) x 10 (3.39::1::0.01) x 10 (8.55::1::0.05) x 10 (-8.52 ::I::0.01) x 10 (8.54::1::0.02) x 10 -
><33... (1.32 ::I::0.02) x 10-5 (2.72::1::0.02) x 10-2 (3.39::1::0.03) x 103 (2.97::1::0.00) x 10-1 (-2.98::1::0.01) x 10-1 (2.98::1::0.01) x 10-1 >-34... (1.15::1::0.02) x 10-4 (2.27::1::0.00) x 10-1 (3.26 ::I::0.01) x 103 (8.73::1::0.06) x 10-1 (-8.69::1::0.01) x 10-1 (8.71::1::0.03) x 10-1 CJ'J35... (1.42::1::0.02) x 10-3 (2.78::1::0.00) x 10° (3.37::1::0.00) x 103 (3.01 ::I::0.02) x 10° (-3.01 ::I::0.00) x 10° (3.01::1::0.01) x 10°
-
E;::36... (1.30::1::0.05) x 10-1 (1.13::1::0.05) x 10-1 (7.46::1::0.20) x 102 (4.09::1::1.00) x 10-2 (-8.05 ::I::12.03) x 10-3 (2.45::1::0.78) x 10-2 c::

37... (1.52::1::0.16) x 10-1 (1.12::1::0.10) x 10-1 (8.61 ::I::0.35) x 102 (1.11 ::I::0.19) x 10-1 (-9.26::1::2.01) x 10-2 (1.02::1::0.14) x 10-1
r-'

38... (1.94::1::0.32) x 10-1 (2.40::1::0.42) x 10-1 (1.18::1::0.06) x 103 (2.92::1::0.38) x 10-1 (-2.48::1::0.53) x 10-1 (2.70::1::0.32) x 10-1 -
39... (2.03::1::0.13) x 10-1 (1.28::1::0.13) x 10° (1.38::1::0.03) x 103 (7.22::1::0.36) x 10-1 (-7.48::1::0.49) x 10-1 (7.35::1::0.30) x 10-1 0

Z40... (1.13::1::0.07) x 10-1 (5.93::1::0.59) x 10° (1.90::1::0.02) x 103 (2.99::1::0.05) x 10° (-3.53::1::0.10) x 10° (3.26 ::I::0.06) x 10° :::041.. . (1.56::1::0.08) x 10-1 (1.66::1::0.07) x 10-1 (5.62::1::0.25) x 101 (2.62::1::1.75) x 10-2 (-1.10::1::1.42) x 10-2 (1.86::1::1.13) x 10-2 tr1
CJ'J42... (2.01::1::0.13) x 10-1 (2.00::1::0.04) x 10-1 (8.23::1::0.71) x 101 (1.01::1::0.26) x 10-1 (-5.12::1::3.68) x 10-2 (7.62::1::2.25) x 10-2 c::

43... (3.77::1::0.33) x 10-1 (3.71::1::0.26) x 10-1 (1.18::1::0.14) x 102 (2.89::1::0.31) x 10-1 (-8.48::1::6.13) x 10-2 (1.87::1::0.34) x 10-1 Ei
CJ'J44... (5.12::1::0.38) x 10-1 (1.04::1::0.10) x 10° (2.14::1::0.09) x 102 (4.01::1::1.17) x 10-1 (-2.20::1::0.94) x 10-1 (3.10::1::0.75) x 10-1

45... (6.98::1::0.36) x 10-1 (1.18::1::0.13) x 101 (3.39::1::0.22) x 102 (1.35::1::0.24) x 10° (6.59::1::3.21) x 10-1 (1.00::1::0.20) x 10°
46... (1.35::1::0.08) x 10-1 (1.38::1::0.06) x 10-1 (1.25::1::0.12) x 101 (2.98::1::1.20) x 10-2 (-2.51::1::2.08) x 10-2 (2.75::1::1.20) x 10-2
47... (1.95::1::0.06) x 10-1 (1.79::1::0.02)X 10-1 (1.95::1::0.08) x 101 (8.47::1::3.50) x 10-2 (-4.48::1::2.93) x 10-2 (6.47::1::2.28) x 10-2
48... (3.74::1::0.13) x 10-1 (3.26::1::0.09) x 10-1 (3.25::1::0.21) x 101 (3.76::1::4.01) x 10-2 (-4.39::1::5.53) x 10-2 (4.07::1::3.42) x 10-2
49... (7.32::1::0.22) x 10-1 (9.57::1::0.40) x 10-1 (6.01::1::0.28) x 101 (5.00::1::0.58) x 10-1 (1.40::1::0.62) x 10-1 (3.20::1::0.42) x 10-1
50... (1.06::1::0.05) x 10° (7.80::1::0.64) x 10° (1.22::1::0.12) x 102 (5.17::1::2.25) x 10-1 (1.21::1::0.31) x 10° (8.63::1::1.93) x 10-1
51. .. (5.11 ::I::0.71) x 10-2 (4.16::1::0.39) x 10-2 (5.81 ::I::0.13) x 10° (2.72::1::0.76) x 10-2 (-4.22::1::0.80) x 10-2 (3.47::1::0.55) x 10-2
52.. . (6.30::1::1.18) x 10-2 (5.25 ::I::0.67) x 10-2 (7.06::1::0.22) x 10° (6.70::1::1.20) x 10-2 (-1.06::1::0.13) X 10-1 (8.65::1::0.88) x 10-2
53... (7.13::1::1.41) x 10-2 (1.05::1::0.24) x 10-1 (1.11 ::I::0.04) x 101 (3.11 ::I::0.26) x 10-1 (-3.98::1::0.37) x 10-1 (3.54::1::0.23) x 10-1
54.. . (1.70::1::0.49) x 10-1 (7.64::1::2.61) x 10-1 (1.59 ::I::0.08) x 101 (8.30::1::0.66) x 10-1 (-9.31::1::1.53) x 10-1 (8.80::1::0.83) x 10-1
55... (3.06::1::0.54) x 10-1 (6.81::1::1.14) x 10° (2.78::1::0.14) x 101 (2.37::1::0.15) x 10° (-4.02::1::0.29) x 10° (3.20::1::0.16) x 10°
56... (8.71::1::0.81) x 10-2 (7.47::1::0.45) x 10-2 (1.18::1::0.04) x 10-1 (1.29::1::1.35) x 10-2 (-1.45::1::1.35) x 10-2 (1.37::1::0.96) x 10-2
57.. . (1.00::1::0.06) x 10-1 (9.95::1::0.52) x 10-2 (2.01 ::I::0.06) x 10-1 (4.12::1::1.76) x 10-2 (-1.59::1::2.53) x 10-2 (2.85::1::1.54) x 10-2
58... (1.78::1::0.05) x 10-1 (1.89::1::0.06) x 10-1 (5.70::1::0.13) x 10-1 (3.09::1::1.62) x 10-2 (-5.31 ::I::2.41) x 10-2 (4.20::1::1.45) x 10-2
59... (3.99::1::0.07) x 10-1 (4.20::1::0.16) x 10-1 (1.40::1::0.03) x 10° (8.74::1::6.95) x 10-2 (-6.32::1::2.74) x 10-2 (7.53::1::3.74) x 10-2
60... (1.38::1::0.05) x 10° (1.65::1::0.04) x 10° (4.44::1::0.11)x 10° (4.66::1::0.53) x 10-1 (1.27::1::0.99) x 10-1 (2.96::1::0.56) x 10-1



Table A.3: Here we show the drift speeds Vd,:J:and Vd,lIIthe average position along the x-direction of the ensemble (Xj) and the magnitude of the
background magnetic field at this ensemble average position.

N
......
0'\

RUN

1....
2... .
3... .
4....
5....
6....
7.. ..
8... .
9.. ..
10.. .
11.. .
12.. .
13.. .
14.. .
15...
16.. .
17.. .
18.. .
19.. .
20...
21.. .
22.. .
23.. .
24.. .
25...
26.. .
27...
28...
29...
30...
31...
32...

Vd,x [VA] Vd,y [VA] (Xf) [Asd

(-2.20:f:: 1.41) x 10-1 (6.66:f::9.80) x 10-1 (4.88:f::0.00) x 10°
(-7.77:f:: 35.93) x 10-1 (-7.46:f:: 391.03) x 10-8 (4.88:f::0.00) x 10°
(2.24:f:: 10.77) x 10-6 (1.30:f::6.89) x 10-6 (4.88:f::0.00) x 10°

(-7.55:f::13.59) X 10-6 (-9.48:f::12.06) X 10-6 (4.88:f::0.00) x 10°
(7.13:f::3.40) x 10-5 (-8.01:f:: 7.70) x 10-5 (4.89:f::0.00) x 10°

(-3.77:f::160.28) X 10-5 (-1.70:f::1.55) X 10-3 (4.87:f::0.24) x 10°
(-6.07:f:: 3.49) x 10-3 (-3.22 :f::3.10) x 10-3 (3.98:f::0.50) x 10°

(-5.99:f:: 30.84) x 10-4 (7.49:f::2.67) x 10-3 (4.81 :f::0.46) x 10°
(9.30:f::62.90) x 10-4 (4.06:f::3.57) x 10-3 (5.02:f::0.95) x 10°
(4.50:f::4.77) X 10-3 (-1.33:f::2.89) X 10-3 (5.54:f::0.70) x 10°

(-1.04:f:: 10.52) x 10-4 (-3.53:f:: 2.05) x 10-3 (4.87:f::0.16) x 10°
(2.79:f::3.91) x 10-3 (2.77:f::3.23) x 10-3 (5.29:f::0.59) x 10°

(-1.23:f:: 2.25) x 10-3 (-1.41:f:: 2.72) x 10-3 (4.68:f::0.33) x 10°
(4.42:f::5.68) X 10-3 (-7.17:f::2.93) X 10-3 (5.57:f::0.85) x 10°
(6.20:f::6.09) x 10-3 (-3.13:f:: 4.31) x 10-3 (5.84:f::0.89) x 10°

(-5.72:f:: 16.49) x 10-4 (-2.92:f:: 1.48) x 10-3 (4.82:f::0.24) x 10°
(-3.91 :f::12.96) x 10-4 (-2.99 :f::1.43) x 10-3 (4.83 :f::0.19) x 10°

(6.39:f::2.56) x 10-3 (6.09:f::3.78) x 10-3 (5.83:f::0.38) x 10°
(-5.78:f::5.77) X 10-3 (-2.88:f::4.34) X 10-3 (4.03:f::0.85) x 10°
(-1.94:f:: 0.46) x 10-2 (1.13:f::4.37) x 10-3 (2.04:f::0.68) x 10°
(6.03:f::4.75) x 10-3 (-8.89:f:: 5.63) x 10-3 (5.77:f::0.70) x 10°
(6.20:f::4.61) x 10-3 (9.77:f::4.73) x 10-3 (5.82:f::0.69) x 10°
(4.69:f::5.71) x 10-3 (-2.01 :f::4.80) x 10-3 (5.59:f::0.83) x 10°

(-1.31:f:: 5.37) x 10-3 (-2.64:f:: 4.86) x 10-3 (4.72:f::0.79) x 10°
(-4.76:f::5.82) X 10-3 (-3.92:f::51.25) X 10-4 (4.17:f::0.86) x 10°
(1.49:f::1.14) x 10-3 (5.50:f::10.93) x 10-4 (5.1O:f::0.17) x 10°
(1.89:f::1.16) x 10-3 (-2.82:f:: 14.82) x 10-4 (5.17:f::0.17) x 10°

(-1.59:f::0.75) X 10-3 (4.52:f::7.05) X 10-4 (4.66:f::0.11) x 100
(-1.85:f:: 1.23) x 10-3 (1.01:f::2.13) x 10-3 (4.62:f::0.19) x 10°
(-2.51 :f::5.42) x 10-3 (8.00:f::3.64) x 10-3 (4.49:f::0.81) x 10°
(2.39:1: 31.91) x 10-8 (1.50:f::0.02) x 10-3 (4.88:f::0.00) X 10°
(-1.01:f:: 1.82) x 10-6 (4.27:f::0.01) x 10-3 (4.88:f::0.00) x 10°

continued on next page

1 + K(xf)
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0
1.0

(1.49:f::0.00) x 10°
(1.49:f::0.00) x 10°



Table A.3: continued »
'"'0
'"'0
tr1

Za
X
?>
CJ'J......
E=:
c::
r"'

~oz
~
tr1
CJ'J
c::
Ci
CJ'J

RUN

33...
34.. .
35.. .
36...
37...
38...
39...
40.. .
41.. .
42...
43...
44.. .
45...
46...
47...
48...
49...
50.. .
51.. .
52...
53.. .
54...
55.. .
56.. .
57.. .
58.. .
59.. .
60.. .

Vd,x [VA] Vd,y [VA] (XJ)[Asd 1+ K(xJ}
(-8.99:f: 0.65) x 10-6 (1.50:f: 0.01) x 10-2 (4.88:f: 0.00) x 10° (1.49:f: 0.00) x 10°
(-3.00:f: 1.52) x 10-5 (4.36:f: 0.01) x 10-2 (4.88:f: 0.00) x 10° (1.49:f: 0.00) x 10°
(-2.53 :f:0.06) x 10-4 (1.51 :f:0.00) x 10-1 (4.86 :f:0.00) x 10° (1.49 :f:0.00) x 10°
(-5.95:f: 1.57) x 10-3 (1.32:f: 1.52) x 10-3 (4.03 :f:0.24) x 10° (1.40 :f:0.02) x 10°
(-6.36:f: 2.82) x 10-3 (3.25:f:1.72) x 10-3 (4.00:f:0.42) x 10° (1.40:f:0.04) x 10°
(-4.17:f: 4.68) x 10-3 (1.49:f:0.40) x 10-2 (4.33:f:0.70) x 10° (1.43:f:0.07) x 10°
(-9.15:f: 2.11) x 10-3 (4.79:f: 0.21) x 10-2 (3.61 :f:0.31) x 10° (1.36:f: 0.03) x 10°
(-3.19:f: 2.02) x 10-3 (1.74:f: 0.05) x 10-1 (4.44:f: 0.30) x 10° (1.44:f: 0.03) x 10°
(-1.68:f: 1.67) x 10-3 (3.94:f: 3.19) x 10-3 (4.63:f: 0.25) x 10° (1.46:f: 0.02) x 10°
(1.32 :f:3.62) x 10-3 (5.68 :f:3.38) x 10-3 (5.14 :f:0.53) x 10° (1.51 :f:0.05) x 10°

(-1.60 :f:0.66) x 10-2 (3.38 :f:2.61) x 10-3 (2.59 :f:0.96) x 10° (1.26 :f:0.10) x 10°
(-1.75:f: 0.39) x 10-2 (3.05 :f:0.13) x 10-2 (2.41 :f:0.58) x 10° (1.24:f: 0.06) x 10°
(-3.48:f: 0.52) x 10-2 (7.28:f: 0.80) x 10-2 (-1.34:f: 7.86) x 10-1 (9.87:f: 0.79) x 10-1
(2.63:f:2.79) x 10-3 (6.96:f:24.04)x 10-4 (5.26:f:0.41) x 10° (1.53:f:0.04) x 10°
(4.27:f: 1.41) x 10-3 (5.27:f: 26.35) x 10-4 (5.54 :f:0.22) x 10° (1.55 :f:0.02) x 10°

(-1.00 :f:0.36) x 10-2 (8.14 :f:3.76) X 10-3 (3.49 :f:0.53) x 10° (1.35 :f:0.05) x 10°
(-3.02 :f:0.34) x 10-2 (5.85 :f:3.67) x 10-3 (4.91 :f:5.10) x 10-1 (1.05 :f:0.05) x 10°
(-4.88:f: 0.58) x 10-2 (-7.82:f: 1078.65) x 10-5 (-2.31 :f:0.85) x 10° (7.69:f: 0.85) x 10-1
(-2.97:f: 1.32) x 10-3 (1.04:f: 1.44) x 10-3 (4.46:f: 0.19) x 10° (1.45 :f:0.02) x 10°
(-1.31 :f:2.10) x 10-3 (4.63 :f:2.17) x 10-3 (4.72 :f:0.30) x 10° (1.47:f: 0.03) x 10°
(-1.32:f:2.45) X 10-3 (1.60:f:0.31) X 10-2 (4.72:f:0.35) x 10° (1.47:f:0.04) x 10°
(-7.04:f: 4.34) x 10-3 (4.75:f: 0.48) x 10-2 (3.88:f: 0.63) x 10° (1.39:f: 0.06) x 10°
(-1. 73:f:0.48) x 10-2 (1.93:f:0.12) x 10-1 (2.39:f:0.70) x 10° (1.24:f:0.07) x 10°
(-2.80:f: 1.84) x 10-3 (3.98:f: 14.95) x 10-4 (4.47 :f:0.27) x 10° (1.45 :f:0.03) x 10°
(-1.73:f: 1.52) x 10-3 (9.74:f: 16.47) x 10-4 (4.63:f:0.22) x 10° (1.46:f:0.02) x 10°
(-1.14:f: 1.12) x 10-3 (-3.24:f: 1.52) x 10-3 (4.73:f: 0.17) x 10° (1.47:f: 0.02) x 10°
(-4.76 :f:2.99) x 10-3 (-3.11 :f:3.01) x 10-3 (4.20 :f:0.43) x 10° (1.42 :f:0.04) x 10°
(-3.34:f: 0.36) x 10-2 (-2.80:f: 0.20) x 10-2 (8.95 :f:55.63) x 10-2 (1.01 :f:0.06) x 10°

N......
'I



Table A.4: Here we show the ratios of the perpendicular- and parallel mean free paths A",,,,,AIIIIand Au, respectively, to the maximal Larmor
radius rM and the bend-over scale of the 2D turbulence A2D.Lastly the drift scale AA is normalized to the maximal Larmor radius rM.

N.....
00

RUN

1....
2....
3... .
4... .
5.. ..
6....
7....
8....
9.. ..
10.. .
ll. ..
12.. .
13.. .
14.. .
15.. .
16.. .
17.. .
18.. .
19.. .
20...
21.. .
22.. .
23...
24.. .
25...
26...
27...
28...
29.. .
30.. .
31...
32.. .

AXx/rM

(6.33:i: 0.11) x 10
(3.17:i: 0.04) x 10-5
(9.79:i: 0.25) x 10-5
(3.67:i: 0.05) x 10-4
(7.35 :i: 0.02) x 10-4
(2.92 :i: 0.14) x 10°
(1.28:i: 0.14) x 10°

(3.59 :i: 0.39) x 10-1
(1.30:i: 0.16) x 10-1
(3.55 :i: 0.52) x 10-2
(3.44 :i:0.08) x 10°
(1.72 :f::0.08) x 10°

(7.52:f::0.25) x 10-1
(3.36 :f::0.16) x 10-1
(1.04:f::0.08) x 10-1
(2.57:i: 0.05) x 10°
(1.36:i: 0.04) x 10°

(8.14 :i:0.29) x 10-1
(4.76:i:0.17) X 10-1
(1.64 :i: 0.07) x 10-1
(1.62 :i: 0.25) x 10°

(8.23:i: 1.33) x 10-1
(2.03 :i: 0.23) x 10-1
(1.05:i: 0.21) x 10-1
(3.38 :f::0.63) x 10-2
(1.87 :i: 0.09) x 10°

(8.02 :i:0.34) x 10-1
(4.69 :i: 0.14) x 10-1
(3.49 :i: 0.09) x 10-1
(4.01 :i: 0.05) x 10-1
(4.42:t 0.12) x 10-6
(1.28:i:0.01) x 10-5

>'yy/rM

(6.32 :i: 0.05) x 10
(3.16:i: 0.03) x 10-5
(9.67:i: 0.10) x 10-5
(3.70:i: 0.01) x 10-4
(7.39:i: 0.09) x 10-4
(3.26 :i: 0.14) x 10°
(1.21 :f::0.09) x 10°

(3.64:f::0.32) x 10-1
(1.51:f::0.11) x 10-1
(3.47:f::0.20) x 10-2
(3.57:f::O.ll) x 10°
(1.57 :f::0.06) x 10°

(7.45 :i: 0.24) x 10-1
(3.06 :f::0.15) x 10-1
(1.06:i: 0.08) x 10-1
(2.59 :f::0.06) x 10°
(1.35 :f::0.02) x 10°

(8.27:i: 0.27) x 10-1
(4.48:f::0.10) x 10-1
(1.81 :i: 0.07) x 10-1
(1.88:i: 0.47) x 10°

(6.84:i: 1.29) x 10-1
(1.66:i: 0.36) x 10-1
(9.67:i: 1.61) x 10-2
(3.98:i: 0.50) x 10-2
(1.86:i: 0.09) x 10°

(7.93:f::0.39) x 10-1
(4.33:f::0.08) x 10-1
(3.63:f::0.11) x 10-1
(3.94:i:0.04) x 10-1
(9.1O:t 0.13) x 10-3
(2.57:i: 0.00) x 10-2

>.zz/ r M >'xx/ >'2D

(7.47:i: 0.08) x 104 (6.33:i: 0.11) x 10
(2.63:i: 0.04) x 104 (9.07:i: 0.12) x 10-6
(7.39:i: 0.12) x 103 (9.79:i: 0.25) x 10-5
(2.59 :i: 0.04) x 103 (1.05 :i:0.02) x 10-3
(7.56:f::0.08) x 102 (7.35:i: 0.02) x 10-3
(7.87:f::0.06) x 103 (2.92 :i: 0.14) x 10-1
(3.58 :f::0.03) x 103 (3.65 :f::0.40) x 10-1
(1.55 :f::0.03) x 103 (3.59 :f::0.39) x 10-1
(7.90:f::O.ll) x 102 (3.72:f::0.47) x 10-1
(3.36:f::0.02) x 102 (3.55:f::0.52) x 10-1
(3.53:f::0.03) x 102 (3.44:f::0.08) x 10-1
(1.94:f::0.02) x 102 (4.92:f::0.23) x 10-1
(1.19:f::0.01) x 102 (7.52:i: 0.25) x 10-1
(8.33:f::0.09) x 101 (9.61 :f::0.46) x 10-1
(5.06 :f::0.06) x 101 (1.04 :f::0.08) x 10°
(6.09:i: 0.04) x 101 (2.57:i: 0.05) x 10-1
(3.55:i:0.06) x 101 (3.90:i:O.ll) x 10-1
(2.60:i: 0.03) x 101 (8.14:i: 0.29) x 10-1
(2.34:f::0.06) x 101 (1.36:f::0.05) x 10°
(1.81 :i: 0.03) x 101 (1.64:i: 0.07) x 10°
(6.37:i: 0.09) x 101 (1.62 :f::0.25) x 10-1
(2.81 :i:0.04) x 101 (2.35 :i: 0.38) x 10-1
(1.30 :i:0.02) x 101 (2.03 :i: 0.23) x 10-1
(7.22 :f::0.09) x 10° (2.99 :i:0.59) x 10-1
(4.09:i:0.09) x 10° (3.38:i:0.63) x 10-1
(1.48:f::0.01) x 10° (1.87:i: 0.09) x 10-1
(1.11 :i: 0.02) x 10° (2.29:i: 0.10) x 10-1

(9.41 :i: 0.14) x 10-1 (4.69 :i: 0.14) x 10-1
(8.14:i: 0.27) x 10-1 (9.97:i: 0.25) x 10-1
(6.53:i:0.23) x 10-1 (4.01:i:0.05) x 10°
(1.12 :i: 0.02) x 105 (2.97 :t 0.08) x 10-7
(3.95:t 0.01) x 104 (2.46:i: 0.02) x 10-6

continued on next page
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(6.32 :i: 0.05) x 10
(9.04 :i: 0.10) x 10-6
(9.67:i: 0.10) x 10-5
(1.06 :i: 0.00) x 10-3
(7.39:i: 0.09) x 10-3
(3.26 :i: 0.14) x 10-1
(3.46 :i: 0.26) x 10-1
(3.64:f::0.32) x 10-1
(4.31:f::0.30) x 10-1
(3.47 :f::0.20) x 10-1
(3.57:f::O.ll) x 10-1
(4.48:f::0.17) x 10-1
(7.45 :f::0.24) x 10-1
(8.75 :f::0.44) x 10-1
(1.06 :f::0.08) x 10°

(2.59 :i: 0.06) x 10-1
(3.87:i: 0.07) x 10-1
(8.27:i: 0.27) x 10-1
(1.28 :f::0.03) x 10°
(1.81 :i:0.07) x 10°

(1.88 :i: 0.47) x 10-1
(1.95 :i:0.37)x 10-1
(1.66 :i: 0.36) x 10-1
(2.76:i: 0.46) x 10-1
(3.98 :i: 0.50) x 10-1
(1.86 :i: 0.09) x 10-1
(2.27:f::0.11) x 10-1
(4.33 :i:0.08) x 10-1
(1.04 :i:0.03) x 10°
(3.94 :i: 0.04) x 10°

(6.11 :i: 0.09) x 10-4
(4.94 :i:0.00) x 10-3

>'A/rM

(1.01 :i: 0.00) x 10
(9.99:i: 0.05) x 10-1
(1.01 :i: 0.01) x 10°
(1.01 :i: 0.01) x 10°
(1.00:i: 0.00) x 10°

(9.42 :i: 3.20) x 10-1
(1.03 :i: 0.10) x 10°

(9.82 :f::0.30) x 10-1
(1.01 :f::0.01) x 10°
(1.00 :f::0.00) x 10°

(4.26:f::2.49) x 10-1
(1.05:f::0.16) x 10°

(8.78:f::0.42) x 10-1
(9.64:f::0.15) x 10-1
(9.91 :i: 0.04) x 10-1
(3.45:i: 1.98) x 10-1
(6.68:i: 1.29) x 10-1
(7.63:i: 0.75) x 10-1
(8.32 :i: 0.32) x 10-1
(9.61 :i: 0.07) x 10-1
(8.20:i: 2.23) x 10-1
(1.15:i: 0.13) x 10°
(1.02 :i: 0.03) x 10°

(9.96 :f::0.13) x 10-1
(1.00:i: 0.00) x 10°

(2.40:f::1.30) x 10-1
(1.52:f::1.08) x 10-1
(7.06:f::2.81) x 10-2
(6.55:f::3.01) x 10-2
(1.81 :i: 0.12) x 10-1
(9.98:t 0.08) x 10-1
(9.96:t 0.03) x 10-1
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Since eAt is never zero, we see that x(t) = eAtwill be a nontrivial solution of Eq. (B.6) if and only

if >.is an eigenvalue of A and u is a corresponding eigenvector.

The eigenvalues of A are those values for which det(A - >'1)= 0, with I the identity matrix. The
mentioned determinant is therefore

->. 0 Idet(A-AI) = I =A2+02.-0 -A
I

Setting det(A - >'1)= 0 one obtains the eigenvalues A = :f:in.

(B.9)

We now proceed to calculate the eigenvectors for the eigenvalues above. This is achieved by

solving for u in (A - AI)u = 0 for each eigenvalue. For Al = +iO one obtains Ul = al(l, i) and

for A2= -in one obtains U2= a2(1,-i), with al and a2non-zero real numbers.

A general solution x(t) to Eq. (B.6)is therefore given by

x(t) = bleAltul + b2eA2tu2' (B.lO)

Substituting for the eigenvalues and eigenvectors in Eq. (B.lO),we obtain

x = Cleint+ C2e-iOt

y = Cl ieiOt - C2ie-iOt ,

(B.ll)

(B.12)

where the constants Cland C2have to be determined from the initial values.

Assume that the initial speeds are x(O) = vx,oand y(O)= vy,o.We now have that

(B.13)

(B.14)

Solving for Cl and C2we obtain

1 "q,
Cl = 2vole-t ° (B.IS)

1 "q,
C2 = 2volet 0, (B.16)

where Vol == (v;,o + v~,0)1/2 is the speed in the plane perpendicular to the background field and

<1>0==tan-1(vy,0Ivx,0) is the initial phase. With these values for Cl and C2,Eqs. (B.ll) and (B.12)

become

x(t) = ~Vol [e-iq,oeiOt + eiq,oe-iOt]

y(t) = ~Vol [e-iq,oeiOt - eiq,°e-ifU] ,

(B.17)

(B.lS)

or more compactly

x(t) == vx(t) = Vol ~ [eiq,(t) + e-iq,(t)] = Volcos <I>(t),

y(t) == vy(t) = -Vol;i [eiq,(t)_e-iq,(t)] = -Volsin<l>(t),

(B.19)

(B.20)
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with ~(t) = Ot - ~o.

Integrating Eqs. (B.19) and (B.20) once more and using the initial values x(O) = Xo and

y(O) = Yo the position in the (x, y) plane is given by

x(t) = TL [sin~(t) + sin <1>0]+ xo,

y(t) = Tdcos~(t)-cos~o]+YO,

(B.21)

(B.22)

with TL = V1-IOthe Larmor radius of the particle. The displacement perpendicular to the back-

ground field after a time t is therefore given by

.6.x(t)

.6.y(t)

- x(t) - Xo= TL[sin~(t) + sin~o] ,

- y(t) - Yo= TL [cos ~(t) - cos <1>0].

(B.23)

(B.24)

We note that it is of particular interest to evaluate the ensemble averages (vx(t).6.y(t») and

(vy(t).6.x(t»). Specifically we have that

where it was assumed that the velocity distribution is spherically symmetric (isotropic). It is now

obvious that we shall be performing the averages over the cosine of the pitch angle I-"= cos ()and

the initial gyrophase ~o. The averages will then still be functions of time. Finally, the averages

are split up into the product of two averages, since J.Land <1>0are independent random variables.

We note that the averages will be performed using the general relation

b

(f(x») = b~aJdXf(X).
a

(B.33)

--- --

(Vx(t).6.y(t») = (v1-Tdcos2<1>(t)- cos (t) cos <1>0]) (B.25)
1 2 2

(B.26)= O(V1-[cos (o-Ot)-cos(<1>o-Ot)coso])
v2

= 0-«(1- J.L2)[cos2(<1>0- Ot) - cos(<1>o- Ot) cos o]) (B.27)
2

v ( 2 2( (B.28)= 0 1-J.L)(cos o-Ot)-cos(<1>o-Ot)coso)
v2

= 0-(G(J.L»)(F1(<1>0, t») (B.29)

and equivalently

(vy(t).6.x(t») = -(v1-TL[sin2 (t) + sin (t) sin <1>0]) (B.30)
v2

= -0-(1 - J.L2)(sin2(0 - Ot) + sin(<1>o- Ot) sin o]) (B.31)

v2
= -o-(G(J.L») (F2(<1>0,t»), (B.32)
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The integration over J-twill be performed from -1 to +1, resulting in

(B.34)

The integration over the initial gyrophase lJ>owill be performed from 0 to 271",resulting in

211"
1

J
1

(Fl(IJ>O,t))= 271" dlJ>o[cos2(lJ>o- !1t) - cos(lJ>o- !1t)coslJ>o]= 2 (1- cos!1t) (B.35)
o

and
211"

(F2( lJ>o,t)) = 2~ JdlJ>o [sin2( lJ>o- !1t) + sin(lJ>o- !1t) sin lJ>o]= ~ (1 - cos !1t) . (B.36)
o

With all of these averages we finally obtain

v2 2 1 v
(vx(t).6.y(t)) = (=\-- (1 - cos!1t) = -rM (1- cos!1t)

H 32 3
(B.37)

and
v221 v

(vy(t).6.x(t)) = -032 (1- cos!1t) = -3TM (1 - cos!1t) ,
with TM = v/!1 the maximal Larmor radius.

(B.38)

Finally, the velocity correlation functions (vx(t)vy(O)) and (vy(t)vx(O)) are also of particular inter-

est, as well as the correlation functions (Vi(t)Vi(0)) with i = x, y, z. Hwe use Eqs. (B.19)and (B.20)

for the components of the velocity perpendicular to the background field and for vz(t) we use

vz(t) = Vz,Owe find that

Here it was again assumed that the velocity distribution is isotropic. The ensemble averages were

once again performed over the cosine of the pitch angle J-tand the initial gyrophase lJ>o,just as it
was done in the calculations above.

v2

(vx(t)vy(O)) = -(vy(t)vx(O)) = "3 sin!1t,
(B.39)

v2
(B.40)(vx(t)vx(O)) = (vy(t)Vy(O)) = - cos!1t,3

v2

(vz(t)vz(O)) = "3'
(B.41)
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